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Abstract: Based on adaptive dynamic programming, a novel suboptimal control method for a class of nonlinear sin-

gularly perturbed systems is proposed. According to the slow/fast Hamilton-Jacobi-Bellman(HJB) equations, the initial

performances converge to the optimal performances by neural network approximation and the iteration between control

laws and performance indices. It avoids solving the complex HJB equations directly. The convergence of the algorithm is

proved and the obtained composite control is shown to be suboptimal. Simulation results demonstrate the effectiveness.
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2 (Problem description

and previous preparation)
:

ẋ1 = f11(x1) + f12(x1)x2 + g1(x1)u, (1a)

εẋ2 = f21(x1) + f22(x1)x2 + g2(x1)u. (1b)

: x1 ∈ R
n1 , x2 ∈ R

n2 , u ∈
R

m . 0 < ε � 1 .

fij gi , f11(0) = 0, f21(0) = 0,

(0, 0) . f22 x1

, Ω ⊂ R
n1+n2 .

(1)

:

J =
� ∞

0
(xTQx + uTRu)dt, (2)

: x = [x1 x2]T, Q = [C1 C2]T[C1 C2] � 0,

R > 0.

ε ,

.
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, (1)

.

, ε = 0, (1b)

x2s = −f−1
22 (x1s)f21(x1s) − f−1

22 (x1s)g2(x1s)us.

(3)

(3) (1a) ,

ẋ1s = Fs(x1s) + Gs(x1s)us, (4)

[C1 C2 ]

[
x1s

x2s

]
= p(x1s) + q(x1s)us, (5)

:

Fs(x1s) = f11(x1s) − f12(x1s)f−1
22 (x1s)f21(x1s),

Gs(x1s) = g1(x1s) − f12(x1s)f−1
22 (x1s)g2(x1s),

p(x1s) = C1x1s − C2f
−1
22 (x1s)f21(x1s),

q(x1s) = −C2f
−1
22 (x1s)g2(x1s).

,

Js =
� ∞

0
Ls(x1s, us)dt, (6)

Ls = pTp + 2pTqus + uT
s qTqus + uT

s Rus.

, u∗
s

J∗
s HJB :

0 =
∂J∗T

s

∂x1s

(Fs + Gsu
∗
s ) + Ls(x1s, u

∗
s ), (7)

u∗
s = −1

2
(
qTq + R

)−1
(GT

s

∂J∗
s

∂x1s

+ 2qTp). (8)

x2f = x2 − x2s, uf = u − us, x2s

, (1b),

εẋ2f = Ff(x1)x2f + Gf(x1)uf , (9)

Ff(x1) = f22(x1), Gf(x1) = g2(x1).

x1 .

Jf =
� ∞

0
Lf(x2f , uf)dt, (10)

Lf = xT
2fC

T
2 C2x2f + uT

f Ruf .

, u∗
f

J∗
f HJB :

0 =
∂J∗T

f

∂x2f

(Ff + Gfu
∗
f ) + Lf(x2f , u

∗
f ), (11)

u∗
f = −1

2
R−1GT

f

∂J∗
f

∂x2f

. (12)

u∗
s , u∗

f (1)

u∗
c = u∗

s + u∗
f . (13)

[1] , u∗

ε , u∗
c = u∗ + O(ε).

u∗
c . ,

(7)(11) , u∗
c

.

.

3 (Suboptimal con-

troller design)

.

3.1 (Algorithm design)
(4) (6),

J (0)
s , (8)

u(0)
s = −1

2
(qTq + R)−1(GT

s

∂J (0)
s

∂x1s

+ 2qTp), (14)

J (0)
s u(0)

s (4) .

u(0)
s , x0 (4)

x
(0)
1s (x0, ·). x

(0)
1s (x0, ·) u(0)

s

:

J (1)
s =

� ∞

0
Ls(x

(0)
1s (x0, t), u(0)

s )dt. (15)

, u(i)
s J (i+1)

s

(16) (17) :

u(i)
s = −1

2
(qTq + R)−1(GT

s

∂J (i)
s

∂x1s

+ 2qTp), (16)

J (i+1)
s =

� ∞

0
Ls(x

(i)
1s (x0, t), u(i)

s )dt. (17)

, (9) (10),

i J
(i)
f ,

u
(i)
f = −1

2
R−1GT

f

∂J
(i)
f

∂x2f

. (18)

,

x
(i)
2f (x0, ·), :

J
(i+1)
f =

� ∞

0
Lf(x

(i)
2f (x0, t), u

(i)
f )dt, (19)

, J (i)
s , J

(i)
f

J∗
s , J∗

f .

1 u(0)
s , u

(0)
f ,

i = 1, 2, · · · , (16) (18)

u(i)
s , u

(i)
f . i → ∞, J (i)

s → J∗
s ,
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J
(i)
f → J∗

f , u(i)
s → u∗

s , u
(i)
f → u∗

f .

.

, , u(0)
s . u(i)

s

, (17) HJB (20):

∂J (i+1)
s

∂x1s

T

(Fs + Gsu
(i)
s ) = −Ls(x1s, u

(i)
s ). (20)

x1s = x
(i+1)
1s (x0, ·),

∂J (i+1)
s

∂x1s

T

Fs(x
(i+1)
1s ) =

− ∂J (i+1)
s

∂x1s

T

Gs(x
(i+1)
1s )u(i)

s − Ls(x
(i+1)
1s , u(i)

s ). (21)

,

dJ (i+1)
s

dt
(x(i+1)

1s (x0, t)) =

∂J (i+1)
s

∂x1s

T

Fs(x
(i+1)
1s )+

∂J (i+1)
s

∂x1s

T

Gs(x
(i+1)
1s )u(i+1)

s =

− Ls(x
(i+1)
1s , u(i)

s ) − ∂J (i+1)
s

∂x1s

T

Gs(x
(i+1)
1s )u(i)

s +

∂J (i+1)
s

∂x1s

T

Gs(x
(i+1)
1s )u(i+1)

s =

− pT
[
I − q(qTq + R)−1qT

]
p−

1
4

∂J (i+1)
s

∂x1s

T

Gs(qTq + R)−1GT
s

∂J (i+1)
s

∂x1s

−
1
4
[
∂J (i+1)

s

∂x1s

− ∂J (i)
s

∂x1s

]TGs(qTq + R)−1GT
s ×

[
∂J (i+1)

s

∂x1s

− ∂J (i)
s

∂x1s

]. (22)

R > 0, Schur ,

qTq + R − qTq > 0⇔
[

I q

qT qTq+R

]
>0 ⇔

I − q(qTq + R)−1qT > 0.

(22) 1 0.

, x
(i+1)
1s (x0, t) �= 0,

dJ (i+1)
s

dt
(x(i+1)

1s (x0, t)) < 0.

J (i+1)
s Lyapunov , u(i+1)

s

.

, i = 1, 2, · · · , (16)

u(i)
s .

,

dJ (i+1)
s

dt
(x(i)

1s (x0, t)) =

pTq(qTq + R)−1(GT
s

∂J (i)
s

∂x
+ 2qTp)−

pTp − 1
4
(GT

s

∂J (i)
s

∂x
+ 2qTp)T (qTq + R)−1×

(GT
s

∂J (i)
s

∂x
+ 2qTp). (23)

(22),

d
dt

[J (i+1)
s − J (i)

s ](x(i)
1s (x0, t)) =

1
4
[
∂J (i)

s

∂x
− ∂J (i−1)

s

∂x
]TGs(qTq + R)−1GT

s ×

[
∂J (i)

s

∂x
− ∂J (i−1)

s

∂x
] > 0. (24)

x
(i)
1s (x0, t) 0, J (i+1)

s − J (i)
s

0, (24), J (i+1)
s < J (i)

s .

, {J (i)
s }∞0 , J∗

s .

{J (i)
s }∞0 . J (∞)

s , J (∞)
s

HJB (20).

∂J (∞)
s

∂x1s

T

(Fs + Gsu
(∞)
s ) = −Ls(x1s, u

(∞)
s ), (25)

HJB (7). ,

J (∞)
s = J∗

s . u(∞)
s = u∗

s .

,

(18)(19) . .

3.2 (Neural network approximation)
i

J (i)
s

[7∼9]:

J (i)
s = W (i)T

s Φs(x1s), (26)

: W (i)
s = [w(i)

s1 w
(i)
s2 · · · w

(i)
sNs

]T

, Φs(x1s) = [φs1 φs2 · · · φsNs ]T

, {φsi(x1s)}Ns

1 , Ns

.

, J
(i)
f = W

(i)T
f Φf(x1, x2f), W

(i)
f ,

Φf , Nf .

i+1 J (i+1)
s ,

x
(i)
1s (x0, ·) rs � Ns x

(i)
j =

x
(i)
1s (x0, tj)(j = 1, 2, · · · , rs),

J (i+1)
s (x(i)

j ):

J (i+1)
s (x(i)

j ) =
� ∞

tj

Ls(x
(i)
1s (x0, t), u(i)

s )dt. (27)

W (i+1)
s J (i+1)

s (x(i)
j ) = W (i+1)T

s Φs(x
(i)
j )

x
(i)
j , :

Γs = ΨsW
(i+1)
s , (28)

:

Γs = [J (i+1)
s (x(i)

1 ) · · · J (i+1)
s (x(i)

rs
)]T,

Ψs = [Φs(x
(i)
1 ) · · · Φs(x(i)

rs
)]T.

, W (i+1)
s :
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W (i+1)
s =

(
ΨT

s Ψs

)−1
ΨT

s Γs. (29)

u(i+1)
s =

− 1
2
(qTq + R)−1(GT

s

∂ΦT
s

∂x1s

W (i+1)
s + 2qTp). (30)

(9), i x
(i)
2f (x0, ·)

rf � Nf x
(i)
k = x

(i)
2f (x0, tk)(k =

1, 2, · · · , rf),

J
(i+1)
f (x(i)

k ) =
� ∞

tk

Lf(x
(i)
2f (x0, t), u

(i)
f )dt. (31)

(32) W
(i+1)
f J

(i+1)
f :

W
(i+1)
f =

(
ΨT

f Ψf

)−1
ΨT

f Γf , (32)

:

Γf = [J (i+1)
f (x(i)

1 ) · · · J
(i+1)
f (x(i)

rf
)]T,

Ψf = [Φf(x
(i)
1 ) · · · Φf(x(i)

rf
)]T,

u
(i+1)
f :

u
(i+1)
f = −1

2
R−1GT

f

∂ΦT
f

∂x2f

W
(i+1)
f . (33)

,

.

1 1) J (0)
s , J

(0)
f ,

u(0)
s , u

(0)
f .

2) u(i)
s , u

(i)
f (i = 1, 2, · · · )

x0 , x
(i)
1s (x0, ·), x(i)

2f (x0, ·).

3) J (i+1)
s , J

(i+1)
f .

,

J (i+1)
s (x(i)

j ), J (i+1)
f (x(i)

k ). (29)(32)

W (i+1)
s ,W

(i+1)
f , (30)(33) u(i+1)

s ,

u
(i+1)
f .

4) ‖W (i+1)
s −W (i)

s ‖�βs, ‖W (i+1)
f −W

(i)
f ‖

�βf , . , i = i + 1 2).

1 (29)(32) ,

x
(i)
j , x

(i)
k

[8].

2 1 , u
(0)
s , u

(0)
f

u
(i)
s , u

(i)
f .

1 .

3 Φ

. ,
N/2P

j=1
(
n/2P

k=1
xk)2j

[10].

, , u(∞)
c = u(∞)

s +
u

(∞)
f . 2 u(∞)

c .

2 α, Ns, Nf

u(∞)
c ‖u(∞)

c − u∗‖ � α.

1 , Ns, Nf ,

i → ∞, u(i)
s → u∗

s , u
(i)
f → u∗

f , ∀αs, αf ,∃i,

‖u(i)
s − u∗

s‖ � αs, ‖u(i)
f − u∗

f ‖ � αf .

, ε α − |O(ε)| > 0,

‖u(∞)
c − u∗

c‖ � α − |O(ε)| , ∀α. ,

‖u(∞)
c − u∗‖ = ‖u(∞)

c − u∗
c + u∗

c − u∗‖ �
‖u(∞)

c − u∗
c‖ + ‖u∗

c − u∗‖ �
α − |O(ε)| + |O(ε)| = α.

.

4 (Simulation research)
:[

ẋ1

εẋ2

]
=

[
−x1 + x2

− sin x1 − x2

]
+

[
0
1

]
u, (34)

ε = 0.01. u (2)

, Q = 2I2, R = 1.

(26)

,

Φs = [x2
1s x4

1s x6
1s x8

1s]
T, Φf = x2

2f .

Ws = [0 0 0 0]T, Wf = 0,

u(0)
s , u

(0)
f .

(27)(31), J (1)
s , J

(1)
f ,

(29)(32) W (1)
s ,W

(1)
f .

W ∗
s = [0.8917 − 0.0181 0 0]T,

W ∗
f = 0.7258.

(30) (33)

, ,

1∼3 . 1, 2

.

, ,

. 3

.

.

(a)
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(b)

1

Fig. 1 State and input trajectories of slow system at

different iteration times

(a)

(b)

2

Fig. 2 State and input trajectories of fast system at

different iteration times

(a)

(b)

(c)

3

Fig. 3 States and input trajectories with

composite control

5 (Conclusion)

. ,

,

HJB ,

. ,

. .
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