
28 5

2011 5 Control Theory & Applications
Vol. 28 No. 5

May 2011

: 1000−8152(2011)05−0639−06

1,2, 3, 2

(1. , 221116; 2. , 273165;

3. , 430033)

: (iISS) .

iISS , , .

, . .

: ; ;

: TP273 : A

State-feedback regulation for a class of higher-order nonlinear systems
with integral input-to-state stability unmodeled dynamics

DUAN Na1,2, WANG Lu3, ZHAO Cong-ran2

(1. School of Electrical Engineering & Automation, Xuzhou Normal University, Xuzhou Jiangsu 221116, China;

2. Institute of Automation, Qufu Normal University, Qufu Shandong 273165, China;

3. College of Electronic Engineering, Naval University of Engineering, Wuhan Hubei 430033)

Abstract: We investigate the state-feedback regulation for a class of higher-order nonlinear systems with integral input-

to-state stability(iISS) unmodeled dynamics. Based on the backstepping design technique and the properties of iISS, the

design procedures for a state-feedback controller are developed by appropriately choosing the designed functions and the

update laws of parameters. The designed controller guarantees that all the signals in the closed-loop system are bounded,

and the states can be regulated asymptotically to zero. A simulation example demonstrates the effectiveness of the control

scheme.
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1 (Introduction)
:⎧⎪⎪⎨

⎪⎪⎩
η̇ = f0(η, x1),

ẋi = xpi

i+1 + fi(η, x̄i), i = 1, · · · , n − 1,

ẋn = upn + fn(η, x),

(1)

: η ∈ R
r, x = (x1, · · · , xn) ∈ R

n u ∈ R

.

i = 1, · · · , n, pi � 1 , f0(·) fi(·)
Lipschitz . x̄i � (x1, · · · , xi)(i = 1, · · · ,

n), x̄n = x, xi x i .

,
[1, 2],

(ISS). [3]

: (iISS), iISS

ISS, Lyapunov

. [4] 1 iISS

, Lyapunov iISS

, iISS

. [5] iISS

, iISS ,

. [6∼8]

iISS , iISS .

[9] [5] .

iISS

(1), .

iISS ,

, .

: 2009−12−06; : 2010−05−18.

: (10971256, 60974028); (20103705110002),

(BK2009083); (ZR2009GM008, ZR2009AL014).
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,

. .

2 (Preliminaries)
: R+

, R
n n . |X| X

. s, σ1(s) =
O(σ2(s)) σ1(s) � cσ2(s), c > 0 .

:

ẋ = f(x, u), x ∈ R
n, u ∈ R

m, (2)

f : R
n × R

m → R
n Lipschitz .

1 [5] α̃, γ ∈ K∞ βα̃ ∈ KL,

x(0) ∈ R
n

u : R+ → R
m, t > 0, (2)

x(t)

α̃(|x(t)|) � βα̃(|x(0)|, t) +
� t

0
γ(|u(τ)|)dτ,

(2) u

(iISS).

iISS Lyapunov .

1 [5] (2) u iISS

iISS-Lyapunov

V (x), ∀(x, u) ∈ R
n+m,⎧⎨

⎩
α(|x|) � V (x) � ᾱ(|x|),
∂V (x)

∂x
f(x, u) � −α(|x|) + γ(|u|),

(3)

: α , α, ᾱ, γ ∈ K∞.

2 [5] iISS (2), m > 0
, iISS--Lyapunov V (x) (3).

φ φm(s) = O(α(s)), α ,

lim
s→∞

sup
φm(s)
α(s)

< ∞. σ K∞

ϕ,� t

0
φm(|x(τ)|)dτ � σ(|x(0)|) +

� t

0
ϕ(|u(τ)|)dτ.

, γ(s) = O(sm), ϕ(s) = O(sm).

3 (Design of state-

feedback controller)
(1) :

1 η -- x1 iISS ,

iISS--Lyapunov V0

α(|η|) � V0(η) � ᾱ(|η|),
∂V0(η)

∂η
f0(η, x1) � −α0(|η|) + γ0(|x1|),

: α0 , α, ᾱ, γ0 ∈ K∞.

2 i = 1, · · · , n,

qi0 > 0, fi0(·) fij(·),

fi(η, x̄i)| � qi0f
pi

i0 (|η|) +
i∑

j=1

fij(x̄i)|xj|pi ,

j = 1, · · · , i, fi0(0) = 0.

3 p = p1 � p2 � · · · � pn � 1 .

.

zi = xi − αi(x̄i−1, k̄i−1), α1 = 0, (4)

αi(x̄i−1, k̄i−1)(i = 2, · · · , n) .

Step 1 (1) (4)

ż1 = xp1
2 + f1(η, x1). (5)

V1(z1) =
1

p − p1 + 2
zp−p1+2
1 , ψ1(z1)

ψ1(z1) � (1 + ā1(z1) + f11(z1))
1

p1 (6)

1 {
α2(x1, k1) = −c1k1ψ1(z1)z1,

k̇1 = d1ψ
p1
1 (z1)z

p+1
1 .

(7)

2, Young , (4)(5)

V̇1 � zp−p1+1
1 (xp1

2 − αp1
2 ) + zp−p1+1

1 αp1
2 +

|z1|p−p1+1(q10f
p1
10 (|η|) + |z1|p1f11(z1)) �

zp−p1+1
1 (xp1

2 − αp1
2 ) + zp−p1+1

1 αp1
2 +

q11f
p+1
10 (|η|) + zp+1

1 ā1(z1) + zp+1
1 f11(z1) �

−c̄1k
p1
1 ψp1

1 zp+1
1 + ψp1

1 zp+1
1 + q11f

p+1
10 (|η|) +

zp−p1+1
1 (xp1

2 − αp1
2 ). (8)

:

q11 = a1q
(p+1)/p1
10 ,

ā1(z1) =
p − p1 + 1

p + 1
· ((p + 1)a1

p1

)
−p1

(p−p1+1) ,

a1 > 0 , c̄1 = cp1
1 , c1, d1 > 0 .

Step i(i = 2, · · · , n) i−1
αi(x̄i−1, k̄i−1) k̇i−1 :{

αi(x̄i−1, k̄i−1) = −ci−1ki−1ψi−1(z̄i−1)zi−1,

k̇i−1 = di−1ψ
pi−1
i−1 (z̄i−1)z

p+1
i−1 ,

(9)

Vi−1(z̄i−1) =
i−1∑
j=1

1
p − pj + 2

z
p−pj+2
j

V̇i−1 �−
i−1∑
j=1

c̄jk
pj

j ψ
pj

j zp+1
j +

i−1∑
j=1

ψ
pj

j zp+1
j +

i−2∑
j=1

λj,i−1z
p+1
j +

i−1∑
j=1

qj,i−1f
p+1
j0 (|η|) +

z
p−pi−1+1
i−1 (xpi−1

i − α
pi−1
i ). (10)

j = 1, · · · , i − 1, c̄j = c
pj

j > 0, cj,
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dj > 0 , qj,i−1 , ψj(z̄j) � 1
. i Lyapunov

Vi(z̄i) = Vi−1(z̄i−1) +
1

p − pi + 2
zp−pi+2

i , (11)

(10) .

(1)(4)(7) (9)

żi = xpi

i+1 + fi(η, x̄i) −
i−1∑
j=1

∂αi

∂xj

fj(η, x̄j) −
i−1∑
j=1

∂αi

∂xj

x
pj

j+1 −
i−1∑
j=1

∂αi

∂kj

djψ
pj

j (z̄j)z
p+1
j . (12)

xn+1 � u. (10)∼(12)

V̇i �−
i−1∑
j=1

c̄jk
pj

j ψ
pj

j zp+1
j +

i−1∑
j=1

ψ
pj

j zp+1
j +

i−2∑
j=1

λj,i−1z
p+1
j +

i−1∑
j=1

qj,i−1f
p+1
j0 (|η|) +

zp−pi+1
i (xpi

i+1 − αpi

i+1) + zp−pi+1
i αpi

i+1 +

z
p−pi−1+1
i−1 (xpi−1

i −α
pi−1
i )+zp−pi+1

i (fi(η, x̄i)−
i−1∑
j=1

∂αi

∂xj

fj(η, x̄j) −
i−1∑
j=1

∂αi

∂xj

x
pj

j+1 −
i−1∑
j=1

∂αi

∂kj

djψ
pj

j zp+1
j ). (13)

(4)(7)(9), [10] 1, Young

, Hölder 2, 3, m1 = 1, 2, 3,

4, m2 =1, · · · , i, m3 =2, 3, 4, j =1, · · · , i − 1,

ai1, εi2j , ai21, bi,m3,j

ε̄i2j(·), āi21(·), b̄i,m3,j(·), γi2j(·), ρi,2,m2(·), ρi,3,m2(·),

ρi4j(·), μi,m1(·)
z

p−pi−1+1
i−1 (xpi−1

i − α
pi−1
i ) � ai1z

p+1
i−1 + zp+1

i μi1(z̄i),

(14)

zp−pi+1
i (fi(η, x̄i) −

i−1∑
j=1

∂αi

∂xj

fj(η, x̄j)) �

|zi|p−pi+1(qi0f
pi

i0 (|η|) +
i∑

j=1

fij(x̄i)|xj|pj +

i−1∑
j=1

|∂αi

∂xj

|(qj0f
pj

j0 (|η|) +
j∑

l=1

fjl(x̄j)|xl|pj )) �

i−1∑
j=1

qj0f
pj

j0 (|η|)|zi|p−pj+1γi2j(z̄i) +

|zi|p−pi+1(qi0f
pi

i0 (|η|) +
i∑

j=1

ρi2j(z̄i)|zj|pi) �

i−1∑
j=1

εi2jq
p+1
pj

j0 fp+1
j0 (|η|) + ai21q

p+1
pi

i0 fp+1
i0 (|η|) +

i−1∑
j=1

bi2jz
p+1
j + zp+1

i μi2(z̄i), (15)

−zp−pi+1
i

i−1∑
j=1

∂αi

∂xj

x
pj

j+1 �

i∑
j=1

|zi|p−pi+1|zj|piρi3j(z̄i) �

i−1∑
j=1

bi3jz
p+1
j + zp+1

i μi3(z̄i), (16)

−zp−pi+1
i

i−1∑
j=1

∂αi

∂kj

djψ
pj

j zp+1
j �

i−1∑
j=1

|zi|p−pi+1|zj|piρi4j(z̄i) �

i−1∑
j=1

bi4jz
p+1
j + zp+1

i μi4(z̄i). (17)

:

μi2(·) �
i−1∑
j=1

ε̄i2j + āi21 +
i−1∑
j=1

b̄i2j + ρi2i,

μi3(·) �
i−1∑
j=1

b̄i3j + ρi3i, μi4(·) �
i−1∑
j=1

b̄i4j,

ε̄i2j(z̄i) �
p − pj + 1

p + 1
(
(p + 1)εi2j

pj

)−
pj

p−pj+1 γ
p+1

p−pj+1

i2j (z̄i),

āi21(z̄i) � p − pi + 1
p + 1

(
(p + 1)ai21

pi

)−
pi

p−pi+1 ,

b̄i,m3,j(z̄i) �
p − pi + 1

p + 1
(
(p + 1)bi,m3,j

pi

)−
pi

p−pi+1 ρ
p+1

p−pi+1

i,m3,j (z̄i).

ψi(z̄i)

ψi(z̄i) � (1 + μi1(z̄i) + μi2(z̄i) +

μi3(z̄i) + μi4(z̄i))
1

pi , (18)

i {
αi+1(x̄i, k̄i) = −cikiψi(z̄i)zi,

k̇i = diψ
pi

i (z̄i)z
p+1
i ,

(19)

(14)∼(17) (13)

V̇i �−
i∑

j=1

c̄jk
pj

j ψ
pj

j zp+1
j +

i∑
j=1

ψ
pj

j zp+1
j +

i−1∑
j=1

λjiz
p+1
j +

i∑
j=1

qjif
p+1
j0 (|η|) +

zp−pi+1
i (xpi

i+1 − αpi

i+1). (20)

:

λji = λj,i−1 + bi2j + bi3j + bi4j, j = 1, · · · , i − 2,

λi−1,i = bi,2,i−1 + bi,3,i−1 + bi,4,i−1 + ai1,

qji = qj,i−1 + εi2jq
(p+1)/pj

j0 , j = 1, · · · , i − 1,

qii = ai21q
(p+1)/pi

i0 , c̄i = cpi

i ,

ci, di > 0 .

n ψn(z) :

ψn(z) � (1 + μn1(z) + μn2(z) + μn3(z) +
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μn4(z))1/pn , (21)

u(z) = −cnknψn(z)zn, k̇n = dnψpn
n (z)zp+1

n . (22)

ψi(z̄i) � 1(i = 1, · · · , n)

V̇n �−
n∑

i=1

c̄ik
pi

i ψpi

i zp+1
i +

n∑
i=1

λiψ
pi

i zp+1
i +

n∑
i=1

qif
p+1
i0 (|η|), (23)

: Vn =
n∑

i=1

1
p − pi + 2

zp−pi+2
i , c̄n = cpn

n , cn, dn >

0 , 1 � i � n, λi = 1 + λin,

λnn =0, qi = qin > 0 .

4 (Performance analysis)
.

1 (1) 1∼3, 1

γ0(s) = O(sp+1), i = 1, · · · , n,

fp+1
i0 (s) = O(α0(s)). (24)

, α0(s) ,

lim
s→∞

sup
fp+1

i0 (s)
α0(s)

< ∞. (25)

ψi,

,

i) (1) (4)(7)(19)(22) [0,∞)
;

ii) lim
t→∞

(|x(t)| + |η(t)| + |u(t)|) = 0.

(24)(25) 2 σi

K∞ f̄i0, i = 1, · · · , n,� t

0
fp+1

i0 (|η(τ)|)dτ �

σi(|η(0)|) +
� t

0
f̄i0(|x1(τ)|)dτ. (26)

γ0(s) = O(sp+1) f̄i0(|z1|) = O(zp+1
1 ).

z1 ∈ R, ψ1(z1)

ψp1
1 (z1)z

p+1
1 � max

1�i�n
{f̄i0(|z1|), γ0(|z1|)}. (27)

ψ1(z1) :

1) γ0(s) = O(sp+1) f̄i0(|z1|) = O(zp+1
1 )

z1 = 0 , c0, c̄0i(i =
1, · · · , n) γ0(|z1|) � c0z

p+1
1 , f̄i0(|z1|) � c̄0iz

p+1
1 ,

ψ1(z1) .

2) z1 , (27) ψ1(z1)
. (6) ψ1(z1) , (6)

ψ1(z1) (27) ψ1(z1) ,

(6) (27) ψ1(z1) .

k̇i , (23) 0 t

Vn(t) − Vn(0) �

−
n∑

i=1

� t

0

c̄i

di

kpi

i (τ)k̇i(τ)dτ +
n∑

i=1

� t

0

λi

di

k̇i(τ)dτ +

n∑
i=1

� t

0
qif

p+1
i0 (|η(τ)|)dτ. (28)

(7)(19)(22)(26)(27) Vn ,

−Vn(0) − ā0 � −
n∑

i=1

c̄i

(pi + 1)di

kpi+1
i (t) +

n∑
i=1

λi

di

ki(t) +
n∑

i=1

qi

d1

k1(t), (29)

ā0 =
n∑

i=1

c̄i

(pi + 1)di

kpi+1
i (0) −

n∑
i=1

λi

di

ki(0) +
n∑

i=1

qiσi(|η(0)|) −
n∑

i=1

qi

d1

k1(0) .

t ∈
[0, tf), 0 < tf � ∞.

ki(t)(1 � i � n) [0, tf) . ,

k1(t), · · · , kl(t) , kl+1(t), · · · , kn(t) ,

1 � l � n. (7)(19) (22) t∈ [0, tf)
i = 1, · · · , n, k̇i(t) � 0, ki(t) .

k1(t), · · · , kl(t) , lim
t→tf

kj(t) = ∞, 1 � j � l,

(29)

lim
t→tf

(−
n∑

i=1

c̄i

(pi + 1)di

kpi+1
i (t) +

n∑
i=1

λi

di

ki(t) +

n∑
i=1

qi

d1

k1(t)) = lim
t→tf

(−
n∑

i=1

c̄i

(pi + 1)di

kpi+1
i (t)) =

lim
t→tf

(−
l∑

j=1

c̄j

(pj + 1)dj

k
pj+1
j (t)) = −∞,

(29) , .

(28) k1(t), · · · , kn(t) Vn(t)
[0, tf) , z1(t), · · · , zn(t) [0, tf)

. (7)(19)(22), ki, zi ψi

α2, · · · , αn, u . (4) x1 =
z1, x1 . (4) x2 = z2 + α2, z2, α2

x2 . x3(t), · · · ,

xn(t) [0, tf) . (27) k1� t

0
γ0(|x1(τ)|)dτ �

� t

0

k̇1(τ)
d1

dτ =
1
d1

(k1(t)−k1(0))

[0, tf) . 1, 1

1 η(t) [0, tf) . ,

[0, tf) , tf tf =
∞.

ii). (7)(19)(22) ki, xi, zi,

i = 1, · · · , n, α2, · · · , αn, u żi(i = 1, · · · ,

n) . (7)(19)(22), ψi � 1 ki

i = 1, · · · , n,
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lim
t→∞

� t

0
zp+1

i (τ)dτ � lim
t→∞

� t

0

k̇i(τ)
di

dτ =

lim
t→∞

1
di

(ki(t) − ki(0)) < ∞,

zi ∈ Lp+1. zi, żi ∈ L∞, Barbălat

z1(t), · · · , zn(t) . (7)(19)(22)

ki, zi α2(t), · · · , αn(t), u(t) .

(4) x1(t) . (4) x2 = z2 + α2,

z2, α2 x2(t) .

x3(t), · · · , xn(t) .

1, 1 1 α̃ ∈ K∞
βα̃ ∈ KL, ∀t � t0 � 0,

α̃(|η(t)|)�βα̃(|η(t0)|, t−t0)+
� t

t0
γ0(|(x1(τ))|)dτ.

t0 , t0 = t/2, η

lim
t→∞

βα̃(|η(t0)|, t − t0) = lim
t→∞

βα̃(|η(
t

2
)|, t

2
) = 0.

� ∞

0
γ0(|x1(τ)|)dτ ,

lim
t→∞

� t

t0
γ0(|(x1(τ))|)dτ = lim

t→∞

� t

t
2

γ0(|x1(τ)|)dτ =0,

lim
t→∞

η(t) = 0.

1 [5] : 1)

[5] η y = x1,

[5] k̇.

η x1,

x2, · · · , xn( 2), ,

ψi αi , n k̇i(

(7)(9)(19) (22)), 2 (29).

iISS 1 . 2)

( 3), 2,

.

5 (Simulation example)
:⎧⎪⎨

⎪⎩
η̇ = f0(η, x1),

ẋ1 = x3
2 + f1(η, x1),

ẋ2 = u + f2(η, x1, x2).

(30)

:

f0(η, x1) = −1
2
η +

1
2
ηx2

1,

f1(η, x1) =
1
8

sin6 η + f11x
3
1,

f2(η, x1, x2) =
1
2

sin2 η + f21x1 + f22x2,

p = 3, q10 = q20 = 1, f11 = f21 = f22 = 0.1.

η-- , V0(η) = ln(1 + η2)

V̇0(η) � −
1
2
η4 + η2

(1 + η2)2
+

1
2
x4

1,

η-- iISS , 1

α0(|η|) =

1
2
η4 + η2

(1 + η2)2
, γ0(|x1|) =

1
2
x4

1.

η(0) = 1, x1(t) ≡ √
3 η-- η(t)

= et, lim
t→∞

η(t) = ∞, η-- ISS.

f10(|η|) = f20(|η|) =
1
2

sin2η, 2 ,

f4
10(|η|) � λ01α0(|η|),

f4
20(|η|) � λ02α0(|η|),

λ01= λ02 =
1
4

. 2,

f̄10(|x1|) = f̄20(|x1|) =
1
4
γ0(|x1|) =

1
8
x4

1.

3, 4 ,⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

z1 = x1, z2 = x2 − α2,

α2(x1, k1) = −c1k1ψ1(z1)z1,

k̇1 = d1ψ
3
1(z1)z4

1 ,

u(x1, x2, k1, k2) = −c2k2ψ2(z1, z2)z2,

k̇2 = d2ψ2(z1, z2)z4
2 ,

(31)

ψ1

ψ1(z1) � (1 + ā1 + f11)
1
3

ψ3
1(z1)z4

1 � max{f̄10(z1), f̄20(z1), γ0(z1)} =
1
2
z4
1 ,

ψ1 = (1 + ā1 + f11)
1
3 , ā1 = 33 · 4−4a−3

1 ,

ψ2(z1, z2) = 1 + μ21(z1, z2) + μ22(z1, z2) +

μ23(z1, z2) + μ24(z1, z2),

μ21(·) = l21a
− 1

3
211 +

9
4
c2
1ψ

2
1a

−1
212(1 + k2

1) +

4−437c8
1a

−3
213ψ

8
1k

8
1,

μ22(·) = l22c
4
1ε

−3
221ψ

4
1(1 + k2

1)
2z8

2 + l21a
− 1

3
221 +

l21b
− 1

3
221(f21 + c1f11ψ1z

2
1(1 + k2

1)
1
2 +

c1f22ψ1(1 + k2
1)

1
2 )

4
3 + f22,

μ23(·) = 4c1ψ1z
2
2(1 + k2

1)
1
2 +

3b
− 1

3
231c

8
3
1 ψ

8
3
1 (1 + z2

1)
4
3 (1 + k2

1)
4
3 ,

μ24(·) = l21b
− 1

3
241c

4
3
1 d

4
3
1 ψ

16
3

1 (1 + z2
1)

8
3 ,

l21 = 3 · 4− 4
3 , l22 = 33 · 4−4.

a1 = a211 = a212 =a213 = ε221 = a221 =
b221 = b231 = b241 =2, c1 = c2 =0.25, d1 =d2 =0.2

η(0) = 5, x1(0) = 0.5, x2(0) =−1.8, k1(0) = 0,

k2(0) = 0.1. 1 (30)(31) ,

.
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1 (30)(31)

Fig. 1 The responses of closed-loop system (30)(31)

6 (Conclusions)
iISS

, .

: [9]

, iISS

;

.
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