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Robust model-predictive-control for a constrained nonlinear system
with bounded disturbance
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Abstract: For a constrained nonlinear system with bounded disturbance, we develop a new robust model predictive

controller(MPC) based on the switching strategy of control-invariant set. Firstly, we propose for the nominal nonlinear

system an algorithm for calculating the control-invariant set through linearizing the nonlinear system around the equilibrium

point. Secondly, considering the effect of linearization errors and additive bounded disturbances, we determine the minimal

robust positively invariant set around the equilibrium point. The robust MPC algorithm is then developed for the constrained

nonlinear system with bounded disturbances, based on the switching strategy of the control-invariant set and the control

strategy of the Tube-invariant set. The method is tested in a typical nonlinear continuously stirring tank reactor(CSTR); the

results show the feasibility of the proposed method.

Key words: constrained nonlinear system with bounded disturbance; robust model predictive control; invariant set;

continuously stirring tank reactor(CSTR)

1 (Introduction)
(model predictive control, MPC)
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.

(NMPC) , , NMPC

,

, , NMPC ,

NMPC [2,3].

,

. [4] NMPC,

, [5]

, MPC ; [6,7]

(LDI) NMPC;

, [3] ,

, ,

, .

[3], [2]

.

[3, 8] ,

, ;

,

; ,

,

, Tube

, .

(CSTR) .

2 (Problem statement)
:

x(k + 1) = f(x(k), u(k)) + w(k), (1)

: 2009−12−02; : 2010−06−03.

: (60675005).
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: u(k) ∈ R
m, x(k) ∈ R

n

.

x(k) ∈ X
Δ= {x(k)|Axx(k) � 1̄} , ∀k � 0, (2)

u(k) ∈ U
Δ= {u(k)|Auu(k) � 1̄}, ∀k � 0, (3)

: 1̄ 1 ,

; X U .

w(k) ∈ R
n :

w(k) ∈ W
Δ= {w| ‖w‖∞ � χ, χ � 0}, (4)

W .

, .

1 xeq ∈ X ueq ∈ U ,

xeq = f(xeq, ueq), xeq ,

.

, .

, i (xeq
i ,

ueq
i )

Δx(k + 1) = AiΔx(k) + BiΔu(k), (5)

Δx(k) = x(k) − xeq
i Δu(k) = u(k) − ueq

i

,

Ai =
∂f

∂x
|(xeq

i , ueq
i ), Bi =

∂f

∂u
|(xeq

i , ueq
i ). (6)

:

A1) f : R
n × R

m → R
n

;

A2) ;

A3) (xeq
i , ueq

i )
(Ai, Bi) .

(xeq
0 , ueq

0 ), :

J∞(k) =
∞∑

j=0

{‖x(k + j) − xeq
0 ‖2

Q1
+

‖u(k + j) − ueq
0 ‖2

R}, (7)

: Q1 R . x(k+j), u(k+j)
k k + j .

(1), v : R
n

→ R
m ,

Xv
Δ= {x ∈ X|v(x) ∈ U}, (8)

2 (1),

u(k) = v(x(k)) .

Ω ⊂ R
n ,

k , ∀x(k) ∈ Ω, Ω ⊆ Xv, ∀w(k) ∈ W

x(k + 1) = f(x(k), v(x(k))) + w(k) ∈ Ω. (9)

3 Ω ⊂ R
n

(1) Ω

.

3 (Control invari-

ant set of nonlinear system)

.

, (xeq, ueq)
(5), Δu(k) = KΔx(k), (5)

Δx(k+1)=(A+BK)Δx(k)=AKΔx(k). (10)

Δx + xeq ∈ XK ,

XK ={Δx + xeq ∈ X|HΔx � P, Δx ∈ R
n},

(11)

:

P = 1̄ − [
(Axx

eq)T (Auueq)T
]T

,

H = [AT
x (AuK)T]T.

, [9] 3

(xeq, ueq) S.

.

Lr = sup
x∈Br

‖Φ(x)‖ / ‖x‖ , (12)

: Br = {x : ‖x‖ � r}, Φ(x)= f(x, Kx) − AKx

.

1 , Br x

1– ∞– .

1 .

Step 1 , x(k +
1) = Ax(k) + Bu(k);

Step 2 [10]

Ξ , K P ;

Step 3 γ, 0 < γ <

λmin(Q1 + KTRK);

Step 4 Lr Lupper
r ,

λmin(Q1 + KTRK) − γ �
2Lr ‖P‖ ‖AK‖ + L2

r ‖P‖ . (13)

Step 5 r, Lr <

Lupper
r ;

Step 6 x ∈ Br (11), [8]

3 K ΠK( λmin

).

.

[10]

Ξ , Q, P, K.
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Ξ Lyapunov

V (k) = x(k)TPx(k).
ΠK

fT(x, Kx)Pf(x, Kx) − xTPx � −γxTx. (14)

Φ(x) (14),

2Φ(x)TPAKx + Φ(x)TPΦ(x) +

xTAKPAKx − xTPx � −γxTx. (15)

Ξ AT
KPAK −P +

KTRK + Q1 � 0, :

2Φ(x)TPAKx + Φ(x)TPΦ(x) �
xT

[
Q1 + KTRK

]
x − γxTx, (16)

(15) .

λmin

(
Q1 + KTRK

)
I � Q1 + KTRK, (17)

xT
[
Q1 + KTRK

]
x − γxTx �

[λmin(Q1 + KTRK) − γ] ‖x‖2
, (18)

∀x ∈ Br, (12)
∥
∥2Φ(x)TPAKx + Φ(x)TPΦ(x)

∥
∥ �

‖Φ(x)‖2 ‖P‖ + 2 ‖Φ(x)‖ ‖P‖ ‖AK‖ ‖x‖ �
{
2Lr ‖P‖ ‖AK‖ + L2

r ‖P‖} ‖x‖2
. (19)

(18)(19) , (20) :
[
λmin(Q1 + KTRK) − γ

] ‖x‖2 �
{
2Lr ‖P‖ ‖AK‖ + L2

r ‖P‖} ‖x‖2
, (20)

(16) . (21):

λmin(Q1 + KTRK) − γ �
2Lr ‖P‖ ‖A + BK‖ + L2

r ‖P‖ , (21)

(15) . , λmin(Q1+KTRK)
− γ > 0, r → 0 , Lr → 0, r

(21). K x ∈ Br (11)

ΠK (14) .

ΠK .

4 NMPC
(Robust NMPC with invariant set switch)

(xeq
i , ueq

i )
,

x(k + 1) = Aix(k) + Biu(k) + Φ(x) + w(k).

(22)

Lr , ‖Φ(x)‖ � Lr ‖x‖, ∀x ∈ Br.

, ∀w(k) ∈ W, ∀x(k) ∈ Br,

‖Φ(x) + w(k)‖ �

‖Φ(x)‖ + ‖w(k)‖ � Lrr + χ. (23)

∀x(k) ∈ Br,

,

x(k + 1) = Aix(k) + Biu(k) + w′(k), (24)

w′(k) = Φ(x) + w(k),

w′(k) ∈ W ′ Δ= {w′| ‖w′‖ � Lrr + χ} . (25)

(24)

x′(k + 1) = Aix
′(k) + Biu

′(k), (26)

x′(k), u′(k) .

,

, .

, ,

, Tube [8]

(MRPIS)[11],

.

2 NMPC.

I) .

Step 1 (xeq
0 , ueq

0 ),

A0, B0, i = 0;

Step 2 (xeq
i , ueq

i ) ,

Ξi Ki;

Q1, R LQR KLQR
i ;

1 γ, Lr r, (24)

w′(k) ,

Ωmin
i

[10]
.

Step 3 X̄i(X̄i = X � Ωmin
i Pontryagin

) , Ūi(Ūi = U � KLQR
i Ωmin

i )

, x ∈ Br ,

Ki P l
i ; P l

i

;

Step 4 P l
i (xeq

i+1,

ueq
i+1) ; Step 2, LQR

KLQR
i+1 , Ωmin

i+1 ; Ωmin
i+1 	⊂

P l
i , , (xeq

i , ueq
i )

(xeq
i+1, u

eq
i+1), Step 4; Ωmin

i+1 ⊂ P l
i ,

, ;

Step 5 (xeq
i+1, u

eq
i+1), i =

i + 1, Step 2; S =
L⋃

i=1

P l
i ,

.

II) .

Step 6 x(0) = x′(0);

Step 7 ∀x′(k) ∈ S =
L⋃

i=0

P l
i ,

u(k)=KjΔx′(k)+KLQR
j (Δx(k)−
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Δ′x(k)) + ueq
j , (27)

j = min{i : x′(k) ∈ P l
i}.

x(k) ∈ Ωmin
0 ( x′(k) = xeq

0 ),

u(k) = KLQR
0 Δx(k) + ueq

0 , (28)

: Δx′(k) = x′(k) − xeq
j , Δx(k) = x(k) − xeq

j .

x′(k) u′(k), x′(0),

(26) u′(k) = KjΔx′(k) + ueq
j .

1 , ,

,

,

.

1 2

Fig. 1 General view of Algorithm 2

,

:

1 (1),

(2)(3). (xeq
i , ueq

i ), 2

Ki, P l
i , Ωmin

i

KLQR
i . ∀x′(k) ∈ P l

i ,

∀w′(k) ∈ W ′, (27)

Ωmin
i .

P l
i (xeq

i , ueq
i ) (26)

, ∀x′(k) ∈ P l
i ,

(Ai + BiKi)Δx′(k) + xeq
i ∈ P l

i .

P l
i ⊂ X̄i,

P l
i ⊕ Ωmin

i ⊂ X̄i ⊕ Ωmin
i = X ⇒ P l

i ⊕ Ωmin
i ⊂ X,

⊕ Minkowski .

KiΔx′(k) + ueq
i ∈ Ūi, Ūi ⊕ KLQR

i Ωmin
i = U,

KiΔx′(k) + ueq
i + KLQR

i (Δx(k) − Δx′(k)) ∈ U,

, P l
i [8] A1).

Tube , ∀x′(k) ∈ P l
i ,

(27), x(k + 1) ∈ x′(k + 1) ⊕ Ωmin
i .

Ωmin
i .

2 2

,

P l
i (xeq

i+1, u
eq
i+1) ,

Ωmin
i+1 Ωmin

i+1 ⊂ P l
i .

(xeq
i , ueq

i )
Ai, Bi, 2 Step 2 Step 3

P l
i . P l

i

(xeq
i+1, u

eq
i+1), KLQR

i+1

Ωmin
i+1 .

I) . 1 , x′(k) ∈ P l
i ,

u(k) = Ki+1Δx′(k) + KLQR
i+1 (Δx(k) −

Δx′(k)) + ueq
i+1

∀w(k) ∈ W ,

Ωmin
i+1 . Ωmin

i+1 ⊂ P l
i ,

P l
i ,

.

II) .

, P l
i+1 ∩ P l

i 	= ∅(∅ ).

P l
i+1 ∩ P l

i = Ξ(Ξ ). Tube

, x′(k) ∈ P l
i+1,

u(k) = Ki+1Δx′(k) + KLQR
i+1 (Δx(k) −

Δx′(k)) + ueq
i+1,

Ωmin
i+1 , ,

Ωmin
i+1 ⊆ Ξ . P l

i+1 ∩ P l
i = Ξ ,

Ωmin
i+1 ⊂ P l

i .

, Ωmin
i+1 ⊂ P l

i

. .

2 , MRPIS

.

MRPIS , ,

.

1 ,

(xeq
i+1, u

eq
i+1) ( i � 0),

, (xeq
i+1, u

eq
i+1)

Ωrobust
i+1 , Ωrobust

i+1 ⊂ P l
i ,

.

MRPIS Ωmin
i+1 ⊆Ωrobust

i+1 .

, 2 Step 2 MRPIS

MRPIS .



5 : 713

1 2 .

(1), (2)(3),

2

.

(xeq
0 , ueq

0 ),

S =
L⋃

i=0

P l
i .

∀x′(k) ∈ S, (27)

. 1

Ωmin
j . j > 0, Ωmin

j ⊂
P l

j−1, P l
j−1, P l

j−1

u(k) = Kj−1Δx′(k) + KLQR
j−1 (Δx(k) −

Δx′(k)) + ueq
j−1,

(xeq
j−1, u

eq
j−1)

Ωmin
j−1; j = 1,

; j > 1, ,

(xeq
0 , ueq

0 ) Ωmin
0 .

.

5 CSTR (Simulation on

CSTR )
CSTR , :

ĊA =
Qf

V
(CAf − CA) −

k0CA exp(− Ea

R1T
) + wCA ,

Ṫ =
Qf

V
(Tf−T )− k0CA

Cp

(−ΔH) exp(− Ea

R1T
)−

UAh

V Cp

(T − Tc) + wT.

[13].

(Ts = 0.1 s):

x(k + 1) = f(x(k)) + g(x(k))u(k) +

[w1(k) w2(k)]T,

f(x), g(x) [13].

α = 1, β = 1, γ = 32,

B = 25.6, Da = 5.9648 × 10−6.

:

X ={(x1, x2)
T |0�x1 �0.7, 12.08�x2 �20.48},

U = {u|0 � u � 14.08} .

[0.5 19.726]T,

[0.02 14.7]T. Q1 = I , R = 1.

K = [2.2408 − 0.54]T, LQR

KLQR
0 ; γ = 0.5, Lr =

0.027 r = 1.7407 Ωmin
0 .

P l
0. P l

0 ,

1 2, .

, 2

[3] . 2∼4 ,

[3], 2

. , [3] 17

; 2 14

; 2 ,

. ,

, , .

(7), k :

‖x(k) − xeq‖2

Q1
+ ‖u(k) − ueq‖2

R.

4 ,

.

2

Fig. 2 The response curve of states

3

Fig. 3 The control input
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4

Fig. 4 The cost index

2 ,

[0.02 14.7]T, ‖w1‖ � 0.01,

‖w2‖ � 0.1. 5 .

,

, .

5

Fig. 5 The cost index

6 (Conclusion)

.

.

, .

, , Tube

,

.

CSTR, .
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