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Input-to-state stabilizing nonlinear model-predictive-control
based on affine control input
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Abstract: The paper is concerned with a feedback model-predictive-control(MPC) scheme based on an affine control
input for constrained nonlinear systems with disturbances. The control actions of MPC can be obtained by solving a
min-max optimal problem of a finite horizon cost-function defined by an infinite norm. The robust stabilization of the
closed-loop system is analyzed by the notion of input-to-state stability(ISS), and the determination of the upper bound of
admissible disturbance is addressed. Finally, a numerical simulation shows the effectiveness of the MPC scheme.
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1 5] (Introduction)

A5 F0 42 il (model predictive control, MPC) /&
— Pl HE % Ab BIUIR 75 £ AR R N 2 SR P A0 A 8 1 5
W, & — MR IR B I A Ak, B E B SR A I %1
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FF ol ot U310 dr e dp ke, il 5 55 80 90000 4% o
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PRV 7 B4, B X AR RIS ARt R G, ¥
MIHR T 4ol A T0 42 ) 4~81 SCHR [5, 6148 1 T
4 UMPCHE G, R 200 $ 3l 10T LA 44 SCASE AL A 24 Fiel
B, P A3 10 PR R 40 2 AT [ A 1) & d vk, (H 23X
FEMPC R I (1) HI 32 A2 A B P 3l 0 1R A7 AF A 23 R AIG
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2 T A (Preliminary knowledge)
R AL RS

2k +1) = Fak),wk), k>t (1)
Hrh: F(0,0) = 0, 2(k) € REARGHIIRE, w(k)
e W C RAHShHACHT g A B i), Wk 45
JS RN RIS RE()Rha(t) = ZAWIIIRE,
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Plw N, 1R 2R s D (k, 2, w).

EX 1 CHESRE C R, WRF(z,w) €
EVz € EVw € W, WIMER RGN & #EIE
5E INAF4E (robust positively invariant set, RPT) (81,

EX2 SHEAFRANHNAKEES C R
W R Eh R G(DIIRPL, HAFAE —ANK LIS R B B
— KRRy, W EVE > t, VT € =

z(k, 2, w)|| < BUIZ|, k) +~([w]), @

MFR RS (D)AES N A S AR R e 1 1891,

EX 3 CHESREYV R — R, WIHATE
K BEREa, as, agﬁEﬂK%E@&pﬁmE
ai([lz])) < V(z) < ax(|lz]), V2 €=,  (3)
V(F(z,w)) = V(z) <

—as([|lz])) + p([lw]]), VZ € =, Vw e W, (4)

MFRV H1SS-Lyapunov & %81

SIE 1 WEFTEAANANEEENRS
(I IEE ANEE, R RG)E = A 7 (EISS-
Lyapunovif 50, W R F(DHEEW 2 i AR ST E
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3 $E7Hl3KB% (Control scheme)
FIE AN B R RS
z(k+1) = f(z(k) + g(z(k))u(k) + w(k). (5)

Hrp: x(k) € RPARGMPIRE, w(k) € R™ A
N, wk) € RS, x(t) = Z VIR, k =
0,1,--+; z(k) € X, u(k) € Uil RZEIIRE
ZIRFE ALK, X, U %4, H{0} C X,
{0} CU.

E 3w ST DR R R 2 L B Ak A
B TR BN, A SO (k) FRFEEA TR,

BRi&81 w =0,f(0) = 0CHRLG) T4k,
RYLS) IR IE S8 A RERL .

BiZ 2 wk)EAAEW, WL, HFFRIZFE
WA A BHVFIS).
W,={w(k) € R"||Jw(k
FBARGS), & LML KA N 07 5 42 61
%1110l
u(k) = Kz(k) +

)W <rr >0,k >t} (6)

e(k), k€ [t,t+ N —1]. (7)

o 55 R MPE RO R A, 25 =
e(k) AL &, Su(k)g X MKRKER. h T
TNJTAE, /‘?Ut,t+N71 = [Ut Upq1 -~ ut+N71]- BEXT &
G8(5) 78 XA BRI AL R 2
V(z,N) = meinmfux J(Z,u,w, N), (3)
st x(k+1) = f(z(k)) + g(z(k))u(k) + w(k),
z(k) € X, u(k) e U, w(k) e W,, z(t) =
z(k+N)e Xy, ket,t+N—1].
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J(Z,u,w,N) =

k=t+N-—1
th (L(z(k), u(k)) —
Lu(w(k))) + Vi(x(k+ N)) =
k=t+N-1
kzt (1Qz(k)||+ || Ru(k)|| —
[Quw(k)[|) + || Pz(k + N)|. ©
Hrp: P e RmrXn @ € R™aX" R € R™xm,
Qu € R™ "B I RRFL B, WQ, RMQ.,34H
TN, Xop kg 2 smdal. 4 SRAAK ) (8) ) B L A AT AE,
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BRI oy o=y W - ufy )
M B2 g il o uMPC (7)) = ul, fEH T RE505), &
k = k+ 1, 347 F —RIEAR, Wi LR sh 4k,
B H AR 2 1k R RPIR S AN P> TN
) N WS 3 2 S el
3.1 ZH KR PHHH (Calculation of the parame-
ters K and P)

SR N P F R 3 0 S A A\ 42 A A AR
PR KR AR B, SR St 5. Bk R4t
(O FE I AL AT ER PEAE,

zk+1) = Aa:(k) + Bu(k) +

BRiz 3 ?éﬁi (10)1??“%1%19&%5%13 €
R™ X7 H it RBEK € R™ (X IR S Ot
I = Ko), i3~ or:

Vi(x(k+1)) = Vi(z(k)) <
—L(z(k), u(k)) + Lu(w(k)). an
Hrp: vo(k) € Xo, Vw(k) € Wy, k>t
WRAR B3 o, AR (1) rT 1
|[P(A+ BK)z + Pw|| — ||Pz|| + ||Qz| +
[RKz| — |Quwl| < 0. (12)

w(k), k > t.(10)
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SIER 2 WARAEESNHIEREP € Rl
AT XA3), WA ZEXAHIE(P, K, o) th i 2
H(12):

[Pwl| = [|Quwl|| < af[Pz|, Vo € Xt, a 20,
(13)

|P(A+BE)P~*||+[|QP~*||[+|[RKP~*| <
1-a. (14)
Hrp p~L = (PTP)~'PT 2} PI¥)7: Moore-Penroseilf.

WSR3, I 14 (14 0 2 e e e
| P, AR B P R A AR S T 4
0>
(IP(A+BE)P~*|+[|QP*| +
IRKP™*|| = 1+a)-|Pz| >

IP(A+BK)P~"|| - | Px||+[|QP~*|| - | Px|+
IRKP~"| - ||Pz|| — || Pz|| + o Pz >
|P(A+ BK)P~"Pzx| + |QP~ " Px| +
IRKP~"Pa| — [|Pz| + |Pw] - [|Quw] >
|P(A+ BK)x + Pw| — || Px|| + [|Qz| +
[REz| — [|Quuwl|.

R,

AT J7 R AEEAL TR EL), ATHRQ., = P, 3XI

FHR 51 B2, 47 IR HES BT

iR 1 WRIHEREMEP ¢ R RE
MK e R™ i 2 AAE(15), W(P, K) Wil 2 A5F
A4,

|P(A+BEK)P~"||+||QP~"||+| RKP~*| <1.
(15)

W Koo > 0, B4 nrEH X 5).

JEEE,

E 4 T R35), KRS EPHK A IMATLAB
1 [ffminconB{fminunc iR 3§

32 Zumig &) b € (Determination of
the terminal region and the upper bound of ad-
missible disturbance)

SIE 3 AR B ~3 oL, Ak ] RE(8)TE LT
Z2& AT IR, HAUBh I 50 2 4 (16), WIALAL
@) EL + 1IN %2 v AT 1, JF HAFAE W Hie > 0,
fiif3 2t X = {2z € X|||Pz| < c}RRLEG)IM
— AN RARAE

1—||P(A+ BK)P~L|

r < - C. (16)
1P|

L (8)FELIN Z) 3 W] 47

ik feteiE KR I %1

RGO AC T Iy, T AE R, 15
W&zt + Nyx(t),uf g w) € Xp. EAEY]
oAl al J(8)FEE + 1INF 21t & mT AT 1, W) ZE30E W]
RS la(t + 1;2(t), uMPC(2(t)), w) AWIUH 5 AF,
Uiy N = [uipr o uipno Kz(t+ N)IHER
— AT Y, BNEYAEE + N 4 1IN Z1 R G0
W&zt +N+Lat+1),ul,,y w) € Xr. 22k
PEFE R K o /E R T R GG, e Hor v For =
FANSE AT S0

P+ 1)) =

IP(A+ BK)z(k) + Pw (k)| <

I1P(A+ BE)z(k)|| + [[Pw(k)| <

|P(A+ BEK)P~"| - ||Pz(k)| +
[P - [lw (k)| <
|P(A+ BEK)P " -c+||P| -r <
|P(A+ BK)P™%|| - c+
1—||P(A+ BK)P L
IIPII-( |P(A+ BK) H)C\ ’
[Pl
VCUGXT.
FEE.

E S Sk R5E B 1S BPRK B L4
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HEX.

Py & ek 1) s QOB HE3) ol 40, et K/ kg
T &R KN, T SKfie, R R (17) 1R A
VA WARES

EX 4 Xy:={recX|KxecU}, AU

c<sup{p>0{zeX||Px||<p} C Xy} (17)

IR S XRRU ) 2 B0 2 5t i ok oA s PR IR 2 5T 4,
BESHPZG, BB e > 0 ExL
4 EFfe e (Robust stability)

EIE 1 HXMPO(N)RIRAAL i) (81T 1 fiF
IR GOR A& AR S R ~3E 7 HAR AL i)
@) FELIT Z& AT IR, 443N B 54 2 RA eI, &
GES)TE AT S AN VE - N EXMPC(N) P AZISS
Fe e 7).

E 2mXMPO(N) C X, JFH{0} C Xt C
XMPC(N) R L (5)MRPL

V(‘Ta N) = J(j’ u;t+N—1v w;t+N—1v N) >

man(j Uy t+N7170 N) >

Lz, u™"C(2)) > [|Qz| >
agllzl|, Yz € XMPE(N). (18)
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Hrha, = N/ /Mg, A\ QIR /N A

H TRV (2, N)AAAE ES, Pl s S8 N+
1, %
~ Up N1 t<k<t+N -1,
Up gy N = '

Kz(t+ N), k=t+ N.
AR I3 M 4
J<§77ﬁt,t+N—1awt,t+N—17N + 1) =
Vi(z(t+N+1)) = Vi(z(t+ N)) +

L(z(t+ N),Kx(t+ N)) — L,(w(t+ N)) +
% (LG (k) ulk)) — Lo (w(k)} +
Vi (a(t + N)) <

kZ:t {L(z(k),u(k)) — Ly (w(k))} +
Vi(z(t + N)),

R
V(z,N +1) <
gé%i J(Z, U N1, W N1, N +1) <
t+N—-1
max S {L(a(h), u(b) ~ Lu(w(k) +
Vi(z(t+ N)) =V (z,N),
vz € XMPO(N), Yw € W,
T EA
V(z,N)<--- < V(z,0) =Vy(z) =
[1Pz|| <[P - =], V2 € Xr. (19)
TN,
V(z,N)=
V(f(@) + g(2)u™ (@) + w, N — 1) +
L(z,uM"O()) — Lo (w) >
V(f(z) + g(x)u™"(Z) + w, N) +
L(z,u"(2)) = Lu(w),
vz € XMPO(N), Yw € W,
Rp

V(f(x)+g(x)u"C(z)+w, N)=V(z, N) <
—L(z,u™PC(Z)) + Ly (w) =

—[|Qz[| = [Ru™"C(2)]| + [|Quw]l <
—[|Qz||+Quw|| < —llzl|+ [ Qull - [w]]. (20)

24 (18)~(20), H 5| 1 w40, V(x, N) &
XMPC (N [1SS-Lyapunov & £, 72 FAFIIE.

HEEe.
5 {jjE(Simulation)

AT S AR S A A
z(k+1) =
0.55z1 (k) + 0.12z5(k)+
(0.01 — 0.6 (k)+
wa(k)u(k) + w(k), an
xo(k+1) =
0.672(k) + (0.15 + 2 (k)—
0.8z5(k))u(k) + w(k).
o RS LRFMAL R 3R X = {z € R?:
|z;| <0.5,i=1,2} MU ={ueR : |u|<0.2},w(k)
R X BN

¥R G QAE L 50,00/ AT 2 Ak, T
NN = 5, IR B AQ = 0.1 - A0
R =0.1, JF HQ,, = P, i 4l(15)f# 3

1.8174  3.4272

P=|-19893 1.1249],
0.0020 —0.0123

K =1[0.0137 —1.1696].

R 16) AT £ X ={x € X ||| Px||
< 0.39}, #t3h [ 5r=0.033, RlI
w(k) = 0.033sink, k > t.

MYME R = (0.4, —0.3)I, RLEHPIRSHIL A
P A e W 1. o7 LUG H, IR RGN SR
LB N ST AR E I, RS BPIRAS T H
B e & A AR, 4¥iEz = (0.6,0.4) ¢ X,
RGEHPRAS PR RE A A i Zen 182, w] LUF H,
HARWME A RS LI, AHE A RGN e &
BRARE 1), VLA SCBETT [FMPC Sl & 47 11
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Fig. 1 Response curves of system for
an initial value (0.4,—0.3)
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Fig. 2 Response curves of system for

an initial value (0.6, 0.4)

6 %518 (Conclusion)

ISR B RS AR L e R 4, Wil TR TS
2 il A N 119 B st = s ) SR SR T ST
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PN RN I B R A e I M el w1 T
PRI 47 1 28 GO0 R S Bl 2 ey A\ i AR UE 1Y,
Ja BB ERAIE T SVERIA BT AT, S35k, 4E
KPRzl B ik i R b, T (P, K) A
ME— 1k S = MANSE SRS, A efRE B AT — 52 10
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