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Consensus problem of discrete-time second-order multi-agent network
with communication delay

LIU De-jin1, LIU Cheng-lin2

(1. Electronic Engineering Department, Wuxi Institute of Commerce, Wuxi Jiangsu 214153, China;
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Abstract: The consensus algorithm with a static leader is proposed to solve the consensus problem of the discrete-time

second-order multi-agent systems with communication delay. By the generalized Nyquist criterion and the Gerschgorin disc

theorem, the sufficient conditions are obtained for the system to converge to the leader’s states asymptotically. With the

interconnection topology composed of the agents and the leader that satisfies certain connectivity conditions, the sufficient

conditions are decentralized, dependent on the control parameters and the weights between the neighboring agents, and

independent of the communication delay. Numerical examples are provided to illustrate the correctness of the results.
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2 (Graph theory)
n G = (V, E, A) V =

{V1, · · · ,Vn}, E ⊆ V × V

A = [aij] ∈ R
n×n(aij � 0) .

I = {1, · · · , n}. G ,

Vi Vj : eij = (Vi,Vj) ∈
E. A G eij

aij , aij > 0 ↔ eij ∈ E,

aii = 0,∀i ∈ I . Vi :

Ni = {Vj ∈ V : (Vi,Vj) ∈ E}. Vi

: degout(Vi) =
n∑

j=1

aij . D ,

G .

G Laplacian : L = D − A.

G Vi Vj ,

Vj Vi ; , Vj

Vi .

, .

n , i

G Vi,

,

G = (V, E, A).

3
(Consensus of second-order multi-agent sys-

tems with communication delay)

{
xi(k + 1) = xi(k) + vi(k),

vi(k + 1) = vi(k) + ui(k), i ∈ I,
(1)

: xi ∈ R, vi ∈ R ui ∈ R i

. ,

(1) , Zhang

Tian[20]

(1) . ,

.

(1), [7]

:

ui(k) =−κivi(k) + bi(x0 − xi(k)) +∑
Vj∈Ni

aij(xj(k) − xi(k)), (2)

: κi > 0, Ni i , aij >

0,Vj ∈ Ni G = (V, E, A)
A , x0 , ,

bi � 0 i x0 :{
bi > 0, i ;
bi = 0, .

, B = diag{bi, i ∈ I}.

,

(2)

ui(k) =−κivi(k) + bi(x0 − xi(k)) +∑
Vj∈Ni

aij(xj(k − Dij) − xi(k)), (3)

: Dij > 0 , j i

.

(3) , (1)⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

xi(k + 1) = xi(k) + vi(k),

vi(k + 1) =

vi(k) − κivi(k) + bi(x0 − xi(k))+∑
Vj∈Ni

aij(xj(k − Dij) − xi(k)).

(4)

1 n

(4),

,

.

1) 0 < κi � 2,∀i ∈ I ,
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2
∑

Vj∈Ni

aij + bi <
2κ2

i

2 + κi

(5)

, (4)

x0, lim
k→∞

xi(k) = x0,∀i ∈ I .

2) max
i∈I

κi > 2, i ∈ I , 0 < κi � 2,

(5) ; κi > 2,

2
∑

Vj∈Ni

aij + bi < 2κi − 4 (6)

, (4) , .

1 , .

1[18] n

(4),

,

, det(L + B) �= 0, L

Laplacian .

2 f(y) =
1 − γ + 2y

1 + γ2 − 2γy
, y ∈

[−1, 1]. γ ∈ [−1, 1) , f(y) � 3 − γ

(1 − γ)2
; γ <

−1 , f(y) � − 1
1 + γ

.

f(y) y ,

2 . .

, 1. x̄i = xi − x0, x̄i

vi ⎧⎪⎪⎪⎨
⎪⎪⎪⎩

x̄i(k + 1) = x̄i(k) + vi(k),

vi(k + 1)=vi(k)−κivi(k)−bix̄i(k))+∑
Vj∈Ni

aij(x̄j(k−Dij)−x̄i(k)).
(7)

(7) Z , (7) x̄ = [x̄1(k),
· · · , x̄n(k)]T :

det(diag{(z − 1)(z − 1 + κi), i ∈ I} +

(L(z) + B)) = 0,

L(z) = {lij(z)} n × n

lij(z) =

⎧⎪⎪⎨
⎪⎪⎩
−aijz

−Dij ,Vj ∈ Ni;∑
Vj∈Ni

aij, j = i;

0, ,

L(1) = L.

M(z) = det(diag{(z − 1)(z − 1 + κi), i ∈
I} + (L(z) + B)). z = 1 , 1 : M(1) =
det(L + B) �= 0, M(z) z = 1 .

z �= 1 , f(z) = det(In×n + G(z))

, G(z) = diag{ 1
(z − 1)(z − 1 + κi)

, i ∈

I}(L(z) + B). [22] , Gerschgorin

,

λ(G(ejω)) ∈ ⋃
i∈I

Gi,

Gi = {ς, ς ∈ C, |ς− Ki + bi

(ejω − 1)(ejω − 1 + κi)
| �

| Ki

(ejω − 1)(ejω − 1 + κi)
|} ,

Ki =
∑

Vj∈Ni

aij.

λ(G(ejω)) (−1, j0) , :

ω ∈ [−π, π] i ∈ I , (−a, j0)(a � 1)

Gi . ,

| − a + j0 − Ki + bi

(ejω − 1)(ejω − 1 + κi)
|2 −

| Ki

(ejω − 1)(ejω − 1 + κi)
|2 �

(a − bi(2 cos ω − γi + 1)
2(1 − 2γi cos ω + γ2

i )
) ×

(a − (2Ki + bi)(2 cos ω − γi + 1)
2(1 − 2γi cos ω + γ2

i )
),

γi = 1 − κi, γi < 1.

, .

1) 0 < κi � 2, i ∈ I , −1 � γi < 1, i ∈ I .

2 (5),

| − a + j0 − Ki + bi

(ejω − 1)(ejω − 1 + κi)
| >

| Ki

(ejω − 1)(ejω − 1 + κi)
|, (8)

ω ∈ [−π, π] a � 1 , (−a, j0)(a �
1) Gi , λ(G(ejω)) (−1, j0).

Nyquist [23], ω ∈
[−π, π], λ(G(ejω)) (−1, j0) , M(z)

1, , x̄ = 0 ,

lim
k→∞

xi(k) = x0,∀i ∈ I.

2) max
i∈I

κi > 2, min
i∈I

γi < −1.

0 < κi � 2, (5) , (−a, j0)(a �
1) Gi ; κi > 2, 2

(6), (8) ω ∈ [−π, π] a � 1 ,

(−a, j0)(a � 1) Gi , λ(G(ejω))
(−1, j0).

max
i∈I

κi > 2 , G(z)

. Nyquist [23], λ(G(ejω)) ω ∈
[−π, π] (−1, j0) , M(z)

, (4) . .
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1 1

. , 1

, ; ,

,

.

2 1

, (3)

ui(k) =

−κivi(k) +
P

Vj∈Ni

aij(xj(k − Dij) − xi(k)), (9)

: κi > 0, aij > 0.

(9) , (1)⎧⎪⎪⎨
⎪⎪⎩

xi(k + 1) = xi(k) + vi(k),

vi(k + 1) =

vi(k)−κivi(k)+
∑

Vj∈Ni

aij(xj(k−Dij)−xi(k)).

(10)

1 n (10),

.

1) 0 < κi � 2,∀i ∈ I ,

2
∑

Vj∈Ni

aij <
2κ2

i

2 + κi

(11)

, (10) ,

lim
k→∞

xi(k) = c,∀i ∈ I , c .

2) max
i∈I

κi > 2, i ∈ I , 0 < κi � 2,

(11) ; κi > 2,

2
∑

Vj∈Ni

aij < 2κi − 4 (12)

, (10) .

4 (Simulation)
1

(4). 5 ,

1 . ,

.

1

Fig. 1 Interconnection topology

1) : 0 < κi � 2,∀i ∈ I , κ1 =
1.2, κ2 = 1, κ3 = 1.5, κ4 = 1.1, κ5 = 2, 1,

(5) :

a12 < 0.45, a23 < 0.33, a34 + 0.5b3 < 0.64,

a42 < 0.39, a53 < 1.33.

:

a12 = 0.4, a23 = 0.3, a34 = 0.4, a42 = 0.5,

a53 = 1.1, b3 = 0.2.

: x0 = 2.0,

, , (4)

, 0,

, 2.

2

Fig. 2 Positions and velocities of the agents

2) max
i∈I

κi > 2, κi � 2, i = 1, 2, 3, 4, κ5 >

2. κi � 2, i = 1, 2, 3, 4 1) :

κ1 = 1.2, κ2 = 1, κ3 = 1.5, κ4 = 1.1,

κ5 = 3.5. 1, κi � 2, i = 1, 2, 3, 4,

(5) :

a12 <0.45, a23 <0.33, a34+0.5b3 <0.64, a42 <0.39;

κ5 = 3.5, (6) : a53 < 1.5.

:

a12 = 0.2, a23 = 0.3, a34 = 0.3,

a42 = 0.2, a53 = 1.2, b3 = 0.4.

, (4) ,

, 3.
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3

Fig. 3 Divergence of the agents’ states

5 (Conclusion)

– . Nyq-

uist Gerschgorin ,

.

,

,

, . ,

,

, . ,

, .
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