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Networked optimal predictive state estimation
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(Faculty of Automation, Guangdong University of Technology, Guangzhou Guangdong 510006, China)

Abstract: When the network-induced time-delay and the packet-loss are known, we propose a method for designing the

networked optimal predictive state-estimator in which the effects of the network-induced time-delay and the packet loss on

the estimator performance can be compensated. Although the estimator is effectively compensated, however, theoretical

analysis shows that the estimation error increases appreciably with the increment of network-induced time-delay and the

packet loss. The stability condition of the estimation system is also explored. Simulation and experiment results are given

to show the effectiveness of the proposed method and the validity of the theoretical analysis.
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2 (Problem formulation)
:

x(t + 1)=Ax(t)+Bu(t)+ω(t), x(0)=x0, (1)

y(t) = Cx(t) + ν(t), (2)

: t ∈ Z
+ , x(t) ∈ R

nx , u(t) ∈ R
nu

y(t) ∈ R
ny , A,

B C , ω(t) ∈ R
nx ν(t) ∈

R
ny , x(0)

. :

1) ω(t) ν(t) ,

,

E{ω(t)} = 0, E{ω(t)ω(t0)} = Rωωδ(t − t0),

E{ν(t)} = 0, E{ν(t)ν(t0)} = Rννδ(t − t0),

E{ω(t)ν(t0)} = 0,

: E(·) , Rωω Rνν

, δ(t − t0) Dirac δ

,

δ(t − t0) =

{
1, t = t0,

0, t �= t0.

2) x(t) x(0) , x(0)
,

E{x(0)}=x0, E{[x(0)−x0][x(0)−x0]T}=P (0).

3) x(0) ω(t) ν(t) ,

E{ω(t)x(0)} = 0, E{ν(t)x(0)} = 0.

h, (1)(2)

. t, k=
{1, 2, · · · }

, ik ∈ {0, 1, 2, · · · } , τk � 0
,

k ;

Ye(t) = {y(i1), y(i2), · · · , y(ik)}
, I(t) = {i1, i2, · · · , ik}

; T (t) = {τ0, τ1, · · · , τk}
; Y (t) = {y(0), y(1),· · · ,

y(t)} .

,

,

.

.

,

, k ,

I(t)= {i1, · · · , ik} .

:

x̂(t|ik),

E{[x̂(t|ik)−x(t)][x̂(t|ik)−x(t)]T|Ye(t), I(t), T (t)}
(3)

.

3 (Networked

optimal predictive state estimator)

3.1 (Traditional optimal

state estimation algorithem)
(1)(2),

:

x̂(t|t)= x̂(t|t−1)+K(t)[y(t)−Cx̂(t|t−1)], (4)

x̂(t|t − 1) = Ax̂(t − 1|t − 1), (5)

K(t)=P (t|t − 1)CT[CP (t|t − 1)CT + Rνν ]−1,

(6)
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P (t|t − 1) = AP (t − 1|t − 1)AT + Rωω, (7)

P (t|t) = [I − K(t)C]P (t|t − 1)[I −
K(t)C]T + K(t)RννK

T(t), (8)

: K(t) , P (t|t − 1)
, P (t|t) .

3.2 (Case of network-

induced time-delay)
3.2.1 (Constant network-

induced time-delay)
y(ik) t .

, τ t

x̂(ik|ik), x̂(t− τ |t− τ),

x̂(t|t). {Ye(t), I(t), T (t)},

,

(4)∼(8)

:

x̂(t − τ |t − τ) =

x̂(t − τ |t − τ − 1) + K(t − τ) ·
[y(t − τ) − Cx̂(t − τ |t − τ − 1)], (9)

x̂(t − τ |t − τ − 1) =

Ax̂(t−τ−1|t−τ−1)+Bu(t−τ−1), (10)

K(t − τ) =

P (t − τ |t − τ − 1)CT ·
[CP (t − τ |t − τ − 1)CT + Rνν ]−1, (11)

P (t − τ |t − τ − 1) =

AP (t − τ − 1|t − τ − 1)AT+Rωω, (12)

P (t − τ |t − τ) =

[I − K(t − τ)C]P (t − τ |t − τ − 1) ·
[I−K(t−τ)C]T+K(t−τ)RννK

T(t−τ). (13)

x(t)

x̂(t|t − τ) =

Aτ x̂(t−τ |t−τ)+
τ−1∑
j=0

Aτ−1−jBu(t−τ +j).

P (t|t − τ) = AτP (t − τ |t − τ)(Aτ )T +
τ−1∑
j=0

AjRωω(Aj)T.

3.2.2 (Bounded time-vary-

ing network-induced time-delay)
τmax,

τmax +1. αj(j =
0, · · · , τmax) ∈ {0, 1} y(t), · · · ,

y(t − τmax) , 1 , 0

, α0 = 1 ; x̂(t) = [x̂(t|ik) · · ·
x̂(t − τmax|ik)]T {Ye(t), I(t), T (t)}

.

:

j =0,· · · , τmax,

x̂(t − j|t − τmax) =

Ax̂(t − j − 1|t − τmax) + αjK(t − j)[y(t − j) −
CAx̂(t − j − 1|t − τmax)],

(14)

K(t − j) =

P (t−j|t−j−1)CT[CP (t−j|t−j−1)CT+Rνν ]−1,

(15)

P (t−j|t−j−1)=AP (t−j−1|t−j−1)AT+Rωω,

(16)

P (t − j|t − j) =

[I − αjK(t − j)C]P (t − j|t − j − 1)[I −
αjK(t − j)C]T + αjK(t − j)RννK

T(t − j).

(17)

3.3 (Case of packet loss)
3.3.1 (Case without

network-induced time-delay)
t = ik , ,

; t ∈ [ik+1, ik+1−
1] , ,

. [ik, ik−1],
K(ik−1), x̂(ik−1|ik−1) P (ik−1|ik−1). t = ik−1 +
1 ,

x̂(ik−1 + 1|ik−1) = Ax̂(ik−1|ik−1),

x̃(ik−1 + 1|ik−1) = Ax̃(ik−1|ik−1) + ω(ik−1),

P (ik−1 + 1|ik−1) = AP (ik−1|ik−1)AT + Rωω.

x̂(ik−1 + 1|ik−1 + 1) =

x̂(ik−1 + 1|ik−1) +

K(ik−1 + 1)[y(ik−1) − Cx̂(ik−1 + 1|ik−1)].

,

x̃(ik−1 +1|ik−1), x̃(ik−1 +
1|ik−1+1) y(ik−1) , E[x̃(ik−1+1|ik−1+
1)yT(ik−1)] = 0, K(ik−1 +
1) = 0. , ik−1 + 1 ,

x̂(ik−1 + 1|ik−1 + 1) = x̂(ik−1 + 1|ik−1),

P (ik−1 + 1|ik−1 + 1) = P (ik−1 + 1|ik−1).



730 28

t = ik−1 + j < ik, j � 1 ,

x̂(ik−1 + j|ik−1) = Ajx̂(ik−1|ik−1),

x̃(ik−1 + j|ik−1) =

x(ik−1 + j) − x̂(ik−1 + j|ik−1) =

Ajx̃(ik−1|ik−1) +
j−1∑
i=0

Aj−1−iω(ik−1 + i),

P (ik−1 + j|ik−1) =

E{x̃(ik−1 + j|ik−1)x̃T(ik−1 + j|ik−1)} =

AjP (ik−1|ik−1)(Aj)T +
j−1∑
i=0

AiRωω(Ai)T,

K(ik−1 + j) = 0,

x̂(ik−1+j|ik−1 + j) = x̂(ik−1 + j|ik−1+j − 1),

P (ik−1+j|ik−1+j) = P (ik−1 + j|ik−1).

,

, t

, ik, t = ik,

:

x̂(ik|ik) =

x̂(ik|ik−1)+K(ik)[y(ik)−Cx̂(ik|ik−1)],

(18)

x̂(ik|ik − 1) =

x̂(ik|ik−1) = Aik−ik−1 x̂(ik−1|ik−1) +
ik−ik−1−1∑

j=0

Aik−ik−1−1−jBu(ik−1 + j), (19)

K(ik) =

P (ik|ik − 1)CT[CP (ik|ik − 1)CT + Rνν ]−1,

(20)

P (ik|ik − 1) = P (ik|ik−1) =

Aik−ik−1P (ik−1|ik−1)(Aik−ik−1)T +
ik−ik−1−1∑

j=0

AjRωω(Aj)T, (21)

P (ik|ik) =

[I − K(ik)C]P (ik|ik − 1) ·
[I − K(ik)C]T+K(ik)RννK

T(ik). (22)

x̂(ik−1+j|ik−1) (14)∼
(17) , αj 0.

3.3.2 (Case with

time-varying network-induced time-delay)
,

.

,

, t = ik + τk,

:

(18)∼(22) ,

:

x̂(t|t − τk) = Aτk x̂(t − τk|t − τk) +
τk−1∑
j=0

Aτk−1−jBu(t − τk + j),

P (t|t − τk) = AτkP (t − τk|t − τk)(Aτk)T +
τk−1∑
j=0

AjRωω(Aj)T.

4
(Stability of networked optimal predictive

state estimation system)

, .

[24],

.

4.1 (Stability

of traditional optimal state estimation system)
(1)(2),

x̂(t|t) =

x̂(t|t − 1) + K(t)[y(t) − Cx̂(t|t − 1)] =

Ax̂(t−1|t−1)+K(t)[y(t)−CAx̂(t−1|t−1)],

x̂(t|t) =

[I−K(t)C]Ax̂(t−1|t − 1)+K(t)y(t)=

Ψ(t, t − 1)x̂(t − 1|t − 1) + K(t)y(t),

: Ψ(t, t − 1) = [I − K(t)C]A
, K(t)y(t) .

,

x̂(t|t) = Ψ(t, t − 1)x̂(t − 1|t − 1) (23)

. (23) ,

. (23),

: c1 > 0, c2 > 0, t� l�0,

||Ψ(t, l)|| � c2e−c1(Tt−Tl), (24)

Tt Tl t l

. : (24)

(23) ,

.

Ψ(t, t − 1)
K(t), (24)

. Kalman ,
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:

,

.

(1)(2),

: N α1 > 0, β1 > 0,

t � N ,

α1I � W (t − N + 1, t) � β1I, (25)

W (t − N + 1, t) =
t∑

i=t−N+1

At−iRωω(At−i)T > 0,

(1) .

:

N α2 > 0, β2 > 0, k � N ,

α2I � M(t − N + 1, t) � β2I, (26)

M(t − N + 1, t) =
t∑

j=t−N+1

(Aj−t)TCTR−1
νν CAj−t > 0,

(1)(2) .

(1)(2),

:

P (0|0) � 0, (1)(2)

, α1 > 0, β1 >

0, α2 > 0, β2 > 0 N , t � N ,

α1I � W (t − N + 1, t) � β1I,

α2I � M(t − N + 1, t) � β2I,

t � N , P (t|t)

P (t|t) � 1 + n2β1β2

α2

I (27)

P (t|t) � α1

1 + n2β1β2

I. (28)

(1)(2), (27)(28), Lyapunov

,

: (1)(2)

,

(4),

x̂(t|t) = x̂(t|t − 1) + K(t)[y(t) − Cx̂(t|t − 1)]

. c1 > 0, c2 > 0,

t � l � 0,

||Ψ(t, l)|| � c2e−c1(Tt−Tl).

4.2 (Case of network-

induced time-delay)
4.2.1 (Constant network-

induced time-delay)
,

(1)(2)

x(t + 1) = Ax(t) + Bu(t) + ω(t), (29)

yc(t)=y(t − τ)=Cx(t − τ) + ν(t − τ), (30)

yc(t) t .

(1)(2) , (29)(30)

(1)(2) ,

, .

,

. (1)(2)

, (29)(30),

Ne = N + τ , t � Ne,

α2I � M(t − Ne + 1, t − τ) � β2I,

M(t − Ne + 1, t − τ) ,

.

.

4.2.2 (Bounded time-

varying network-induced time-delay)
(1)(2)

x(t + 1) = Ax(t) + Bu(t) + ω(t), (31)

y(ik) = Cx(t − τk) + ν(t − τk), (32)

y(ik) t

. (1)(2) ,

(31)(32) ,

.

, (31)(32),

Ne = N + τmax, t � Ne,

α2I � M(t − Ne + 1, t − τmax) � β2I,

M(t − Ne + 1, t − τmax)
, .

.

4.3 (Case of packet loss)
4.3.1 (Case without

network-induced time-delay)
(1)(2)

x(t + 1) =

Ax(t) + Bu(t) + ω(t), t ∈ [ik, ik+1), (33)

yc(t) =

{
y(ik), t = ik,

0, t �= ik,
(34)
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ik{k = 1, 2, · · · }
.

,

, .

t = ik , (34)

yc(t) = y(ik) = Cx(ik) + ν(ik).

y(ik+j) = Cxik+j
+ νik+j

=

CAik+j−ikx(ik) +
ik+j−ik−1∑

i=0

CAik+j−ik−1+iω(ik + i) + ν(ik+j).

(1)(2)

, (33)(34), N ,

t � ik−N+1,

α̂2I � M(ik−N+1, ik) � β̂2I,

:

α̂2 > 0, β̂2 > 0,

M(ik−N+1, ik) =
k∑

j=k−N+1

(Aij−ik)TCTR−1
νν CAij−ik > 0,

.

.

4.3.2 (Case with

time-varying network-induced time-delay)
(1)(2)

x(t + 1) = Ax(t) + Bu(t) + ω(t),

t ∈ [ik + τk, ik+1 + τk+1), (35)

yc(t) =

{
y(ik), t − τk = ik,

0, t − τk �= ik.
(36)

, .

5 (Simulation)

, 0.2 s ,

x(t + 1) = Ax(t) + Bu(t) + Bωω(t),

y(t) = Cx(t) + ν(t),

: ω(t) , ν(t) ,

A =

[
0.8999 0.1916
−0.1921 0.9803

]
, B =

[
−0.1929
0.01979

]
,

Bω =

[
−0.1929−0.01972
0.01979 −0.201

]
, C = [0 1].

u(t) = −1,

,

1; 1,

0, 0

;

,

,

.

. ,

.

1 ,

τ = 5 l = 5 . x(0) =
[0 5]T, x̂(0|0) = [0 0]T; ω(t) ν(t)

Rωω =

[
0.040497 − 0.00050035

−0.00050035 0.037642

]
,

Rνν = [0.039808] .

1

Fig. 1 Simulation results of state estimation algorithms for

a second-order oscillating link

,

; ,

, .
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1 ,

τ = 5 l = 5 , x(0), x̂(0|0), ω(t)
ν(t) . ,

,

,

.

6 (Experiment)

,

.

;

ω(t) ν(t)
, 0, 0.2.

3 : ,

,

; , ,

,

, u(t) = 5,

u(t) = −1; ,

. , .

2 ,

τ = 5 l = 5 .

,

;

, .

2 . ,

τ = 5 l = 5 . ,

,

,

.

2

Fig. 2 Experiment results of state estimation algorithms for

a second-order oscillating link

7 (Conclusion)

,

,

,

, ,

.
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