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Abstract: Building the yaw dynamics model is fundamental to vehicle yaw stability control. Considering the character-

istics of the vehicle yaw stability control, we propose a nonlinear discrete yaw dynamics model for a vehicle by combining

the vehicle yaw dynamics, wheel dynamics and the nonlinear characteristics of tires. In this model, wheel frictional forces

are considered as time-varying variables; to estimate these time-varying variables, a discrete sliding mode observer is de-

signed. Finally, in a high-accurate simulation environment for the vehicle dynamics, results validate the accuracy in the

estimation of wheel frictional forces, and the efficacy of the proposed model for the vehicle yaw dynamics.
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1 2 : Fxi, Fyi(i = 1, 2, 3, 4)

, αi , δ

, r .

1

Fig. 1 Vehicle yaw dynamics model

2

Fig. 2 Wheel dynamics model
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. 1, r (1) [4]:

ṙ =
1
Jz

[lf(Fx1 + Fx2) sin δ − lr(Fy3 + Fy4) +

lf(Fy1 + Fy2) cos δ +
d

2
(Fx4 − Fx3) +

d

2
(Fx2−Fx1) cos δ+

d

2
(Fy1−Fy2) sin δ], (1)

: Jz , lf lr
, d .

(2) [4]:

ω̇i =
Tdi − RiFxi

Jωi

− Tbi

Jωi

, i = 1, 2, 3, 4, (2)

: ωi , Ri , Tdi

, Tbi , Jωi .

(1) (2) , Fxi

Fyi , ,
[5] , (3):⎧⎪⎪⎨

⎪⎪⎩
Fxi ≈ μFzi

μ0Fzi0

χz

χλλ2
i + 1

Kλ

χαα2
i + 1

λi,

Fyi ≈ μFzi

μ0Fzi0

ηz

ηλλ2
i + 1

Cα

ηαα2
i + 1

αi,

(3)

: μ , Fzi

, λi , .

(3) ,

λi αi , [4]:

λi =
Riωi − vx

vx

, i = 1, 2, 3, 4, (4)⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

α1 = δ − arctan(
vy + lfr

vx − b

2
r

),

α2 = δ − arctan(
vy + lfr

vx +
b

2
r

),

α3 = − arctan(
vy − lrr

vx − b

2
r

),

α4 = − arctan(
vy − lrr

vx +
b

2
r

).

(5)

(1)∼(5)
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.

, ,

, , r
[6].

, , λ1,

Fx1 Fy1, |r|
. λ1 α1 , .

3 0,

.

, [r, λ1] , Tb1

, (3)(i = 1)
(1) Fx1, Fy1,

3 .

vx , (2) (4)

(i = 1) . , ,

, (6)

, Ts .

3 (6) .
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, , .⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

r(k + 1) =

r(k) +
Ts

Jz

[A(lf sin δ(k) − d

2
cos δ(k))+

B(lf cos δ(k) +
d

2
sin δ(k))+

d

2
(Fx4(k) − Fx3(k)) +

d

2
Fx2(k) cos δ(k)−

lr(Fy3(k) + Fy4(k)) − d

2
Fy2(k) sin δ(k)+

lfFx2(k) sin δ(k) + lfFy2(k) cos δ(k)],

λ1(k + 1) =

λ1(k) +
Ts

Jω1

(Td1(k) − Tb1(k) − R1Fx1(k)).

(6)

:

A =
μFz1(k)
μ0Fz10

χz

χλλ1(k)2 + 1
Kλλ1(k)

χαα1(k)2 + 1
,

B =
μFz1(k)
μ0Fz10

ηz

ηλλ1(k)2 + 1
Cαα1(k)

ηαα1(k)2 + 1
.

(6) , Fxi (k)
Fyi (k) , ,

, ,

, ,

Fxi (k), Fyi (k)
. Fxi (k), Fyi (k)

, ,

, .

.

3 (Wheel adhesion forces es-

timation)
2

, Fxi (k), Fyi (k) .

,

, [2]

4

, Kalman

. [7]

,

, Kalman

. [8, 9] ,

, super-twisting

Fxi (k). ,

,
[10].

, ,

,

. (2) :

ωi(k + 1) = ωi(k) +
Ts

Jωi

(Tdi(k) −
RiFxi(k) − Tbi(k)). (7)

(7) , Fxi(k) ,

ωi(k) , Fxi(k)
.

:

ω̂i(k+1)= ω̂i(k) + L(ωi(k) − ω̂i(k)) +
Ts

Jωi

(Tdi(k) − Tbi(k)) + vi(k), (8)

: ω̂i(k) ωi(k) , L ,

vi(k) .

,

,

, ,

,
[10], :

sat( · , ε) Δ=

⎧⎨
⎩

·
ε

, | · | � ε,

sgn(
·
ε
) , | · | > ε,

: ε , sgn( · ) .

vi(k) = −Ri ρ sat
ei(k)

ε
, (9)

: ρ , ei(k) = ω̂i(k) − ωi(k)
.

1 (8) ,

ei(k) |ei(k)| < ε :

ρ− < ρ <
2 − L

Ri

ε − ρ−, 0 < L < 2,

ρ− = sup | Ts

Jωi

Fxi(k)|.
(8) (7)

ei(k + 1) = ω̂i(k + 1) − ωi(k + 1) =

(1 − L)ei(k) + (vi(k) +
Ts

Jωi

RiFxi(k)). (10)

ei(k) = 0 , −1 <

(1 − L) < 1, 0 < L < 2 , ei(k) ,

, :{ (ei(k + 1) − ei(k))sgn(ei(k)) < 0, (11a)

(ei(k + 1) + ei(k))sgn(ei(k)) > 0. (11b)

. ,

|ei(k)| � ε , sat(ei(k), ε) = sgn(ei(k)), (11a)

(ei(k + 1) − ei(k))sgn(ei(k)) =
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−L|ei(k)| + (−Riρ sgn(ei(k)) +
Ts

Jωi

RiFxi(k))sgn(ei(k)) < 0,

(11a)

ρ > ρ−, ρ− = sup | Ts

Jωi

Fxi(k)|. (12)

(11b)

(ei(k + 1) + ei(k))sgn(ei(k)) =

(2 − L)|ei(k)| − ρRi+
Ts

Jωi

RiFxi(k)sgn(ei(k)) > 0,

ρ <
2 − L

Ri

|ei(k)| + Ts

Jωi

Fxi(k)sgn(ei(k)).

2 − L

Ri

|ei(k)|+ Ts

Jωi

Fxi(k)sgn(ei(k)) � 2 − L

Ri

ε−ρ−,

(11b)

ρ <
2 − L

Ri

ε − ρ−. (13)

|ei(k)| < ε, ,

|ei(k + 1)| =

|(1 − L)ei(k) − Riρ
ei(k)

ε
+

Ts

Jωi

RiFxi(k)| �

|(1 − L) − Riρ
1
ε
||ei(k)| + | Ts

Jωi

RiFxi(k)| <

|(1 − L)ε − Riρ| + Riρ
−.

(12) (13)

|ei(k + 1)| < (ε − Riρ) + Riρ
− < ε.

. .

(7) (8), ω̂i(k)
≈ ωi(k), ei(k)

, (ms ),

, ei(k + 1) ≈ ei(k), (10)

:

ei(k) ≈ (1 − L)ei(k)+

(−Ri ρ sat(
ei(k)

ε
) +

Ts

Jωi

RiFxi(k)),

F̂xi(k) ≈ Jωi

TsRi

(Lei(k) + Ri ρ sat(
ei(k)

ε
)).

(3)

F̂yi(k) ≈ Cα

Kλ

αi(k)
λi(k)

F̂xi(k).

F̂xi(k) F̂yi(k) (6)

.

4 (Model evaluation)

, TESIS

veDYNA,

Sine with dwell

, 80 km/h, 0.4.

, β 40◦,
[6],

. 3 Fx1(k), Fy1(k),

λ1(k), α1(k) F̂x1(k) F̂y1(k),

, ,

.

,
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3

Fig. 3 Front left wheel forces and states without control
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Fig. 4 Vehicle yaw rate under yaw stability control
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Fig. 5 Front left wheel forces and states under yaw stability control
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5 (Conclusion)
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