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Controllability of DC-DC converters with constant power-load
XU Zhi-yu, XU Wei-sheng, YU You-ling, WU Qi-di

(School of Electronics and Information Engineering, Tongji University, Shanghai 201804, China)

Abstract: The DC-DC converter with a constant power-load is a switchednonlinear system. We study the Boost

converter by building its switched-system-model in three operation modes. Mode I, II and III are the circuit topology inthe

switch-on mode, the switch-off mode, and the discontinuouscurrent mode, respectively. Because the capacitor voltagecan

not be negative, we modify the latest results of the planar topology to obtain for the half-planar affine nonlinear systems the

necessary and sufficient conditions of global controllability: criterion function changes its sign over any nonzero control

curve. We thus find that Mode II is globally controllable. Since Mode II is an inevitable period in the operation, thus the

switched system is controllable. This methodology can be extended to analyze the controllability of Buck converters, etc.
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1 ÚÚÚóóó(Introduction)
�XðõÇK1(constant power load, CPL)�F

ÃÊ9[1,2], �CPL�DC-DCC���¤�ïÄ9
:[3,4], ��8ÿ��9U�5ù�Ä�nØ¯K.
K1���5����XÚ�����5, w,�
��5XÚ5Æ[5,6]Ø2·^,Äu{5K1b�
�U�5(Ø[7,8]½Ø2k�. �é�'�âØv
�JK[9] ,�©A^²¡����5XÚ��#(
J[10,11], ±�CPL�BoostC�ì�~, ïáXÚ�
.,&?ÙU�5.

2 ������XXXÚÚÚ���...(Switched system model)
�CPLõÇð�P , dBoostC�ì°Ä, KK1

>Ø�vC,K1>6�P/vC ,������¿éu
C�ìÑÑà�>6�P/vC

[3,4]. Xã1,m'ì�
�Ï,'ä,>a>6äY�,XÚäkØÓ�>´
(�,�g½Â���I, II, III, L«�µ

{

i̇L = fσ

1
(iL, vC) + gσ

1
vg,

v̇C = fσ

2
(iL, vC) + gσ

2
vg,

σ = I, II, III . (1)

Ù¥: iL,vC,vg©O�>a>6, >N>Ø, >>

Ø.�¼ê�L1.

ã 1 �CPL�BoostC�ì�����

Fig. 1 Switching modes of Boost converters driving CPL

ÂvFÏ: 2009−05−01;Â?UvFÏ: 2009−12−31.
Ä7�8: I[pEâïÄuÐ(“863”Oy)]Ï�8(2006AA05Z211).
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L 1 �CPL�BoostC�ì�����5XÚ�.9U�5

Table 1 Switched nonlinear system model and controllability of Boost converters driving CPL

��σ fσ

1 (x) fσ

2 (x) gσ

1 (x) gσ

2 (x) ���Γ (t) �O¼êCσ(x) CÒ�ÄU�5

I 0 −

P

CvC

1

L
0

8

<

:

iL =
1

L
t + λ

vC = µ
−

P

LCµ
Ä ØU�

II −

1

L
vC

1

C
(iL −

P

vC

)
1

L
0

8

<

:

iL =
1

L
t + λ

vC = µ

1

LC
(

t

L
+ λ −

P

µ
) ´ U�

III 0 −

P

CvC

0 0

(

iL = λ

vC = µ
0 Ä ØU�

L1¥§x = [iL vC]T, t ∈ (−∞,+∞), λ, µ�

?¿~ê,�µ 6= 0.

w,���þ���5fXÚ,�(1)́ ���

�5XÚ,�CPL�BoostC�ì�pªm'$1

Å�û½Ù±E©/²{��I, II(�1���

�I, II, III), =��I, IIþ�XÚ(1)�7²�ã,Ï

d��y²��I, II¥k��3½Â«�þ�Û

U�,��XÚ(1)Ò´U��.

3 ²²²¡¡¡������������555XXXÚÚÚ������ÛÛÛUUU���555(Glo-
bal controllability of planar affine nonlinear
systems)

3.1 ýýý������£££(Preliminary)

½½½ÂÂÂ 1 éuÿÀ�mMÚN ,N�π : M →

N¡�Ó�N�, XJπ´��ü�!÷�!ëY

�N�,¿�Ù_π−1�´ëY�.

½½½ÂÂÂ 2 �þ|X÷vLipschitẑ �, XJé

u∀x,y ∈ R
n, ∃L > 0, ¦�‖X (x) − X (y)‖ 6

L‖x − y‖.

½½½ÂÂÂ 3 [10, 11] ²¡����5XÚ�L«�:
{

ẋ1 = f1(x1, x2) + g1(x1, x2)u,

ẋ2 = f2(x1, x2) + g2(x1, x2)u,
x ∈ R

2. (2)

Ù¥: fi(x), gi(x) ∈ Ck(R2) ∪ Lip(R2), i = 1, 2,

Ck(R2)L«R
2þ�k�ëY��¼ê, Lip(R2)L

«R
2þ�Lipschitz¼ê. ©ãmëY¼êu(t)∈R,

g(x) 6= 0,∀x ∈ R
2.

½½½ÂÂÂ 4 [10, 11] XÚ(2)����´²¡þ�

©�§
{

ẋ1 = g1(x1, x2)u,

ẋ2 = g2(x1, x2)u
(3)

�);�(x1(t), x2(t)).

½½½ÂÂÂ 5 XÚ(2)́ �ÛU��,XJéu∀x
0,

x
1 ∈ R

2, �3��¼êu(t), ¦�x(0) = x
0,

x(T ) = x
1 (T > 0).

ÚÚÚnnn 1 (Jordan�½n)²¡þ��^{ü

4�Cò²¡©�ü�Ø���Ü©, ¿�C´

§���Ó>..

ÚÚÚnnn 2 ([Jordan�½n)²¡þ�^��

�Ó��üàò��Ã¡��Γò²¡©�ü

�Ø���Ü©. (�Γ, t ∈ R�üàò��Ã¡

´�: lim
t→±∞

‖Γ (t)‖ = +∞.)

ÚÚÚnnn 3 [10, 11] XÚ(2)�?¿������

Ó�,�üàò��Ã¡.

ÚÚÚnnn 4 [10, 11] �x
1,x2 ∈ R

2�XÚ(2)�Ó�

^���þØ�Ó�ü:,Ké¥%�x
2,�»

�ε > 0�?¿���U(x2, ε), �3����¼

êu(x),¦�XÚÐ��x
1���;3k��m

S��U(x2, ε).

ÚÚÚnnn 5 [10, 11] éu3:x
0,x1,x2 ∈ R

2, XJ

x
1 ∈ R(x0),x2 ∈ R(x1),Kx

2 ∈ R(x0),Ù¥R(·)

L«U�8,½Â�

R(x0) =
⋃

u∈Σ

{ϕu(x0, t)|t > 0}, (4)

Ù¥Σ = Ck(R2) ∪ Lip(R2).

½½½nnn 1 [10, 11] XÚ(2)�ÛU�, ��=��

O¼ê

C(x) = g1(x)f2(x) − g2(x)f1(x) (5)

3?¿�^���þUCÎÒ.
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3.2 nnnØØØííí222(Theoretical inference)

duXÚ(1)¥
P

vC
�½Â��R

+,��I�Ä

m�²¡Π, Π = R × R
+. dÚn2,w,?¿�

�vC = µ > 0�òΠ©�ü�Ø���Ü©.

½½½ÂÂÂ 6 �²¡Πþ�����5XÚ:
{

ẋ1 = f1(x1, x2) + g1(x1, x2)u,

ẋ2 = f2(x1, x2) + g2(x1, x2)u,
x ∈ Π. (6)

Ù¥fi(x), gi(x) ∈ Ck(Π) ∪ Lip(Π),�g(x) 6= 0,

∀x ∈ Π.

½½½ÂÂÂ 7 XÚ(6)́ �ÛU��,XJéu∀x
0,

x
1 ∈ Π,�3��©ãmëY���¼êu(t),é

uT > 0÷v

x(0) = x
0,x(T ) = x

1,

�x(t) ∈ Π,∀t ∈ [0, T ]∗.

íííØØØ 1 XÚ(6)́ �ÛU��,XJ

i) ���Γ = {x|x2 = c}, c�?¿�¢ê;

ii) �O¼ê

C(x) = g1(x)f2(x) − g2(x)f1(x)

3XÚ(6)�?¿���ΓþCÒ.

yyy Xã2,����Γ1 = {x|x2 = c1}, ∀x
0

∈ Γ1. �âÚn4, ∀x
1 ∈ Γ1, x

1 6= x
0, 3Ù��

U(x1, ε1)S,7�3x
2,kx

2 ∈ R(x0).

ã 2 �²¡����5XÚ�U�5

Fig. 2 Controllability of half-planar affine nonlinear systems

du���x3�²¡ΠS¥Ã��8©

Ù,7kx
2 ∈ Γ2, Γ2 = {x|x2 = c2}.

Ónx
3 ∈ R(x2).

dÚn5¥U�8�D45, x
3 ∈ R(x0).

^�ii)K�y
?¿U�8©Ùu���

�üý. Xx
2, x̃2 ∈ R(x1), x

2, x̃2©O uΓ1��

müý.

�ux
0���?¿5,XÚ(6)́ �ÛU��.

y..

4 °°°ÄÄÄCPL���BoostCCC���ììì���UUU���555(Con-
trollability of Boost converters driving CPL)

dL1�XÚ£ã,�CPL�BoostC�ì33«

��e�f>´þ�À���½Â3�²¡Πþ

�����5XÚ.©O¦)�������

Ú�O¼ê,¿�uL1.

��I����3vCOiL²¡þ´�iL¶²

1��x��,z�λéA�^���,ÏdT

���þ��O¼ê�½�−
P

LCµ
.

��II�����´�iL¶²1��x�

�(Xã3),dut ∈ (−∞,+∞), Ïd3?¿��

�þ,�O¼ê
1

LC
(
t

L
+ λ −

P

µ
)�½CÒ.

ã 3 �CPL�BoostC�ì��II����

Fig. 3 Control curve of Mode II of Boost converters with CPL

��III¥, dug
III (x) ≡ 0,®Ø÷v½Â6�

cJb�. �*þ,��uÃ{éG�x�\K�,

w,TfXÚ´ØU��.

�âíØ1,��I��ÛU�,��II��ÛU

�.du��II´BoostC�ì�7²��,Ïd�

�XÚ�U�5�½�3��IIÏm¢y,ly

²�CPL�BoostC�ì´U��.

Ón, �	�CPL�BuckC�ì(�L2). L2

¥§x = [iL, vC]T, t ∈ (−∞,+∞), λ, µ�?¿~

ê,�µ 6= 0. �âíØ1,Ù��I��ÛU�,�

�II��ÛU�.du��I´BuckC�ì�7²

��,Ïd�CPL�BuckC�ì�´U��.

∗éu½Â3�²¡Πþ�����5XÚ, Ï��3x ∈ R
2 \ Π,��ÛU��I?�Ú�¦3��üzL§¥G�x(t)ÑØUlmΠ.
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L 2 �CPL�BuckC�ì�����5XÚ�.9U�5

Table 2 Switched nonlinear system model and controllability of Buck converters driving CPL

��σ fσ

1 (x) fσ

2 (x) gσ

1 (x) gσ

2 (x) ���Γ (t) �O¼êCσ(x) CÒ�ÄU�5

I −

1

L
vC

1

C
(iL −

P

vC

)
1

L
0

8

<

:

iL =
1

L
t + λ

vC = µ

1

LC
(

t

L
+ λ −

P

µ
) ´ U�

II −

1

L
vC

1

C
(iL −

P

vC

) 0 0

(

iL = λ

vC = µ
0 Ä ØU�

III 0 −

P

CvC

0 0

(

iL = λ

vC = µ
0 Ä ØU�

5 (((ØØØ(Conclusions)

±BoostC�ì�~,�	�CPL�XÚ�U�

5. ïá��XÚ�., (Ü>N>Ø��K5,

?�yk½n,�Ñ�²¡þ����5XÚ�

�ÛU�5�â,�â�����O¼ê3��

�þ´ÄCÒ,�½��I, IIIØU�,��II�

ÛU�.du��II´��XÚ�7²�ã, Ïd

����XÚ�U�5�½U3��II��^Ï

m¢y,l�CPL�BoostC�ì´U��. Ón

�y²�CPL�BuckC�ì�´U��.
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