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Abstract: This paper is concerned with higher-order Takagi-Sugeno(TS) fuzzy systems, where the consequent of a

fuzzy rule is a nonlinear combination of input variables. To solve this problem, an implicit nonlinear kernel-mapping is

introduced to map the original input space to some higher dimensional feature space, where locally nonlinear submodels

of TS fuzzy systems are transformed into locally linear submodels; and then, the expressions of the consequent functions

are presented. Furthermore, a novel algorithm of designing higher-order TS fuzzy systems is developed by combining the

kernel-based fuzzy clustering with least squares support-vector-machines(LSSVM). Finally, the approximation accuracy,

the generalization ability and robustness of the proposed algorithm have been demonstrated by simulation experiments on

four well-known data sets.
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2 TS (Description of

higher-order TS fuzzy systems)
TS k

:

Rule k : If x1 is A
(k)
1 and x2 is A

(k)
2 and · · · and

xn is A(k)
n , Then y is fk(x). (1)

x = (x1, x2, · · · , xn)T , A
(k)
j

, fk(x) , k = 1, · · · , M, j =
1, · · · , n. n , M .

TS

f(x) =

M∑
k=1

fk(x) μA(k)(x)

M∑
k=1

μA(k)(x)
, (2)

μA(k)(x)= t(μ
A

(k)
1

(x1), μA
(k)
2

(x2), · · ·, μA
(k)
n

(xn)),

t(·) t-- , μ
A

(k)
j

(xj) A
(k)
j .

Sk(x) =
μA(k)(x)

M∑
k=1

μA(k)(x)
,

f(x) =
M∑

k=1

fk(x)Sk(x), (3)

M∑
k=1

μA(k)(x) �= 0.

TS

M .

fk(x) ,

H1 ϕ, ϕ

ϕ(xi)Tϕ(xj) = K(xi, xj), K(·, ·) ,

. ,

H1

. TS k

(1)

Rule k : If x is A(k), Then y is

fk(x) = p(k)Tϕ(x) + p
(k)
0 . (4)

TS

f(x) =
M∑

k=1

Sk(x)(p(k)Tϕ(x) + p
(k)
0 ). (5)

(5),

H1 M .

, H1

H ψ. x′ = ϕ(x), ψ

:

ψk(x′) =
(
Sk(x)x′T, Sk(x)

)T
,

ψ(x′) = (ψ1(x′)T, ψ2(x′)T, · · · , ψM(x′)T)T.

Φ(x) = ψ(ϕ(x)), p(k)′ = (p(k)T, p
(k)
0 )T, P =

(p(1)′T, · · · , p(M)′T)T, (5)

f(x) = P TΦ(x). (6)

H Φ,
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H . ,

.

φk(x) = ψk(x′) = ψk(ϕ(x)),
Φ

Φ(x) = (Φ1(x)T, Φ2(x)T, · · · , ΦM(x)T)T. (7)

3 TS (Regression

model for higher-order fuzzy systems)
{(x1, y1), (x2, y2), · · · , (xl, yl)},

: xi ∈ R
n, yi ∈ R, i = 1, 2, · · · , l.

, TS

:

min
P

1
2

l∑
i=1

(yi − P TΦ(xi))2 +
τ

2
P TP , (8)

τ > 0. yi − P TΦ(xi) = ei, (8) :

min Q(P , e) =
1
2
P TP +

1
2τ

l∑
i=1

e2
i

s.t. yi − Φ(xi)TP = ei, i = 1, · · · , l,
(9)

e = (e1, e2, · · · , el)T.

(9) LSSVM,

(9) LSSVM : i) LSSVM

Φ(x)TΦ(z); ii) b = 0; iii) γ = τ−1.

, K∗,

: K∗(x, z) = Φ(x)TΦ(z). : x = (x1, · · · ,

xn)T, z = (z1, · · · ,zn)T ∈ R
n .

Φ(x) ( (7))

K∗(x, z) =
M∑

k=1

Sk(x)Sk(z)(Φ(x)Tϕ(z) + 1) =

M∑
k=1

Sk(x)Sk(z)(K(x,z) + 1). (10)

[13] , :

1 K1 K2 X × X ,

a ∈ R
+, f X ,

:

1) K(x, z) = K1(x, z) + K2(x,z),
2) K(x, z) = K1(x,z)K2(x,z),
3) K(x,z) = f(x)f(z).

(10) , Si(x) , K(x, z)
, K∗(x, z) . , (9)

K∗(x, z) LSSVM, LSSVM .

2
M∑

k=1

μA(k)(x) �= 0, γ = τ−1,

(9)(
Ω + γ−1e

)
α = Y , (11)

Ωij = Φ(xi)TΦ(xj). P Φ(xi)
(i = 1, 2, · · · , l) ,

P =
l∑

i=1

αiΦ(xi). (12)

M∑
k=1

μA(k)(x) �= 0, γ = τ−1,

(9)

L(P , e, α) =
1
2
P TP +

1
2
γ

l∑
i=1

e2
i −

l∑
i=1

αi(ei − yi + Φ(xi)TP ), (13)

α = (α1, α2, · · · , αl)T .

(13) :

∂L

∂P
= 0 → P =

l∑
i=1

αiΦ(xi), (14)

∂L

∂ei

= 0 → αi − γei = 0, (15)

∂L

∂αi

= 0 → ei − yi + Φ(xi)TP = 0. (16)

(14) (12). (14) (15)

(16) (9) (11).

.

2, (6)

(11). H = Ω + γ−1e, Hα = Y ,

K∗(x, z) , Ω , γ > 0,

(11).

2,

fk(x) .

3 α = (α1, · · · , αl)T

(11) , TS k

fk(x) :

fk(x) =
l∑

i=1

αiSk(xi)(K(xi, x) + 1). (17)

α = (α1, · · · , αl)T (11)

, 2, P =
l∑

i=1

αiΦ(xi),⎡
⎢⎣

p(1)′

...

p(M)′

⎤
⎥⎦ =

l∑
i=1

αi

⎡
⎢⎣

Φ1(xi)
...

ΦM(xi)

⎤
⎥⎦.

p(k)′ =
l∑

i=1

αiΦ
k(xi), 1 � k � M.

k ,

fk(x) = p(k)′T

[
ϕ(x)

1

]
=
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l∑
i=1

αi(φk(xi))T
[

ϕ(x)
1

]
=

l∑
i=1

αi(Sk(xi)ϕ(xi)T, Sk(xi))

[
ϕ(x)

1

]
=

l∑
i=1

αiSk(xi)(K(xi, x) + 1).

.

K(xi, x) ,

TS . K(xi, x) ,

. ,

K(xi, x) ,

, .

4 (Fuzzy systems

based on kernel mapping)
(12) (6), TS

f(x) =
l∑

i=1

αiK
∗(xi, x). (18)

KFCM

TS (KLSSVFS).

TS KFCM ,

LSSVM ,

zi = (xT
i , yi)T.

:

1 KLSSVFS.

1) , K .

2) FCM vk, k = 1, · · · , M .

3) KFCM ,

U = (uki);

[14], :

,

vk =

l∑
i=1

ukiK(zi, vk)zi

l∑
j=1

ukjK(zj, vk)
.

,

vk =

l∑
i=1

ukiKd−1(zi, vk)zi

(
l∑

j=1

ukj)Kd−1(vk, vk)
.

d .

4) U

μ
A

(k)
j

(x),

. μ
A

(k)
j

(x)

j , :

σ2
kj =

l∑
i=1

uki(xij − vkj)2

l∑
i=1

uki

.

5) (11), (9)

α.

6) f(x) =
l∑

i=1

αiK
∗(xi, x).

, 3 ,

KLSSVFS K∗ LSSVM.

5 (Simulation results)
Mackey-Glass

,

3

TS

. MATLAB

. FMID(fuzzy modeling and identification)

, GLS ,

FMID , SVM LIBSVM ,

LSSVM LSSVM . t--

, (adaptive-network-

based fuzzy inference system, ANFIS) KLSSVFS

.

RMSE(root-mean-square-error).

1 Mackey-Glass(MG)
[15]

dx

dt
=

a · x(t − τ)
1 + x10(t − τ)

− b · x(t),

4. 1000

, 500 , 500 .

KLSSVFS

. , :

γ = 100, M = 8.

1 KLSSVFS

MG ,

RMSE . KLSSVFS

: KFCM

. , (σ1, σ2), :

σ1 KFCM , σ2

. σ1 {2, 22, · · · , 29, 210}.

, MG , σ2 , σ2

[0.01, 10]. ,

(d1, d2), [1, 10]. 1

10-- . 1

, .
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1 MG KLSSVFS

Table 1 Experimental results of KLSSVFS on

MG systems

— 0.0308 0.0303

(2, 2) 0.0206 0.0206

(128, 0.1) 0.0022 0.0022

1 , KLSSVFS

. ,

K .

2 Gas-furnace

. Xu Lu[16], Wang Langari[17],

Sugeno[18] Li Yang[19] .

296 . : x(t) = (y(t − 1), u(t − 4)),

: y(t). Gas-furnace

, .

KLSSVFS : γ =200, σ1 =16, σ2 =0.01.

1(a) Gas-furnace RMSE

. 1(a) KLSSVFS

4 , ;

4 , . 1(b)

2 , KLSSVFS Gas-furnace

.

(a) KLSSVFS

(b) M = 2 KLSSVFS

1 KLSSVFS Gas-furnace

Fig. 1 Experimental result of KLSSVFS on Gas-furnace

data set

2 KLSSVFS 6

SVM, LSSVM , SVs

.

2

Table 2 Training errors of different methods

/SVs RMSE

Xu Lu 2 25 0.573

Wang Langari 2 5 0.397

Sugeno 3 6 0.435

Li Yang 2 2 0.401

FMID 2 4 0.337

ANFIS 2 4 0.351

SVM 2 289 0.363

LSSVM 2 — 0.352

KLSSVFS 2 2 0.008

2 : KLSSVFS 8

, .

, FMID ,

RMSE = 0.337, 4. SVM 10--

ε = 0.001, C = 64, σ = 4.

, RMSE = 0.363, 289. LSSVM

10-- γ = 5000, σ = 7.37,

RMSE = 0.352. KLSSVFS 2 ,

RMSE = 0.008. KLSSVFS

40 .

3 Stock Sunspots . Stock

, Sugeno Yasukawa[15]

,

. 100 , 10

. Sunspots

, ,

Box Jenkins[16]. 1700 1979

, 280 .

xn = (x(n − 1), x(n − 2), · · · , x(n − 12))T,

y(n) = x(n).

KLSSVFS .

,

10-- : 1) ,

10-- 10 ,

. , 9

, 1 . ,

10 ; 2) 10

10-- ,

RMSE; 3) 10 RMSE

RMSE, .

10-- 2 ,

, ,
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, . LSSVM

γ σ, LSSVM

. KLSSVFS σ1

1 , γ σ2 LSSVM .

: 2 10 1

, 10 FMID ANFIS,

RMSE. 10 RMSE

. KLSSVFS

.

2 3 KLSSVFS .

10-- 2 . ,

10 , / ,

. ,

RMSE .

FMID, ANFIS, LSSVM KLSSVFS RMSE.

2 Stock KLSSVFS 10--

Fig. 2 Result of stock price data set for ten-fold cross validation

3 sunspots KLSSVFS 10--

Fig. 3 Result of sunspots data set for ten-fold cross validation

2 : Stock , FMID ,

7 , KLSSVFS FMID;

ANFIS , 2, 7 , KLSSVFS

ANFIS; LSSVM , 2 , KLSS-

VFS . 2, 7 ,

KLSSVFS . 3 :

Sunspot , FMID , KLSSVFS

. ANFIS , 5 ,

KLSSVFS ANFIS. LSSVM ,

4 , KLSSVFS

LSSVM.

, : KLSSVFS

FMID ANFIS;

KLSSVFS LSSVM

.

3 10 /

RMSE. Stock , KLSSVFS

. Sunspots , KLSSVFS

FMID ANFIS, LSSVM . KLSSVFS

FMID ANFIS, LSSVM.

3 ,

( ).

Stock , KLSSVFS ;

Sunspots , KLSSVFS FMID ANFIS

, LSSVM . 10

KLSSVFS RMSE , .

, KLSSVFS FMID ANFIS.

3 ±
Table 3 Test errors ± standard deviation on real

data sets

Stock Sunspots

M RMSE M RMSE

FMID 3 11.557 ± 8.331 3 0.0824 ± 0.0292

ANFIS 4 11.611 ± 7.7999 2 0.0796 ± 0.0288

LSSVM – 7.198 ± 5.8228 – 0.0768 ± 0.0273

KLSSVFS 2 6.908±5.2622 2 0.0772±0.0280

4 . Stock ,

9 , 9 , 4

; Sunspots , 1

, 1 , 4

. 2 χ2 ,

.

4 4

.

4

Table 4 Test errors on noisy data sets

FMID ANFIS LSSVM KLSSVFS

Stock 6.7229 8.2786 5.2885 4.8801

Sunspot 3.9281 2.4318 2.1614 2.0260

5 LSSVM KLSSVFS

, 10--

. 4 , KLSSVFS

, Stock RMSE



5 : Takagi-Sugeno 687

= 4.8801, Sunspot RMSE = 2.026,

LSSVM , FMID ANFIS.

, KLSSVFS FMID,

ANFIS LSSVM.

5

Table 5 Parameters of experimental results

LSSVM KLSSVFS

Stock Sunspot Stock Sunspot

γ 2.6 0.95 2 0.62

19 18.5 (2,16) (8,16.8)

6 (Conclusions)
TS ,

TS .

TS ,

KFCM

TS . 4

, TS

.

,

3 .

LSSVM , ,

,

.
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(Appendix for mathemat-

ical notations)

xi: i ; yi: i ; n:

; l: ; M : ; A(k): k

; μ(·): ; fk(x): k

; U : ; p(k), p
(k)
0 : H1

k ; K(x, z): ; γ: LSSVM

; C: SVM .
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