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Sliding mode control approach based on nonlinear integrator
LI Peng, MA Jian-jun, ZHENG Zhi-qiang

(College of Mechatronics Engineering and Automation, National University of Defense Technology, Changsha Hunan 410073, China.)

Abstract: For the sliding mode tracking control of a class of uncertain nonlinear systems using power rate reaching

law, the steady-state error bounds are respectively derived when using the Slotine-form conventional sliding surface and the

integral sliding surface. Mathematical relations among the sliding error bounds, system uncertainties, and parameters of the

power rate reaching law are investigated by means of the Lyapunov method. Based on the BIBO stability, the relationship

between the steady-state error bounds and the sliding error bounds is obtained. Finally, the mathematical expressions of the

steady state tracking error bounds are derived. Moreover, for the specified steady-state error bounds, an appropriate power

rate reaching law to suppress the chattering is designed. Simulation results are given and the validity of the conclusions is

confirmed.
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, [7∼10]

, ,

. , ,

.

2 (Problem statement)
n :

x(n) = f(xxx) + b(xxx)u. (1)

: x(n) x t n , xxx = [x ẋ · · ·
x(n−1)]T , u , f : R

n→
R . (1) .

1 f̂ f , Δf =
f − f̂ , |Δf | � M , M > 0. b(xxx) ,

b(xxx) > 0.

2 xxx .

xxxd = [xd ẋd · · · x
(n−1)
d ]T.

3 (Conventional sliding mode

control)
x̃ = x−xd x , x̃ = x − xx̃ = x − xx̃ = x − xd

= [x̃ ˙̃x · · · x̃(n−1)]T . Slotine
[7]:

s(x̃̃x̃x) = (
d
dt

+ λ)n−1x̃, (2)

λ > 0,

s(x̃̃x̃x) = cx̃cx̃cx̃T, (3)

: ccc = [Cn−1
n−1λ

n−1 · · · C1
n−1λ C0

n−1], C
i
n−1

,

Ci
n−1 =

(n − 1)!
(n − i − 1)!i!

, i = 0, 1, · · · , n − 1. (4)

C0
n−1 = 1, , s t

:

ṡ = c ˙̃xc ˙̃xc ˙̃xT = x̃(n) + c̄x̄̃cx̄̃cx̃T, (5)

c̄̄c̄c = [0 Cn−1
n−1λ

n−1 · · · C1
n−1λ]. (1)

ueq = b−1(−f̂ + x
(n)
d −

c̄x̄̃cx̄̃cx̃T) −K|s|αsgn s ,

u = b−1(−f̂ + x
(n)
d − c̄x̄̃cx̄̃cx̃T) − K|s|αsgn s, (6)

K > 0, 0 < α < 1, sgn s :

sgn s =

⎧⎪⎨
⎪⎩
−1, s < 0,

0, s = 0,

1, s > 0.

(7)

(6) (1) (5),

ṡ = Δf − K|s|αsgn s. (8)

Δf = 0 , [14,15] ,

s(t) =

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

sgn(s0)(|s0|1−α − K(1 − α)t)
1

1−α ,

0 � t � |s0|1−α

K(1 − α)
,

0, t >
|s0|1−α

K(1 − α)
.

(9)

s0 s . ,

. Δf �= 0,

, ,

1 .

1 (1) , |Δf | � M ,

(6), t → +∞ ,

|s| � (
M

K
)

1
α . (10)

Lyapunov (8)

, . V = s2/2 ,

V (8) ,

V̇ = sṡ = s(Δf − K|s|αsgn s) =

−K|s|1+α + sΔf � −|s|(K|s|α − |Δf |). (11)

, {|s| � (M/K) 1
α }

V̇ , c >
1
2
(M/K) 2

α {V � c}
, V̇ V = c

. , . ,

ε (M/K) 2
α < ε < c, V̇ {ε � V � c}

, , V

{V � ε} . , {V � ε},

V̇ V = ε . ,

, ε (M/K) 2
α ,

t → +∞ |s| � (M/K) 1
α . .

,

, .

[5] ,

:

ṡ = −K1s − K2|s|αsgn s, (12)

: K1 > 0, K2 > 0, 0 < α < 1. ,

. [6] ,

:

ṡ = −K1|s|βsgn s − K2|s|αsgn s, (13)

: K1 > 0, K2 > 0, 0 < α < 1, β > 1.

s = 1 ,

,

(12)(13)

. ,

(12)(13) 1 ,

, (12)(13) 2 .
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2 Δf �= 0,

(12)(13) , .

2 (1) , |Δf | � M ,

(12)(13), t → +∞ ,

:

|s| � min((
M

K2

)
1
α ,

M

K1

), (14)

|s| � min((
M

K2

)
1
α , (

M

K1

)
1
β ). (15)

(12) ,

ṡ = Δf − K1s − K2|s|αsgn s. (16)

Lyapunov V = s2/2, V (16) ,

V̇ = −K1|s|2 − K2|s|1+α + sΔf. (17)

, :

V̇ � −K1|s|2 − K2|s|1+α + |s||Δf | =

−K1|s|2 − |s|(K2|s|α − |Δf |), (18)

V̇ � −K1|s|2 − K2|s|1+α + |s||Δf | =

−K2|s|1+α − |s|(K1|s| − |Δf |). (19)

(18) (19), 1 ,

: t → +∞ ,

|s| � min((
M

K2

)
1
α ,

M

K1

). (20)

, (13) , t → +∞
|s| � min((

M

K2

)
1
α , (

M

K1

)
1
β ). (21)

.

(2),

, 3 .

3 (2), |s| � φ, φ

, t → +∞ ,

|x̃(i)| �

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

φ

λn−1
, i = 0,

2i (n − i − 1)n−i−1
φ

λn−i−1 (n − i − 1)!en−i−1
,

i = 1, · · · , n − 1,

(22)

e .

(2) Laplace

x̃(p) =
1

(p + λ)n−1
s(p), (23)

p Laplace .

H0(p) =
1

(p + λ)n−1
,

H0(p) ,

h0(t)= tn−2e−λt/(n − 2)!, t�0 ,

h0(t)�0. ,

, s, H0(p)

x̃ =
� +∞

0
h0(τ)s(t − τ)dτ . (24)

|x̃| �
� +∞

0
|h0(τ)||s(t − τ)|dτ �

φ
� +∞

0
|h0(τ)|dτ = φ

� +∞

0

τn−2e−λτ

(n − 2)!
dτ. (25)

�
zneaxdz =

1
a
zneax − n

a

�
zn−1eaxdz,

� +∞

0

τn−2e−λτ

(n − 2)!
dτ =

1
λn−1

, (26)

(1) x̃

|x̃| � φ

λn−1
.

˙̃x , (23)

˙̃x(p) =
p

(p + λ)n−1
s(p). (27)

H1 (p) =
p

(p + λ)n−1 , H1 (p)

, .

1) n = 2 ,

˙̃x(p) =
p

p + λ
s(p) = (1 − λ

p + λ
)s(p),

| ˙̃x| � 2φ. (28)

2) n � 3 , H1(p)

h1(t) = (1 − λ

n − 2
t)

tn−3

(n − 3)!
e−λt.

t� n − 2
λ

, h1(t)� 0; t>
n − 2

λ
, h1 (t)< 0.

s, H1 (p)

˙̃x =
� +∞

0
h1(τ)s(t − τ)dτ. (29)

| ˙̃x| �
� +∞

0
|h1(τ)||s(t − τ)|dτ �

φ
� +∞

0
|h1(τ)|dτ �

φ
� n−2

λ

0
(1 − λ

n − 2
τ)

τn−3

(n − 3)!
e−λτdτ +

� +∞
n−2

λ

(
λ

n − 2
τ − 1)

τn−3

(n − 3)!
e−λτdτ =

2φ
� n−2

λ

0
(1 − λ

n − 2
τ)

τn−3

(n − 3)!
e−λτdτ =
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2φ(
� n−2

λ

0

τn−3

(n − 3)!
e−λτdτ+

1
(n − 2)!

[τn−2e−λt]
n−2

λ

0 −
� n−2

λ

0

τn−3

(n − 3)!
e−λτdτ) =

2(n − 2)n−2φ

λn−2(n − 2)!en−2
. (30)

0!=1 00 =1, n=2 (22) .

, i x̃(i)

|x̃(i)| � 2iφ

λn−i−1
· (n − i − 1)n−i−1

(n − i − 1)!en−i−1
. (31)

.

1 [7]

|x̃(i)| � 2iφ

λn−i−1
. (32)

Maclaurin

en−i−1 = 1+(n − i − 1)+
(n−i−1)2

2!
+ · · · +

(n−i−1)n−i−1

(n−i−1)!
+

(n−i−1)n−i

(n−i)!
+ · · · . (33)

en−i−1 � (n − i − 1)n−i−1

(n − i − 1)!
, (34)

i = n − 1 .

(n − i − 1)n−i−1

(n − i − 1)!en−i−1
� 1. (35)

(32) (22), (35) (22)

(32) . [8]

|x̃| � φ

λ2
,

(22) n = 3, i = 0 . [9]

:

|x̃(i)| � ςiφ

λn−i−1
, (36)

ςi =

8>><
>>:

1, i = 0,

1 +

i−1X
j=0

 
i

j

!
ςj , i = 1, 2, · · · , n − 1.

(37)

2iφ

λn−i−1
· (n − i − 1)n−i−1

(n − i − 1)! en−i−1
� ςiφ

λn−i−1
,

i = 1, 2, · · · , n − 1. (22)

(36) .

1∼3,

,

:

|x̃(i)| �

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

φ1

λn−1
, i = 0,

2i(n − i − 1)n−i−1φ1

λn−i−1 (n − i − 1)!en−i−1
,

i = 1, · · · , n − 1,

(38)

|x̃(i)| �

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

min(φ2, φ3)
λn−1

, i = 0,

2i(n − i − 1)n−i−1min(φ2, φ3)
λn−i−1 (n − i − 1)!en−i−1

,

i = 1, · · · , n − 1,

(39)

∣∣x̃(i)
∣∣ �

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

min (φ2, φ4)
λn−1

, i = 0,

2i (n − i − 1)n−i−1 min (φ2, φ4)
λn−i−1 (n − i − 1)!en−i−1

,

i = 1, · · · , n − 1,

(40)

(38)∼(40) : φ1 = (M/K) 1
α , φ2 = (M/K2)

1
α ,

φ3 = M/K1, φ4 = (M/K1)
1
β . (38)∼(40),

,

.

4 (Integral sliding mode con-

trol)
(1), Slotine

[7]:

s(x̃) = (
d
dt

+ λ)n
� t

0
x̃dτ . (41)

s t :

ṡ = x̃(n) + c̄ ′x̃c̄ ′x̃c̄ ′x̃
T
, (42)

c̄ ′c̄ ′c̄ ′ = [Cn
nλn Cn−1

n λn−1 · · · C1
nλ].

(41),

, 4 .

4 (41), |s| � φ,

φ . t → +∞ ,

|x̃(i)| � 2i+1(n − i − 1)n−i−1φ

λn−i−1(n − i − 1)!en−i−1
, (43)

e .

4 3 , .

2 [8] [10] 1

, n = 3

x̃ φ |x̃| � 2φ

λ2
,

4 x̃ |x̃|� 2φ

λ2
· 2

e2
,

, 4 x̃ φ

.

u ueq ,

:

ueq = b−1(−f̂ + x
(n)
d − c̄ ′x̃c̄ ′x̃c̄ ′x̃

T). (44)

1, 2 4,

,

:

|x̃(i)| � 2i+1(n − i − 1)n−i−1φ1

λn−i−1(n − i − 1)!en−i−1
, (45)
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|x̃(i)| � 2i+1(n − i − 1)n−i−1min(φ2, φ3)
λn−i−1(n − i − 1)!en−i−1

, (46)

|x̃(i)| � 2i+1(n − i − 1)n−i−1min(φ2, φ4)
λn−i−1(n − i − 1)!en−i−1

. (47)

(45)∼(47) : φ1, φ2, φ3 φ4 (38)∼(40)

. (41) ,

, .

5 (Simulation example)
,

, .

,

.

:

x(3) =−(1+0.25 sin t)x2+2ẋ+4+sin (2t)+u,

xxx = [x ẋ ẍ]T

xxxd =[sin t cos t − sin t]T,

x̃ |x̃| � 0.1,∣∣ ˙̃x
∣∣ � 0.15, f̂ (x) = −x2 +2ẋ, b(x) = 1,

|Δf |= ∣∣−0.25x2 sin t + sin 2t) + 4
∣∣�M =5.25.

x(0) = ẋ(0) = ẍ(0) = 1,

.

1

s = (
d
dt

+ λ)2x̃ = ¨̃x + 2λ ˙̃x + λ2x̃,

(6)

u=x2− 2ẋ + x
(3)
d − 2λ¨̃x − λ2 ˙̃x −K |s|α sgn s.

|x̃| � 0.1
∣∣ ˙̃x

∣∣ � 0.15
, (38)⎧⎪⎨
⎪⎩

1
λ2

(
M

K
) 1

α = 0.1,

2
λe

(
M

K
) 1

α = 0.15.
⇒

⎧⎪⎨
⎪⎩

λ =
3e
4

,

K =
8αM

0.45αe2α
.

α = 0.5, M = 5.25

K =
8αM

0.45αe2α
=

22.136
e

.

1∼3 . 1, 2

, 3 .

1, 2 ,

|x̃|� 0.1 | ˙̃x|� 0.15 . 3

,

, . [7∼9]

|x̃|� 1
λ2

(
M

K
) 1

α = 0.1, | ˙̃x|�
2
λ

(
M

K
) 1

α = 0.407,

, 1 .

1 ( 1)

Fig. 1 Plot of zero order tracking error(case 1)

2 ( 1)

Fig. 2 Plot of first order tracking error(case 1)

3 ( 1)

Fig. 3 Plot of control input signal(case 1)

2

s=(
d
dt

+λ)3
� t

0
x̃dτ = ¨̃x+3λ ˙̃x+3λx̃+λ3

� t

0
x̃dτ ,

u

u = x2 − 2ẋ + x
(3)
d − 3λ¨̃x −

3λ2 ˙̃x − λ3x̃ − K|s|αsgn s.

|x̃| � 0.1
∣∣ ˙̃x

∣∣ � 0.15
, (45)⎧⎪⎨
⎪⎩

4
λ2e2

(
M

K
) 1

α = 0.1,

4
λe

(
M

K
) 1

α = 0.15.

⇒

⎧⎪⎨
⎪⎩

λ =
3
2e

,

K =
16αM

0.9α
.

α=0.5, M =5.25 : K =16αM/0.9α

= 22.13, 4∼6 . 4, 5

, 6 .



624 28

4 ( 2)

Fig. 4 Plot of zero order tracking error(case 2)

5 ( 2)

Fig. 5 Plot of first order tracking error(case 2)

6 ( 2)

Fig. 6 Plot of control input signal(case 2)

4, 5 ,

|x̃|� 0.1
∣∣ ˙̃x

∣∣� 0.15 . 6

. [8, 10]

, |x̃| � 2
λ2

(
M

K
) 1

α = 0.369,

, 2

.

, , λ

, ,

,

α K.

6 (Conclusion)
,

Slotine

.

,

. ,

,

, , .
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