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Robust Kalman filter design for unknown noise covariance

WANG Jian-wen, SHUI Hai-tao, LI Xun, ZHANG Hui, MA Hong-xu

(School of Mechatronics and Automation, National University of Defense Technology, Changsha Hunan 410073, China)

Abstract: This paper is concerned with the problem of a robust Kalman filter(RKF) design when noise covariance is

unknown in stochastic linear systems. A novel design criterion for RKFs is proposed, and its rationality is analyzed. Based

on the criterion, the design of a RKF is transformed to solving a linear matrix inequality(LMI). The results are validated by

simulations.
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2 RKF (Robust Kalman filter de-

sign)
RKF

�

P k|k,
�

P k|k n λ1 � · · · �
λn � 0.

�

P k|k ,

‖�

P k|k‖2 = λ1. (1)

(1) ‖·‖2 .

b , ‖�

P k|k‖2 � b

n
,

n∑
i=1

λi � b,

n∑
i=1

ai � b, ai � b(i = 1, · · · , n), ai

(i = 1, · · · , n)
�

P k|k . ,

ai � b(i = 1, · · · , n)
�

P k|k
,

, ,

,

. , RKF :
�

Kk ‖�

P k|k‖2 .

, ‖�

P k|k‖2 ,

RKF , :

‖�

P k|k−1‖2 , ‖�

P k|k−1‖2

‖�

P k|k‖2 .

{
xk = Ak−1xk−1 + vk−1,

yk = Hkxk + wk.
(2)

(2) : xk ∈ R
n , yk ∈ R

m

, Ak ∈ R
n×n, Hk ∈ R

m×n ,

vk ∈ R
n, wk ∈ R

m ,

, Q,R.

KF
�

P k|k−1 =

Φ̄k−1,1A0P0A
T
0 Φ̄T

k−1,1 + Q +
k−1∑
i=1

Φ̄k−1,iQΦ̄T
k−1,i+Ak−1

�

Kk−1R
�

KT
k−1A

T
k−1 +

k−1∑
i=2

Φ̄k−1,iAi−1

�

Ki−1R
�

KT
i−1A

T
i−1Φ̄

T
k−1,i. (3)

(3) :
�

Ki , Φi = Ai(In−
�

KiHi),

Φ̄k−1,i = Φk−1 · · ·Φi, In n×n , P0

.

1 θ i , Φi(i=1,

2, · · · ) σi σi < 1, Ai

�

Ki(i =

1, 2, · · · ) γi γi � θ, ‖�

P k|k−1‖2

.



5 : 695

σi(i = 1, 2, · · · ) μ, (3)

,

‖�

P k|k−1‖2 �

‖�

Φk−1,1‖2‖A0P0A
T
0 ‖2‖

�

ΦT
k−1,1‖2 +

‖Ak−1

�

Kk−1‖2‖R‖2‖
�

KT
k−1A

T
k−1‖2 +

k−1∑
i=2

{‖�

Φk−1,i‖2‖Ai−1

�

Ki−1‖2 ×

‖R‖2‖
�

KT
i−1A

T
i−1‖2‖

�

ΦT
k−1,i‖2} +

‖Q‖2 +
k−1∑
i=1

‖�

Φk−1,i‖2 ‖Q‖2 ‖
�

ΦT
k−1,i‖2 =

σ2
k−1 · · ·σ2

1

∥∥A0P0A
T
0

∥∥
2
+ γ2

k−1 ‖R‖2 +
k−1∑
i=2

σ2
k−1 · · ·σ2

i γ
2
i−1 ‖R‖2 + ‖Q‖2 +

k−1∑
i=1

σ2
k−1 · · ·σ2

i ‖Q‖2. (4)

(4) :

‖�

Φk−1,i‖2 = ‖Φk−1‖2 · · · ‖Φi‖2 ,

‖�

Φ
T

k−1,i‖2 =
∥∥ΦT

i

∥∥
2
· · ·∥∥ΦT

k−1

∥∥
2
.

σi � μ < 1, γi � θ (4) ,

‖�

P k|k−1‖2 �
μ2(k−1)

∥∥A0P0A
T
0

∥∥
2
+ θ2 ‖R‖2 +

k−1∑
i=2

μ2(k−i)θ2 ‖R‖2 + ‖Q‖2 +

k−1∑
i=1

μ2(k−i) ‖Q‖2 <

∥∥A0P0A
T
0

∥∥
2
+

θ2

1 − μ2
‖R‖2 +

1
1 − μ2

‖Q‖2 . (5)

, (5) , .

2 α, β i , In −
�

KiHi(i = 1, 2, · · · ) ηi ηi � α,
�

Ki(i = 1, 2, · · · ) τi τi � β,

‖�

P k|k−1‖2 , ‖�

P k|k‖2 .

�

P k|k,
�

P k|k = Ωk

�

P k|k−1Ω
T
k +

�

KkR
�

KT
k , (6)

Ωi = In − �

KiHi.

(6) ,

‖�

P k|k‖2 � ‖Ωk‖2 ‖
�

P k|k−1‖2

∥∥ΩT
k

∥∥
2
+

‖�

Kk‖2‖R‖2‖
�

KT
k‖2 =

η2
k‖

�

P k|k−1‖2 + τ 2
k ‖R‖2 . (7)

(5) (7) , ηi � α, τi � β,

‖�

P k|k‖2 <

α2
∥∥A0P0A

T
0

∥∥
2
+

α2θ2+β2(1−μ2)
1−μ2

‖R‖2 +

α2

1 − μ2
‖Q‖2 . (8)

, (8) , .

1 2 , .

1 θ, α, β i , Φi

(i = 1, 2, · · · ) σi σi < 1,

Ai

�

Ki(i = 1, 2, · · · ) γi γi � θ,

Ωi(i = 1, 2, · · · ) ηi ηi � α,
�

Ki(i = 1, 2, · · · ) τi τi � β,

‖�

P k|k‖2 .

1 , RKF
�

Ki(i = 1, 2, · · · ) 1

.

3 RKF (Filter gain

calculation in the robust Kalman filter)
RKF ,

,
�

Ki(i = 1, 2, · · · ) ,

, RKF . ,
�

Ki, i = 1, 2, · · · .

1 ,
�

Ki(i = 1, 2, · · · ) (9):⎧⎪⎪⎪⎨
⎪⎪⎪⎩

σ(Φi) < 1,

σ(Ai

�

Ki) � θ,

σ(Ωi) � α,

σ(
�

Ki) � β.

(9)

(9) σ (·) .

(9)⎧⎪⎪⎪⎨
⎪⎪⎪⎩

σ2 (Φi) = ρ (ΦT
i Φi) < 1,

σ2(Ai

�

Ki) = ρ(
�

KT
i AT

i Ai

�

Ki) � θ2,

σ2 (Ωi) = ρ (ΩT
i Ωi) � α2,

σ2(
�

Ki) = ρ(
�

KT
i

�

Ki) � β2.

(10)

(10) , ρ (·) .

, (10) ,
�

Ki(i =
1, 2, · · · ), (10) LMI .

(10) LMI .

3 B∈R
d×d ρ(B)<

1 B < Id , Id d × d .

. B ∈ R
d×d

χi �0, i= 1, · · · , d.

ρ (B) < 1,

{
0 � χi < 1
i = 1, · · · , d

,



696 28

B−Id

{
χi − 1 < 0
i = 1, · · · , d

, B−Id

, B < Id.

. B < Id , B − Id

χi − 1<0, i = 1, · · · , d, B ∈ R
d×d

, 0 � χi < 1, i = 1, · · · , d,

ρ (B) < 1. .

3 2.

2 B∈R
d×d ρ(B)�

ϑ B � ϑId .

3 2 , (10)⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

ΦT
i Φi < In,

�

KT
i AT

i Ai

�

Ki � θ2Im,

ΩT
i Ωi � α2In,

�

KT
i

�

Ki � β2Im.

(11)

(11) Im m × m .

, (11)
�

Ki, RKF

. (11) LMI

, F (X) < 0,

X , F (X) < 0 .

X , LMI , LMI

. , LMI ,

, ,

. LMI

, MATLAB LMI ,

LMI LMI

.

RKF : 1)

,

( ) ;

2) ; 3) , 3

, ; 4) 3

.

4 (Simulation)
[10]

RKF , , KF H∞KF
[10] RKF .

,⎧⎪⎨
⎪⎩

xk=

[
0.5079 0.7594

−0.7594 0.2801

]
xk−1+

[
0.4921
0.7594

]
vk−1,

yk = [0 1]xk + wk.

(12)

vk, wk 1.

, KF , Q,R

,
�

Q,
�

R
�

Q = 10,
�

R = 0.1.

x0 = [20 10]T,
�
x0 = [19 11]T,

P0 =

[
10 0
0 10

]
.

RKF , θ, α, β RKF

,

, θ2 1.0, α2 1.0, β2 1.0. RKF

1 .

1 RKF

Table 1 Implementation paradigm of the RKF

1)
�
x0, P0;

2)
�
x
−
k = Ak−1

�
xk−1;

3)
�
y
−
k = Hk

�
x
−
k ;

4) (11)
�

Kk;

5)
�
xk =

�
x
−
k +

�

Kk

“
yk − �

y
−
k

”

RKF H∞KF KF 50

, T = 50 s, ,

KF Q,R
�

Q,
�

R ,

RKF
�

Kk =

[
0

0.3899

]
,

1 2 .

1 2, : 1) RKF

0.8 m ,

0.5 m/s ; 2) RKF

KF ; 3) RKF

KF

H∞KF ; 4) H∞KF

KF .

, , RKF

, ,

.

1 x1

Fig. 1 Absolute mean error of x1
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2 x2

Fig. 2 Absolute mean error of x2
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