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Synchronization criteria for
general coupling complex networks with time varying delay

GUO Ling, NIAN Xiao-hong, PAN Huan
(School of Information Science and Engineering,Central South University, Changsha Hunan 410083, China)

Abstract: Synchronization problem for general coupling complex networks with time varying delay is studied. The
restriction on the out-coupling matrix of a dynamical network that is always assumed to be symmetric or irreducible is
removed. Complex eigenvalues for the general out-coupling matrix are considered and complex vectors are dealt with
accordingly. Based on Lyapunov stability theory, the matrix decomposition technique and linear matrix inequalities(LMIs),
the sufficient condition of synchronization stability is developed by constructing an appropriate Lyapunov function. In ad-
dition, synchronization problem of a numerical example is simulated to verify the effectiveness of the proposed conclusion.

The results show that the condition is much less conservative than the existing ones in literature.

Key words: complex networks; synchronization; time varying delay; linear matrix inequality

1 5|3 (Introduction)

] SBU~4E B 7 3 4 2 )38 i AH AR FH i 7 1k
[ R Tl B A P U — B AT Ay BB 52 I 46 /N 1
FUTCAR FERF DT R B, AATIFURE— 20 e 5
T 75 W 2% (1 [7) 25 ) FL

P T A {5 5 e P AT PR O 9 i A L, I
L AT AL T RN g ik h, R S EREA T E
R AR TR I A LN 2. 2 18 BT AT I
(¥ 52 % Bl 25 W9 28 2 2 ) A0 In) B A 7 2 (0 B0 S
BRI Chen R 5 155 |\ 2l Wang R Cheni
HH 110 009 20 A58 RS~ TV e 453 38 77 I T G RTINS A G
(1) 25 R U0 B 5, Gao 5 4T W2 A 70 e 1k 1 I i
FHIG I )5 A e et

IR A I N 4% 110 AR £ R B R
HAR LG . SR, B W 2% b3y s IRl R
AR k. DR, 6 R SRR (K 0 R A

eAe H HT: 2010—01—20; ef& ook H 1#: 2010—04—01.
REWH: K AR E SR W (61075065, 60774045).

B, LUSS IR ANBIFGY T HLAG I 10— A 52 2R R 2% 1)
Je S [F) 25 AN A Jay [R) 245 [n] R 2D 06 AR X6 B 1 2% mT
29 (K A1 K A 4 BE, Wu Bl Tiao st 18 T I Vi 43 24
AR AR AT

AR SCAE A AR R B A RSB L vl 55 24 1)
FMER, WEFT T HA R I 2% R 4% ()2 i)
T YA TR, B R D 1 s DA K 4 R
G tEtlk. Hk, JE T LyapunovAs e M e 3, A
TR 43 A0S B 2 Mk S B R 2 0 v, 19 B T N 4%
SEHR IR R 78 90 4 . B0 011 3R WH A S0 45 R 5
R [10~ 121 H5A7 S/ OR ST
2 [\l SR (Problem formulation)

R BAT NN BRI Bl A5 Y 4 A5 70

£ (t) = F(za(8) + f: gy Az (t — (1)),

J

i:1727"'1N7 (D



74 oW s N M

08 %

Horr: f R"™ — R™ ALV TR %L, 5131() (xil(t)7
wzz() ()T € RK AT SR A AR

T(t) M I @EE’J*%AH]W% W0 < 7(t) < h < oo,
7(t) < v < ooy AN WA s E] N RS A A
B gi; € RATTRGENI( # )00 AR AR A i
gi; =0, H
N
Gis = — z 9ij,t=1,2,--- | N. )
J=Liti

KEG = (gij) v 7 7 3 25 P2 (1) IR 703554
B HRE, AR SCHANESRGATFREA AT 5 2, Bl GIA) i
AL T W 2% 0 40 S5 AR RE o B RS R G
XEFR Hon] fii 2, WG HT Ge3 S RFIEAE, P (1) 2
B AL LR (T GIIAT U, 0
FEGH— AR, R R E A (11 - )T
LEA S BB EOZ G B HCN IR, 1E AN
=0.

T 1058 X
TES 114 DOJplR A7 ) v 1y — A FFAE, %
ERAMEX (to) = (z1(t), 22(t), -+ ,an ()T € DO,
Hl|lzi(t) —s(t)]] — 0,t — o0,i =1,2,--- , N, WFR

I 85 300 25 0 2 () S B2, HF AR DOBR Ny [ 22 [X 3,
S(t) = (s(8);5(1), -+, s(8)) TR A PIEFDF R

=

FIANEY

TR, B M) BL IR S, 'ﬂ'J:cl() = zo(t) =
= an(t) = s(t), Xﬂ]iﬁ@)%ﬂz gi;As(t) = 0,

i G (HAs(t) = f(s(t)), 1 iﬂﬂi%s( Ve ARG (t)
= fx(t))—AE. s(t)n] L2 — AP . B R
R JE I BIIE BRI, — 5T, 5 A% (1) SE B

”j M FEPP RS () AR [ il iE ds e, 57—

T, 5 FRAS S (8) A s R e, D) ES i 9 28 (1) SR

[F] 2.

A5 TR 5 1 BT 9 4% (1) BEAT 2R 1Ak
SIEE 181 25 8 451, BE f (x(t)) 4
s(t) € RYIESE A5, # A FEGH KA A [H R E
i, 5 Fikk — 1AL FI AR RS0
(t)=Df(s(t)p(t) + \iAp(t — 7(t)),
i=2--k (3)

KT F fdri Aa e, WY X 25 (DI A2 RS S (¢)
WA, Horb: Df (s(t)) A f (2 (6)) 764 mis(t) 1
Jacobian i [, Ak 4% (1) A SRS HLRE, 7(¢) A
B, NG = 2,0+ k) AN A H FEG IR IE
fH, p(t) € C.

T A 0 BEGEE XS BR Hoa] 181 £, Jr LLes IR RE
EAEN (0 = 2, k) WTREA EEL, W Ae(t) ] LLE
ERE IS, BT E W &AL E A LA,

HANE) = a; +§:(i = 2, k), IR Bp(t) =

u(t) + jo(t) ARGk, 1 EPJ#JF‘%ﬁu i

u(t) =D f(s(t))u(t) + a;Au(t — 7(t))—
BiAv(t — 7(1)),

0(t) =D f(s(t))v(t) + c;Av(t — 7(t))+ (4)
BiAu(t — 7(t)),

i=2. k
é\
fuw] . [Dres@) o
vl = [v(t) ’J(“‘[ 0 Df(S(t))]’
o az-A _ﬁzA
AD=154 aa
Gt @)
b(t)=T(O)w(t) + Asw(t — 7(1)),i=2, -, k. (5)
RG(5) e SEHIE L 10 2 Pk I AR I R 4,
WFITA(S) T s Ra e P, nT LLAF 21 I v X 2% &
(DM FIPAT .

3 FEZ K (Main results)
AT, F G FE NN 4% 2R G0 (D) IR [R5 1)
EE 1 foemtiir(t) € (0,h],7(t) < v < oo,
LATAEIE B HBEP, R, SKHFEW, Xfi = 2,--- ,k,
I FILMIs
Y=
JYO)P+PJ(t)—WT —
ATP+WT+W

W+S

hW
hRJ(t)
PA,+WT 4+ W MVT  hJT(HR
~(-v)S-WT W —hWT hATR | _
—hW —hR 0
hRA, 0 —hR

PR, T 2 2 QDI [R5 IR A5 (1) W R, 3
w1, J () FA K5 LR (S) B,
iE B RAI() = [J(t) —
KOG WTME N
w(t) = [J(t) — Blw(t) +
Buw(t)

B] + B, I

[A; + Blw(t — 7(t))
— Buw(t — 7(t)), (6)
1w, = w(t+0),—2h <0 <0.
5& X LyapunoviZ b&
V(w) = Vi(we) + Va(wy) + Va(wy),
Horr:



ER] R — MR

ik

EFE I AR I 3 52 2% I 4% 14 [R] 2D HE D) 75

Vi(we) = w' () Pw(t),

Vo (wy) :jo t " (o) Riv(a)dada,
Vaw) = [/

t+8
t—7(t)

w’ (o) Sw(a)da.
4W = PB, %/a\ﬁ(@&tkﬂaﬁ KA Je kA, 13
w(t) =w(t —7(t)) + f

Xﬂ/l(wt)aéTElfflﬂﬂﬁ%}ﬁ%ﬁ(@ﬁ)\ﬁ
Vl(wt) =
W () Pw(t) +w' (t)Pu(t) =
[(J(t) — B)w(t) + (A; + B)w(t — 7(t)) +
Buw(t) — Bw(t — 7(t))]" Pw(t) +
wT () P[(J(t) — B)w(t) + (A; +
(

B)w(t — 7(t)) + Bw(t) — Bw(t — 7(t))] =
wr () [T )P+ PJ(t) — W' — Ww(t) +
wT (H)[PA; + Ww(t — 7(t)) +

w(t — 7()[A] P+ W w(t) +
[Bw(t) — Bw(t — 7()]" Plw(t — 7(t)) +

J;iT(t) w(a)da] + [w(t —7(t)) +
Lt_T(t) w(a)da]" P[Bw(t) — Bw(t — 7(t))].

ﬁJ\%UXTJVQ(wt), Vg(wt) KTtRFIFG S it(s){:f
Va(wy) =

[7 W @) Rire) it + B) Rt + )75 =
Lt_h[u}T(t)Rw(t) — T () Rib(a)] "da,

V3(wt) =

w" () Sw(t)—(1=r(t))w™ (t—=r(t)) Sw(t—r(t)).
F£

V(wt) =

Vi(wy) + Va(wy) + Va(wy) <

% Lt_h{wT(t) [JT (&) P+PJ(t)—WT —W]w(t)+

wr () [PA; +WT + Wlw(t —7(t) +

wr (t — 1) [A] P+ W' + Wiw(t) —

(t =)W + Wo(t —7(t)) +

hw™ ()W i (a ) + ha" ( ) Wuw(t) —
YWw(t—7(t))+
[

hw™ (t—=7(t))W T (o) —ha™ (e
h[ (Hw(t) + A; w(t — T(t))]TR J(t)w(t) +
aw(t —7(t))] — +

" (o) Rii(ar)
w () Sw(t) - (

(1 —v)w (t — () Sw(t—

7(t)) tda =
% [ ZT )My + hMs] Z (w,)da,

o

Z(w,) = [w'(t) w'(t—7(t)) & ()],

JTOP+PJt)—-WT—W+ S
M, = ATP+WT +W
hW
PA,+WT 4+ W MWt
—(1-v)S—WT—-W —hWT|,

—hW —hR

TR JYOR]
M,=| ATR |R'| AR
0 0

MR Schur kML AN, AEALD < 0584 M, +
hM, < 0, 7 tHLyapunov-Krasovskiifa & P 72 2 %1
AVERGG)R T F S WA E, AT 15 M 2% &
ORI RSHIERE. I

R8T T P R Y IS iy ) 2 A 2R

N
i(t) = f(x:(t)) + Zlgiijj(t —7),
j=
i:1727"'aNa (7)
Hp 20 < 7 < h < oo, BB LA E 43 31
N HELS.

i1 BUEWAET € (0, R], #4775 1E 8 5 b

P, R, SKHBEW, i =2, k, NHILMIs
JY)P+PJ(t) - W' —-W + S
AFP+WT+W

hW
hRJ(t)
PAAWT+W  aWT  hJY(H)R
-S—-WT—-w —hmWT hATR -0
—hW —hR 0
hRA; 0 —hR

ST, WU 2% 2 G5 (T) v] SEBR R D
UE  ZEHA R ¥ Lyapunoviz BRi

V(wy) = Vi(we) + Va(we) + Va(wy),
KbV = [ w” a)da. R 5 E B
11EW§%'§UEI’J7:T/£T??U?E lIE

HT/WHQ%%?E(I)E’JH H(*S( )jjiiﬁi&%%%
73— AT FAF R R Ak — IAN LRI R 4T
KT F LR E



76 R 2% L5 m A % 28 %
&i(t) =D f(s(t))pi(t) + NiApi(t — 7(t)), it 2 el € (0,h], HAFAEIEEH
i=2,--k @)  FED, Ry, SiMHFEW,, i = 2, k, {45 il
‘ . . f{ILMIs
e, Ak 19 45 (1) P 5 88 25 R, (6) 0 8 2 T i, ATP + WT 4 W
M(i = 2, k) SRR A AR BEG I AL A, (1) R,
) Cnﬁﬁ;wmﬁéf BN A 8 R 258, il 2K )
S Bl 1 2 1 I A I AR 45(8), T i3
LIF () 128 #e15 i PA; + W+ W hWE hJT()R;
. ‘ —S; —WT —W, —hWT hATR;
(1) = J(t)w;(t) + Ayw;(t — 7(t)), W, R, 0 0
i=2,--,k, )] hR;A; 0 — hR;
Hrp T () FA, 1€ X5 G M FIE Hw, (1) € R™. FAT, T H 48 B2 455 (7) n) SR ) 26
5E U1 R LyapunoviZ b FE 1 xR, AR, W, T
Vi(wir) = Vii(wir) + Vai(wie) + Vai(wir), I 50 45, I 0 0 2 0 90 4, 5 B L) 2 o
i=2,  k, 10) AU RN, d T B2 SR T 2 KA, A O
. BB,
Wy = wy(t 1 6), —2h < 6 <0, 4 4{jj E(Simulation) ;
Vi () = wT ()P (t) 9B s B 438 A M, fEMATLABI S R,
1i\Wa) = @y 1) 15t S BRGE ()[R B BUEAT T v SEALAT ECRITSE.
Vai(wir) f L L, Wi () Raadi(@)dada, 41 i1 (Example 1)
{2\ AN By é ’ﬁ‘j}fg[lo 11]
V3z(wzt>:j z( )Swz( ) a. %)41.45 ] TJM\E/]M %*j:
=7 (®) (1) —z1(t)
X T 20(9) M. H LyapunoviZ p&(10), 0 43 2 K T 1 7] Zo(t) | = | —2m5(t) |,
AHEN. Z3(t) —3ws(1)
B2 EMHr(t) € (0.R] 7)< U< gperg A 00 0 R e R 4, I
0oQ, %ﬁ?’fﬂ:ﬁi’%ﬁ IKZEPZ, Ri, Sz& %E IKZF‘W“ X‘j‘l = Jacoblan’ﬁEB?-'F
-k, A3 FHTFYLMIS oo
A;I‘Pz +WiT—|-Wi 0 0-3
hW;
hR,J(t) B P EBAE GHIPEA = diag{1, 1,1}, AMEHE S
PAAWIW, RWTE  hJT(t)R; AR _
~(1 = 0)S=WI-W; —hWT hATR, | _ -2 00l
W, _hR, 0 1 -3 1 1 0
hRA. 0 _hR, G=|0 1 -2 1 0
o 1 1 -3 1
FST, ) 2% B BRI )25 IR RS () i K, 3L 10 0 1 —2]

T () F1A K€ SIS,
UE g PEUE WAL, g 2.
XT?T?&%I H1E B2 R] DL AT 2 N e,

1z
‘/i(wit)

i=2,-k

T8 sk EHY LA R [F) LyapunoviZ BR
= Vii(wie) + Voi (wir) + V3¢(wit),

WEAEL V) = [ wl(0)Suwi(a)da,

NN EEE/Jﬁ)dZHE XA B ARG
AT TRAL RS FRFERE. ¢ - GHEXTFK B 45 v Fili i 4
TR, Horh R 5. GIRFFIEE

)\1 - 0,)\2 = —1382,
s = —4.168.

PRLE, 2R G) WL AR E K, A [ A ARZRS (¢) B



H1H

TR RO £ 5 ) I A Ity 52 20% A 2% 114 [ 20 D) 77

IEARGE. Ry EIRBARAEA R RS RN, difE
1,25 SCHRTT0, 11145 2 1 [7] 20 B2 1 fe K I iy
gt

A1 R ARG RK A LR
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Fig. 1 Time series of the first variable x;; of node 4 for time

delay 7 = 0.94 and coupling strength ¢ = 0.5
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