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Abstract: The direct design method of optimal diagnostic observer for sampled-data systems is investigated. Firstly,

the Luenberger condition of the diagnostic observer for the general discrete-time systems is studied from the transfer

function viewpoint. By this condition, an appropriate diagnostic observer for sampled-data systems is built and its hybrid

dynamics is derived. Then, the sampled-data fault detection problem is formulated as a ratio-type optimization problem.

By using the co-inner-outer factorization technique and the algebra method, we obtain a general optimal solution which

makes the discrete-time residuals robust to the continuous-time unknown inputs, but sensitive to faults. Simulation results

of a numerical example are presented to demonstrate the effectiveness of the proposed method.
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2 (Problem formulation

and preliminaries)
2.1 (Systems description)

1 SD

, SD

S H .

1 (FDI)

Fig. 1 Fault detection and isolation(FDI) in

a sampled-data framework

1) .{
ẋ(t)=Ax(t)+Buu(t)+Bdd(t)+Bff(t),

y(t) = Cx(t).
(1a)

: x(t) ∈ R
n , y(t) ∈ R

m ,

u(t) ∈ R
nu , d(t) ∈ R

nd ,

f(t) ∈ R
nf ;

,
[1]; A,Bu, Bd, Bf , C

. Gab(s) b → a ,

y(t) = Gyuu(t) + Gydd(t) + Gyff(t). (1b)

[Gyu Gyd Gyf ] = [A [Bu Bd Bf ] C 0],

Gyu(s) = C(sI − A)−1Bu. Gyd(s)
Gyf(s).

2) S.

ψ(k) = y(kh), (2a)

: ψ(k) , h . S L(R)
→ �(Z) ,

ψ(k) = Sy(t). (2b)

3) H .

u(t) = v(k), kh � t < (k + 1)h. (3a)

H �(Z) → L(R) ,

u(t) = Hv(k). (3b)

2.2 (Norms of sampled systems)

H∞ H2

H− . G = (A,

B,C, 0) p m

, H∞, H2 H−
[12]:

‖G‖∞= sup
‖u‖2=1

‖Gu‖2 , ‖G‖2=(
p∑

i=1

‖Gδ(t)ei‖2

2)
1/2,

‖G‖− = inf
Gu �=0,‖u‖2=1

‖Gu‖2 .

: ‖G‖2 δ(t) , ei R
p

. ,

G1, G2, [14]

‖G1G2‖η � ‖G1‖∞ ‖G2‖η , η = ∞, 2,−. (4)

SG : L(R) → �(Z)
, ,

H∞, H2 H−
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‖SG‖∞ = sup
‖u‖2=1

‖SGu‖2 ,

‖SG‖2 = (
p∑

i=1

‖SGδ(t)ei‖2

2)
1/2,

‖SG‖− = inf
SGu �=0,‖u‖2=1

‖SGu‖2 .

.

1
G = (A,B, C, 0), GJ =
(AD, BJ, C, 0),

‖SG‖η = ‖GJ‖η , (5)

: AD = eAh, BJB
T
J =

� h

0
eAτBBTeATτdτ .

η =∞, 2 , [8], η =−
η = ∞ .

3 (Main results)
3.1 (Constructions

of diagnostic observer for sampled-data sys-

tems)
.

G = (A,B, C, D),

v(k) ∈ R
nu , ψ(k) ∈ R

m,

{
λ(k + 1) = Fλ(k) + Ev(k) + Lψ(k),
r(k) = −Wλ(k) − Qv(k) + V ψ(k).

(6)

λ(k) ∈ R
s r(k) ∈ R

r

. (6),

: v (k),

lim
k→∞

r(k) = 0. (7)

Luenberger . , Luen-

berger

, SD ,

.

2 (6) G = (A,B,

C, D) , T ∈ R
s×n

Luenberger :

I) F Hurwitz , (8)

II) TA − FT = LC, V C − WT = 0, (9)

III) E = TB − LD, Q = V D. (10)

(6) :

r(k) = Grvv(k) + Grψψ(k) =

(GrψG + Grv)v(k). (11)

:

Grv = (F, E,−W,−Q), Grψ = (F, L,−W,V ).

(9)

Grψ(z) · G(z) =

[−W (zI−F )−1L+V ]·[C(zI−A)−1
B+D] =

−W (zI−F )−1LC(zI−A)−1B−W (zI−F )−1·
LD + V C(zI − A)−1

B+V D =

−W (zI − F )−1(TA − FT )(zI − A)−1
B −

W (zI − F )−1LD + WT (zI − A)−1
B + V D =

W (zI − F )−1 [(zI − F )T − (TA − FT )] ·
(zI − A)−1

B − W (zI − F )−1LD + V D =

W (zI − F )−1(TB − LD) + V D. (12)

, (10)

Grv + Grψ · G = 0.

, r(k) v(k) . F Hurwitz ,

(7) .

, SD , SD

(1)∼(3), (6)

v (k) ψ (k) ;

(1)∼(3) (11),

r(k) = Grvv(k) + Grψψ(k) =

Grvv(k) + Grψ · Sy(t) =

(Grv + GrψSGyuH)v(k) +

Grψ · SGydd(t) + Grψ · SGyff(t). (13)

, SGyuH Gyu

[1],

SGyuH = (AD, BuD, C, 0),

BuD =
� h

0
eAτdτBu.

(7), Grv + GrψSGyuH = 0. 2 ,

Luenberger .

1 (6) SD (1)∼(3)

T ∈ R
s×n

(8) ,

TAD − FT = LC, V C − WT = 0, (14)

E = TBuD, Q = 0. (15)

2 .

, (13)

r(k) = GrψSGydd(t) + GrψSGyff(t). (16)

(16) d(t) f(t)
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r(k) ,

(6) .

3.2 (Optim-

al diagnostic observer design)

.

,

, . ,

SGyf SGyd

, Im(SGyf) �⊂ Im(SGyd).

, [9].

1 , SGyd BdJB
T
dJ =� h

0
eAτBdB

T
d eATτdτ , dim(SGyd) �

dim(Gyd),

. , (A,Bd) ,

rank BdJ = rank
� h

0
eAτBdB

T
d eATτdτ = n, (17)

Bf , Im(SGyf) ⊆
Im(SGyd),

.

,

, (16), SD

:

min J∞,η= min
F,E,L,W,V

‖GrψSGyd‖∞
‖GrψSGyf‖η

, η=∞, 2,−.

(18)

1

‖SGyd‖∞ = ‖GdJ‖∞ , ‖SGyf‖η
= ‖GfJ‖η .

:

[GdJ GfJ ] = (AD, [BdJ BfJ ], C, 0),

BfJB
T
fJ =

� h

0
eAτBfB

T
f eATτdτ.

, SD

min J∞,η = min
F,E,L,W,V

‖GrψGdJ‖∞
‖GrψGfJ‖η

. (19)

SD

. F, H,L, W, V (6)

(14)(15), (19).

, .

3 G = (A,B, C,

D) K, :

Gk(z)G(z) = Gk(z).

:

Gk = (A − KC, K,−C, I),

Gk = (A − KC, B − KD,C, D).

3 .

[13] ,

.

, .

4 G = (A,B, C, D)
,

, G(z) :

G(z) = Go(z)Gi(z),

Go = (A, − MTN, C,N), Gi =
(A + MTC, B − MTD, N#C, N#D), (X, M)

Riccati (DTARS)[
AXAT − X + BBT AXCT + BDT

CXAT + DBT CXCT + DDT

][
I

M

]
= 0

, CXCT + DDT � 0, NNT =
CXCT + DDT, N# N .

G#
o = (A + MTC,MT, N#C, N#).

[13] 2 GT(z) :

GT(z) = G̃i(z)G̃o(z),

G(z) = G̃T
o (z)G̃T

i (z) Δ= Go(z)Gi(z).

, (19).

1 (1)∼(3) (A,C)
, , GdJ = (AD, BdJ, C, 0)

,

. (19) :

F = Tt

[
AD + MT

DC 0
0 Ad

]
T−1

t ,

L = Tt

[
−MT

D

Ld

]
, T = Tt

[
I

Td

]
,

W = [N#
D C 0]T−1

t , V = N#
D , E = TBuD.

NDNT
D = CXCT, (X, MD) DTARS:[

ADXAT
D−X+BdJB

T
dJ ADXCT

CXAT
D CXCT

][
I

MD

]
=0

(20)

. Tt ∈ R
s×s , Ad ∈

R
(s−n)×(s−n) Hurwitz ,

Ld = −g(Ad)Y, Td=[Y AdY · · ·An−1
d Y ]J, (21)
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, Y ∈ R
(s−n)×m ,

g(z) = det(zI − AD) = anzn + · · · + a1z + a0,

J =

⎡
⎢⎢⎢⎢⎣

anCAn
D + · · · + a2CAD + a1C

anCAn−1
D + · · · + a2C

...

anC

⎤
⎥⎥⎥⎥⎦ .

(A,C) , ,

(AD, C) [1], GdJ = (AD, BdJ, C, 0)
,

. 4 GdJ : GdJ =
GdoGdi, :

Gdo = (AD,−MT
DND, C, ND),

Gdi = (AD + MT
DC, BdJ, N

#
D C, 0),

NDNT
D = CXCT,

N#
D ND , (X, MD) (20) ,

AD + MT
DC Hurwitz .

G#
do = (AD + MT

DC, MT
D , N#

D C, N#
D ). (22)

Grψ(z) = O(z)G#
do(z), (4)

‖GrψGdJ‖∞
‖GrψGfJ‖η

=
‖O‖∞∥∥OG#

doGfJ

∥∥
η

�

‖O‖∞
‖O‖∞

∥∥G#
doGfJ

∥∥
η

=
1∥∥G#

doGfJ

∥∥
η

.

O (z) = I , . 3

G#
doGfJ = (AD + MT

DC, BfJ, C, 0).

F, E, L, W, V ,

F, E,L, W, V (14)(15)

Grψ(z) = G#
do(z), (23)

1/
∥∥G#

doGfJ

∥∥
η

.

(23),

V = N#
D , (24)

, Grψ ,

(6) G , s � n.

Hurwitz Ad ∈ R
(s−n)×(s−n),

F =

[
AD+MT

DC 0
0 Ad

]
,W =[N#

D C 0], (25)

L =

[
−MT

D

Ld

]
, T =

[
TD

Td

]
. (26)

Ld, TD, Td , Ld, TD,

Td, (23) F Hurwitz . (24)

∼(26) (14)[
TD

Td

]
AD−

[
AD+MT

DC 0
0 Ad

][
TD

Td

]
=

[
−MT

DC

LdC

]
, (27)

N#
D C =

[
N#

D C 0
] [

TD

Td

]
. (28)

(27)(28) TD = I , (27)

:

TdAD − AdTd = LdC. (29)

(21) (27) , Luenberger

.

, (24)∼(26) (19) .

Tt

Luenberger [9],

1 .

1 1 ,

. ,

Tt, Ad, Y ,

, ,

.

,

MATLAB .

2 (19) , ,

2 3 1

.

4 (Simulation)
(1) , [5]

A =

[
−1 5
0 −2

]
, Bu =

[
0
1

]
, Bd =

[
0.1
1

]
,

Bf =

[
0
1

]
, C =

[
1 0
0 1

]
.

h = 1 s , 1

F =

[
−0.56 0
0.13 −0.28

]
× 10−16,H =

[
1

0.43

]
,

L =

[
0.38 1.16
0 0.14

]
,W =

[
0.90 −0.90
0 2.86

]
,

V =

[
0.90 −0.90
0 2.86

]
.

, u(t) , d(t) 1
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, f(t) 60 s , 10.

2 , , 3

2

, G ,

1 . 2

3 ,

, .

2

Fig. 2 Fault detection result of the direct method

3

Fig. 3 Fault detection result of the indirect method

5 (Conclusion)
SD

. SD

,

.

, ,

.

, SD

. ,

, SD

.
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