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Harmonious decomposition algorithm and its application in
global optimization of pump configurations

ZHANG Gui-jun, HONG Zhen, YU Li, GUO Hai-feng

(College of Information Engineering, Zhejiang University of Technology, Hangzhou Zhejiang 310023, China)

Abstract: A two-stage model, which consists of nonlinear continuous programming and nonlinear integer programming

sub-problems, is proposed for solving the multi-level pumps configuration problem. The integer nonlinear programming

subproblem is solved by using a traditional outer approximation algorithm; the continuous nonlinear programming main-

problem is optimized using a novel harmonious decomposition algorithm based on the cutting angle method (CAM). Some

properties of cutting angle method (CAM) are studied and the ill-posed trap limitation is found and proved theoretically.

In view of the deficiencies of CAM, we propose a harmonious decomposition algorithm using judgement criterions to

exclude the known trap regions in feasible domain; and then, compute the gradually tightening lower bounds on the main

optimization problem by building a sequence of piecewise linear relaxation problems. The sequence of solutions to these

relaxation problems converges to the global minimum of the optimization problem. Experiment results from a 3-level pump

configuration instance show that the proposed method provides better performances than the other optimization methods

listed in paper.

Key words: configuration optimization; harmonious decomposition; cutting angle method; outer approximation algo-

rithm; pump
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2 (Two-stage optimization
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Fig. 1 M level pump configuration model

[1]:

min f =
M∑
i=1

(Ci + C ′
iPi)NPi

NSi
, (1)

Pi = f1,i(V̇i, ωi, ρi
),

Δp
i
= f2,i(V̇i, ωi, ρi

),

ωi − ωmax,i � 0, V̇i = xiV̇T/NPi
,

Δp
i
= ΔpT/NSi

,
M∑
i=1

xi = 1.

: M ; NPi
i

, NSi
i ; Ci i

; C ′
i ; Pi i

; V̇i i ; ωi i

; ωmax,i i ; xi

i ; Δpi i ; ρi

; V̇T ; Δp
T

;

f1,i(·) f2,i(·) i V̇i ωi

ρ
i

.

ωm,i V̇m,i

ρm,i

. i Pm,i

Δpm,i

Pm,i = ḡ1,i(V̇m,i, ωm,i, ρm,i), (2)

Δpm,i = ḡ2,i(V̇m,i, ωm,i, ρm,i). (3)

: ḡ1,i(·) ḡ2,i(·) i

V̇m,i ωm,i ρm,i

. Coulson-Richardson [13],

:

V̇i = ωiV̇m,i/ωm,i, (4)

Δpi = (ωi/ωm,i)2(ρi/ρm,i)Δpm,i, (5)

Pi = (ωi/ωm,i)3(ρi/ρm,i)Pm,i. (6)

ωm,i (ρi = ρm,i) ,

(4)∼(6) (2)(3), Pm,i Δpm,i

Pm,i = g1,i(V̇i, ωi), (7)

Δpm,i = g2,i(V̇i, ωi). (8)

g1,i(·) g2,i(·) i V̇i ωi

. (5)∼(8), Pi

Δpi

Pi = (ωi/ωm,i)3g1,i(V̇i, ωi), (9)

Δp
i
= (ωi/ωm,i)2g2,i(V̇i, ωi). (10)

(1) xi,

NPi
, NSi

, ωi, MINLP .

, (CNLP)

(INLP)

, (11)(12) :

min f(x) =
M∑
i=1

fi(xi), x ∈ S, (11)

min fi(xi) = (Ci + C ′
iPi)NPi

NSi
, (12)
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Pi = (ωi/ωm,i)
3
g1,i(V̇i, ωi),

Δp
i
= (ωi/ωm,i)

2
g2,i(V̇i, ωi),

ωi − ωmax,i � 0,

V̇i = xiV̇T/NPi
,

Δp
i
= ΔpT/NSi

.

: xi � 0, i = 1, 2, · · · ,M ; S = {x|
M∑
i=1

xi = 1}.

INLP ,
[2]. CNLP

, xi

, ; ,

,

. CNLP

CAM , INLP

OA [4] (GAMS/DICOPT++ ,

minlp = dicopt, nlp = minos5, mi = xa).

3 (Harmonious decompo-

sition method)
3.1 (Theory analysis)

1 g(x) S

, g(x) (IPH) ,

g(x) = max
x∈S

{min
i∈I(l)

xi

li
}. (13)

g(x0) > 0, x0 ∈ S, x ∈ S, :

min
i∈I(l)

xi

l0i
� g(x), (14)

min
i∈I(l)

x0
i

l0i
= g(x0). (15)

: I(l) = {1, 2, · · · ,M}, li = xi/g(xi), l0i =
x0

i /g(x0
i ).

1 CNLP (11)∣∣f(x1) − f(x2)
∣∣ � L̄

M∑
i=1

|x1
i − x2

i |. (16)

: L̄ Lipschitz , x1, x2 ∈
S, M̄ > 0 g(x) = f(x) +
M̄ IPH .

(11) , min
x∈S

f(x) � C > 0, C

, min
x∈S

g(x) � C + M̄ > 0. M̄ � 2L̄ − C,

[14]

g(x) = (
M∑
i=1

xi)f(x/
M∑
i=1

xi) + M̄ (17)

IPH . x∈S,
xi∑

i=1,2,··· ,M
=1, g(x)=

f(x) + M̄ IPH . .

K (xk, g(xk), xk ∈ S, k

lk k hk(x) HK(x) :

hk(x) ≡ min
i∈1,··· ,M

xi

lki
, (18)

HK(x) ≡ max
i∈1,··· ,K

hk(x). (19)

lki = xk
i /g(xk), k = 1, 2, · · · ,K.

1 (14)(15)

hk(x) � g(xk), hk(xk) = g(xk). (20)

1 (13)

HK(x) � g(x), lim
K→∞

HK(x) = g(x). (21)

HK(x) g(x) , g(x)
f(x) , . (21)

, K → ∞ HK(x)
g(x), min

x∈S
HK(x) HK(x)

g(x) , g(x)
. HK(x)
,

.

Pijavski-Shubert [15];

,

. CNLP

: 1) min
x∈S

HK(x); 2)

xk.

1), Bagirov, Rubinov Beliakov

HK(x) [8∼11],

. L = {lk1 , lk2 ,

· · · , lkM},

L =

⎛
⎜⎜⎜⎜⎝

lk1
1 lk1

2 . . . lk1
M

lk2
1 lk2

2 . . . lk2
M

...
...

...

lkM

1 lkM

2 . . . lkM

M

⎞
⎟⎟⎟⎟⎠ . (22)

HK(x)
L :

I) ∀i, j ∈ {k1, k2, · · · , kM} , i �= j : lki

i > l
kj

i ,

II) ∀ν ∈ {l1, l2, · · · , lK} ν /∈ {lk1 , lk2 , · · · ,

lkM}, ∃i ∈ {k1, k2, · · · kM} lki

i � νi.

L

xmin(L) = diag{L}/trL, (23)

d(L) = HK(xmin(L)) = 1/trL. (24)

I) II) Ln
R

n
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(n = 1, 2, · · · , N), N HK(x)
. N R

n(n = 1, 2, · · · ,

N)
N⋃

n=1

R
n = S,

N⋂
n=1

R
n = φ; ,

R
n HK(x) xmin(Ln).

3.2 (Trap problem)

CAM min
x∈S

HK(x) [10],

, . CAM

xsample = arg min
x∈S

HK(x), .

2 CAM M g(x)
L1

L1 =

⎛
⎜⎜⎜⎜⎝

lk1
1 0 . . . 0
0 lk2

2 . . . 0
...

...
...

0 0 . . . lkM

M

⎞
⎟⎟⎟⎟⎠ ,

: lki

i = xki

i /g(xki) > 0; xki

i = 1, i = ki; xki

i =
0, i �= ki; g(xki) ki xki

; i = 1, 2, · · · ,M ,

d̄ ≡ (
M∑
i=2

lki

i )−1 = (
M∑
i=2

g(xki)−1)−1, (25)

x̄ ≡ (
0, g(xk2)−1d̄, · · · , g(xkM )−1d̄

)
. (26)

d̄ < g (x̄),

min
K=M+1,··· ,+∞

HK(x) = d̄, x ∈ S. (27)

(23)(24) L1 d(L1)
xmin(L1),

d(L1) = (
M∑
i=1

lki

i )−1,

xmin(L1) =
(
lk1
1 d(L1), lk2

2 d(L1), · · · , lkM

M d(L1)
)
.

lkM+1

lkM+1 =
d(L1)

g(xmin(L1))
(
lk1
1 , lk2

2 , · · · , lkM

M

)
.

lkM+1 I) II) L2

L2 =⎛
⎜⎜⎜⎜⎜⎜⎝

lk1
1 d(L1)

g(xmin(L1))
lk2
2 d(L1)

g(xmin(L1))
. . .

lkM

M d(L1)
g(xmin(L1))

0 lk2
2 . . . 0

...
...

...

0 0 . . . lkM

M

⎞
⎟⎟⎟⎟⎟⎟⎠

.

L2 d(L2) xmin(L2)

d(L2) = (
d(L1)

g(xmin(L1))
lk1
1 +

M∑
i=2

lki

i )−1,

xmin(L2)=d(L2)(
lk1
1 d(L1)

g(xmin(L1))
lk1
1 , lk2

2 ,· · ·, lkM

M ).

d(L1) < g(xmin(L1)) : d(L1) < d(L2) <

d̄. , min
x∈S

HK(x) = d(L2),

L3, · · ·, LK . K = 3, 4, · · · :

d(LK) = (Alk1
1 +

M∑
i=2

lki

i )−1,

xmin(LK) = d(LK)
(
Alk1

1 , lk2
2 , · · · , lkM

M

)
.

A=
d(L1)d(L2) · · · d(LK−1)

g(xmin(L1))g(xmin(L2)) · · · g(xmin(LK−1))
.

lim
k→+∞

A = 0,

lim
K→∞

d(LK) = lim
K→∞

(Alk1
1 +

M∑
i=2

lki

i )−1 = d̄,

lim
K→∞

xmin(LK) = lim
K→∞

d̄
(
Alk1

1 , lk2
2 , · · · , lkM

M

)
= x̄,

min
K=M+1,··· ,+∞

HK(x) = d̄ < g(x̄), x ∈ S.

.

2 g(x̄) − d̄ > ε1(ε1 > 0
), CAM x̄.

CAM ,

CAM .

1 M g(x),

d̄j ≡ (
M∑

i=1,i �=j

lki

i )−1,

M x̄1, x̄2, · · · , x̄M , x̄j
i (i = 1, 2, · · · ,

M, j = 1, 2, · · · ,M)

x̄j
i =

{
g(xki)−1d̄j, i �= j,

0, i = j.
(28)

|g(x̄j) − d̄j| > ε1, j ∈ {1, 2, · · · ,M},
x̄j .

, L M ,

2 . .

g(x) = 1 , M . 1

CAM M :

d̄1 = d̄2 = · · · = d̄M = 1/(M − 1),

x̄1 = (0, d̄2, · · · , d̄M),

x̄2 = (d̄1, 0, · · · , d̄M),
...

x̄M = (d̄1, d̄2, · · · , d̄M−1, 0).
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M = 3, 5, 7, 9(K = 100) 2

, min
x∈S

HK(x)

0.5, 0.25, 0.167 0.125, . 3

M = 3 , K = 10000 9997

S ,

x̄1 = (0, 0.5, 0.5), x̄2 = (0.5, 0, 0.5) x̄3 =
(0.5, 0.5, 0) , d̄1 = d̄2 = d̄3 = 0.5,

g(x̄1) = g(x̄2) = g(x̄3) = 1.

2 HK(x) (M = 3, 5, 7, 9)

Fig. 2 The global minimum of HK(x)(M = 3, 5, 7, 9)

3 g(x) = 1 (M = 3; K = 10000)

Fig. 3 The sample points distribution of g(x) = 1

(M = 3; K = 10000)

2 1, I)II)

L = {lk1 , lk2 , · · · , lkM},

III) ( ):

1) d(L) = (
M∑
i=1

lki

i )−1.

2) xmin(L) = (lk1
1 , lk2

2 , · · · , lkM

M )d(L).

3) lkt
t = min{lk1

1 , lk2
2 , · · · , lkM

M }, t ∈ {1, 2, · · · ,

M}. lkt
t d(L) > ε2, 8), ε2 > 0

.

4) d̄t = (
M∑

i=1,i �=t

lki

i )−1.

5) x̄t. : x̄t
i = g(xki)−1d̄t, i �= t; x̄t

i =
0, i = t; i = 1, 2, · · · ,M .

6) ‖x̄t−xmin(L)‖2 >ε3, 8), ε3 >

0 .

7)
∣∣g(x̄t)−d̄(L)

∣∣ > ε1, ε1 > 0
. L , , .

8) L , , .

3.3 (Algorithm design)
( CAM )

( ).

1) . M , K, M̄ , ε1, ε2, ε3,

S x1, x2, · · · , xM

f(x1), f(x2), · · · , f(xM),

ΛM = {l1, l2, · · · , lM}, L = {l1, l2, · · · , lM},

V K = {L}, T K = φ;

2) lK .

a) L = min(VK\T K);

b) xmin(L);

c) g(xmin(L)) = f(xmin(L)) + M̄ ;

d) K = K+1;

e) lK , lKi = xmin,i(L)/g(xmin(L)), i = 1, 2,

· · · ,M .

f) ΛK = ΛK−1 ∪ lK ;

3) V K .

a) v = lK ; L ∈ V K

II);

b) L II), V K

L; 4;

c) M L, Li, i = 1, 2, · · · ,M ; lK

Li i lki L̄i; L̄i

I), L̄i;

d) L̄i

III). , L̄i, T K =
T K ∪ L̄i;

e) L̄i V K ;

4) .

a) K < Kmax ε1

2);

b) , .

1 1) M̄ � 2L̄−C, CNLP

f(x)+M̄ IPH . M̄

, CNLP L̄ , C

, M̄ , M̄ = 50000;

M̄ , ,

M̄ .

2) , CAM

,

I)II) L lK ,

.

, -3)-d) ,

, CAM

.
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3) 3)-a)∼3)-c) I)II) L

HK(x) , O(M(|V K−1|)),
|V K−1| HK−1(x) .

V 1, V 2, · · · , V K−2

O(logM (V K−1)); ,

HK(x) 2)-a) O(1).

4) , 2)-c) xmin(L)

, K,

.

, CNLP

( : ; :

; :

). S

, ,

, .

4 (Case study)
M = 3, V̇T =

350 m3/h, Δp
T
= 400 kPa, 10 ,

10%, 6000 h/ ,

0.3 /kWh. 3 ωmax =2950 r/min.

20 ◦C ωm,i = 2950 r/min(i =
1, 2, 3) ,

(29)(30) , 3 P

1.

Pm,i = α + βV̇m,i + γV̇ 2
m,i, (29)

Δpm,i = a + bV̇m,i + cV̇ 2
m,i. (30)

1 3

Table 1 Parameters for the 3 pumps

a b c α β γ P

1 629.0 0.696 −0.01160 19.9 0.1610 −0.000561 38900

2 215.0 2.950 −0.11500 1.21 0.0644 −0.000564 15300

3 361.0 0.530 −0.00946 6.52 0.1020 −0.000232 20700

(4) (29)(30),

g1,i(V̇i, ωi) = α + β1(
V̇i

ωi
) + γ1(

V̇i

ωi
)2, (31)

g2,i(V̇i, ωi) = a + b1(
V̇i

ωi
) + c1(

V̇i

ωi
)2. (32)

: β1 = β ·ωm,i, γ1 = γ ·ω2
m,i, b1 = b ·ωm,i, c1 =

c · ω2
m,i, i = 1, 2, 3.

(31)(32) (12) f1(x1), f2(x2),
f2(x3) 3 INLP , x1, x2 100

( 0.01), 5050

f(x1, x2)
( x3 = 1 − x1 − x2 f(x1, x2, x3) )

x1 x2 , 4 .

4

Fig. 4 Objective function for the three levels pump

optimization problem

,

.

37 .

( CAM ) : M =
3, M̄ = 50000, Kmax = 30000, ε1 = 10, ε2 = 0.01,

ε3 = 0.01. (K = Kmax)

5 ,

5 .

5

(K = 30000)

Fig. 5 The 3D scene of upperbound and underestimate

surface (K = 30000)

6 ,

2 , L

( ) . K = 10000
K = 15000 x1, x2, x3,

( Double

, 2 4 ); K =
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10000 , 0.00023, 128 888 ,

20000 7 ,

.

. 7 ,

f(x) .

6

Fig. 6 The convergence profiles of upperbound and

underestimate for 3-level pump configuration

problem

2

Table 2 The run results of three-level pump

configuration case

K
L / / /%

3 1 47 404 15 086 68.18

100 166 155 415 82 420 46.97

1000 1783 147 471 119 413 19.03

5000 8513 165 262 128 658 22.15

10000 15891 128 888 128 859 0.023

15000 24328 128 886 128 869 0.013

20000 34205 128 882 128 872 0.008

30000 53918 128 881 128 875 0.005

7 f(x)

(M = 3; K = 30000)

Fig. 7 The sample points distribution of object function f(x)

(M = 3; K = 30000)

[5] GAMS/DICOPT++(

OA , minlp = dicopt, nlp = minos5,
mip = xa)

134471.56050; ECGA

80% .

3 (HDM)

(ECP) Min-Min (MM)

(OA) (ECGA) .

3

Table 3 Comparison of algorithms

ECP MM OA ECGA HDM

NP1 1 2 — 2 2

NS1 1 1 — 1 1

ω1 2836 2694 — 2856 2855

x1 0.449 0.769 — 0.915 0.9143

NP2 — — — 1 1

NS2 — — — 2 2

ω2 — — — 2944 2950

x2 — — — 0.085 0.0857

NP3 2 1 3 — —

NS3 2 2 2 — —

ω3 2434 2344 2574 — —

x3 0.551 0.231 1 — —

/ 131 514 131 760 134 471 128 905 128 881

5 (Conclusion)

, (CNLP)

(INLP) :

CAM , INLP

OA . CAM

,

,

,

.

.
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