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Gait control based on energy-efficiency optimization for biped robots
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Abstract: A gait control based on energy-efficiency optimization is proposed for solving the fatal problem of high energy

consumption in practical application of biped robots. A strategy of energy consumption estimation(ECE) and an algorithm

of energy-efficiency optimization are proposed based on three important indices of energy consumption for biped locomo-

tion average mechanical power, mean power derivation and mean torque consumption. Controlling the gait of the robot

along the trunk trajectory which corresponds to the minimal energy consumption in the zero moment point(ZMP) stability

domain, we obtain the energy-efficiency gait guaranteeing the ZMP criterion. Simulation results show the validity of the

method.
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; 2) ,

; 3)

,
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2 (Model of biped robots)
2.1 (The dynamic of

biped robots)
,

:

M(Θ)Θ̈ + C(Θ, Θ̇)Θ̇ + G(Θ) = τ, (1)

: Θ = (θ1, · · · , θn) ∈ R
n , M(Θ) ∈

R
n×n , C(Θ, Θ̇) ∈ R

n / ,

G(Θ) , τ .

, [10]

[11] [12∼15] [16∼18]

. ,

,

τ = M̂(Θ)(Θ̈d +Kvė+Kpe)+ Ĉ(Θ, Θ̇)Θ̇ + Ĝ(Θ),
(2)

: ∧ , e = Θd −Θ, ė = Θ̇d − Θ̇,

Θd, Θ̇d, Θ̈d , Kp Kv

.

; y

; z ; x

.

2.2 ZMP (ZMP of biped

robots)
ZMP Vukobratovic Juri-

cic

. ZMP

,

. :

ZMP,

ZMP [19].

ZMP , ZMP

xzmp =
∑

mi[(z̈i + g)xi − ẍizi]∑
mi(z̈i + g)

, (3)

yzmp =
∑

mi[(z̈i + g)yi − ÿizi]∑
mi(z̈i + g)

. (4)

: mi , ẍi, ÿi, z̈i

x, y, z . g ,

g = 9.8m/s2.

,

ZMP .

3 (Gait con-

trol based on energy-efficiency optimization)
,

.

,

.

3 .

,

,

,
[20]. ZMP

, ZMP

.

,

. (

),

, ZMP

,

, ZMP

.

3.1 ZMP (Fuzzy ZMP tuning)

, ZMP

, .

ZMP , ZMP

.

ZMP

:

ZMP . ZMP

, :

yankle y′
ankle , ZMP

; yhip

y′
hip , ZMP .

,

eankle ehip ,

eankle = y′
ankle

− yankle , (5)

ehip = y′
hip

− yhip , (6)

ZMP ŷzmp.

.

i :

Rule i : If eankle is A1,i and ehip is A2,i
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Then ŷzmp is Bi. (7)

: eankle ehip

, ŷzmp

ZMP .

μ
Ai

(e) = μ
A1,i

(eankle) + μ
A2,i

(ehip), (8)

μ
A→B

(e, ŷzmp) = μ
A
(e)μ

B
(ŷzmp), (9)

μ
B

′(ŷzmp)= Imax
i=1

[sup
e∈U

(μ
A′ (e)

J∏
j=1

μAj,i
(e)μ

B
(ŷzmp)].

(10)

: + s-- , s--

. A→B If--Then If <A> Then<B>,

μ(·) . Aj,i(j =1, · · · ,
−
J) Bi(i= 1, · · · ,

I) ,
−
J

, I . U e ,

A′, B′ .

ZMP ŷzmp.

ZMP (4) :

mtrunk
¨̂ytrunk ẑtrunk − mtrunkgŷtrunk =

n∑
i=1

mi(z̈i + g)yi −
n∑

i=1

miÿizi +

ŷzmp{−mtrunkg −
n∑

i=1

mi(z̈i + g)}, (11)

: ŷzmp ZMP y . mtrunk

, ŷtrunk ẑtrunk y

z , ¨̂ytrunk y ,

mi, yi, ÿi(i = 1, · · · , n) n

, g =
9.8m/s2. , ,

¨̂ztrunk = ˙̂ztrunk = 0,

, Runge-Kutta , (11)

ŷtrunk, ZMP

.

3.2 (ECE of the trunk)
, ZMP

. ,

,

.

, :

;

,

.

1) .

.

mtrunk (ytrunk, ztrunk),

rtrunk,

mtrunk ytrunk ŷtrunk

T ,

ˆ̇
θtrunk =

ŷtrunk − ytrunk

rtrunkT
. (12)

. ZMP

ŷtrunk,

τ̂trunk.

, :

D-H , D-H
0An(ŷtrunk),

0A1(θ1)1A2(θ2) · · ·n−1An(θn) = 0An. (13)

(13) θi(i=1, · · · , n). Θ = [θ1 · · ·
θtrunk · · · θn]T .

,

τ̂trunk(ŷtrunk) =

M̂(θtrunk)(θ̈d
trunk + Kvėtrunk + Kpetrunk) +

Ĉ(θtrunk, θ̇trunk) · θ̇trunk + Ĝ(θtrunk), (14)

: ˆ . etrunk = θd
trunk − θtrunk,

ėtrunk = θ̇d
trunk − θ̇trunk, θd

trunk, θ̇d
trunk, θ̈d

trunk

, Kp Kv

.

2) .

,

P trunk
av (t) Dtrunk

av (t)
Ltrunk

e (t) 3 [21]. ,

,

.

, ,

i j,

:

:

Pav(t) =
1
T

∑
i,j

� T

0
|τij(t)θ̇ij(t)|dt; (15)

:

Dav(t) =
√

1
T

� T

0
(Pi − Pav)2dt; (16)

:

Le(t) =
1
T

� T

0
[τ(t)]2dt. (17)

: τij(t) , θ̇ij(t) ,
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Pi(t) =
∑
i,j

τij(t)θ̇ij(t). (18)

3 ,

Êtrunk = P trunk
av (t) + Dtrunk

av (t) + Ltrunk
e (t). (19)

: P trunk
av (t), Dtrunk

av (t), Ltrunk
e (t)

. (15)∼(18) (19)

:

Êtrunk = P trunk
av (t) + Dtrunk

av (t) + Ltrunk
e (t) =

1
T

� T

0
|τ̂trunk(t)

ˆ̇
θtrunk|dt +√

1
T

� T

0
[Q− 1

T

� T

0
|Q|dt]2dt+

1
T

� T

0
[τ̂trunk(t)]2dt.

(20)

Q = τ̂trunk(t)
ˆ̇
θtrunk(t),

ˆ̇
θtrunk(t) ytrunk

ŷtrunk T ,

τ̂trunk(t) ŷtrunk

.

Êtrunk

, ,

:

Êtrunk = f(ˆ̇θtrunk, τ̂trunk) = g(ŷtrunk, ytrunk), (21)

f(·) g(·)
. (12)∼(14)(20) (21) f(·)

g(·) . Êtrunk

ŷtrunk ytrunk . ymin
trunk =

argmin{Êtrunk(ŷtrunk, ytrunk)}, ymin
trunk

Êtrunk . ,

ymin
trunk ZMP . ,

,

.

3.3 (Iterative optimiza-

tion based on ECE)
ZMP ,

.

1) .

. (21),

:{
min Êtrunk =f(ˆ̇θtrunk, τ̂trunk)=g(ŷtrunk, ytrunk),

s.t. ŷtrunk ∈ (ŷ
trunk

, ŷtrunk).
(22)

: min Êtrunk = f(ˆ̇θtrunk, τ̂trunk) = g(ŷtrunk,

ytrunk) , ŷtrunk ∈ (ŷ
trunk

, ŷtrunk)
. ŷ

trunk
ŷtrunk

ŷtrunk ,

,

. ytrunk ,

ytrunk, ŷtrunk

Êtrunk .

{
min Êtrunk = h(ŷtrunk),
s.t. ŷtrunk ∈ (ŷ

trunk
, ŷtrunk),

(23)

Êtrunk = h(ŷtrunk)
(ŷ

trunk
, ŷtrunk) ,

yd
trunk .

2) .

, :

,

. :

. ,

ZMP , ZMP

.

. ,

, ,

.

,

dankle-heel,

dankle-toe,

, dankle-toe > dankle-heel. ZMP ,

ŷzmp ∈ (ŷ
zmp

, ŷzmp) = (−dankle-heel, dankle-toe),
(24)

: ŷ
zmp

ŷzmp ZMP y

. ŷ
zmp

= −dankle-heel, ŷzmp

= dankle-toe, ZMP

. (24)

(4) ZMP , ŷtrunk

ŷ
trunk

ŷtrunk,

ŷtrunk ∈ (ŷ
trunk

, ŷtrunk). (25)

:

1 .

,

ŷtrunk(0) = ŷtrunk. (26)
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2 a(n). a(n)
, (ŷ

trunk
, ŷtrunk) M + 1

ŷtrunk(n), n = 0, · · · , k, · · · ,M . M

. M , ,

, .

,

M ;⎧⎪⎨
⎪⎩

ŷtrunk(n + 1) = ŷtrunk(n) + a(n),

a(n) = n
ŷtrunk − ŷ

trunk

M
, n = 0, · · · , k, · · · ,M.

(27)

3 . (20)

ΔE = Êtrunk(n + 1) − Êtrunk(n).

4

⎧⎪⎨
⎪⎩

ŷtrunk(n + 1) = ŷtrunk(n) − sgn(ΔE)a(n),

a(n) = n
ŷtrunk − ŷ

trunk

M
, n = 0, · · · , k, · · · ,M.

(28)

5 . ŷtrunk(n) ∈
(ŷ

trunk
, ŷtrunk). , 4; ,

.

6 .

n = k− 1 , ŷtrunk

yd
trunk,

yd
trunk = argmin{Êtrunk(ŷtrunk(n))}. (29)

, ZMP ,

,

, ZMP

.

4 (Simulation)
4.1 (Gait planning)

.

. ,

; , .

Tc, Tc = 1 s.

.

1) 1( ) .

1 100%,

:

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ya(k) =
a

π
{ 2π

N + 1
k − sin(

2π

N + 1
k)},

za(k) =
d

π
{1 − cos(

2π

N + 1
k},

yh(k) =
1
2
ya(k) +

a

2
,

zh(k) =
1
2
za(k) + r1 + r2 − d

2
.

(30)

: yh , zh , ya, za

, a , d .

N +1, k .

r1 r2.

2) 2( ) .

2 80%,

1 .

, ,

:

qleft =

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

q(t
B
− t)6

t6B
, t ∈ (0, tA],

q(tB − t)6

t6B
, t ∈ (tA, tB],

0, t ∈ (tB, tC ],
0, t ∈ (tC , tD].

(31)

qright =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

0, t ∈ (0, tA],

−qtoe(t − tA)6

(tC − tA)6
, t ∈ (tA, tB],

−qtoe(t − tA)6

(tC − tA)6
, t ∈ (tB, tC ],

a0qR + a1qR + a2qRt2 + a3qRt3+
a4qRt4 + a5qRt5, t ∈ (tC , tD].

(32)

: qleft, qright ,

qheel, qtoe

. , 0 , tA

, tB tD ; ,

0 , tA

, tB , tC , tD

.

2 3 .

, 1 0.5 m, 0.1 m; 2

0.6 m, 0.1 m; 3 0.7 m,

0.1 m.

4.2 (Analysis and comparison of

the performance)
PID PID+

.
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, 3 1 2

3. (30)(31) (32) 2 ,

3

. 3 ( 0.5 m, 0.1 m;

0.6 m, 0.1 m; 0.7 m, 0.1 m) ,

1( ) 2( ) 3

. 1 2 0.5 m,

0.1 m . , 1

, 2 3

, ZMP .

,

.

0.5 m, 0.1 m ,

3 4.

1 1 3

Fig. 1 Walking simulation based on the planed gait 1 with three control methods respectively

2 2 3

Fig. 2 Walking simulation based on the planed gait 2 with three control methods respectively

3 1 3

Fig. 3 Energy consumption simulation based on the planed gait 1 with three control methods respectively
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4 2 3

Fig. 4 Energy consumption simulation based on the planed gait 2 with three control methods respectively

(15) 3 4

(a) , (20)

3 4 (c) , (b)

(Tc = 1 s) . ,

. 1 2 , 3

. 3

1 .

1 , 3 1 ,

75% ; 3 2 ,

50% ,

.

77%,

,

.

1 3

Table 1 Data of energy consumption simulation based on the different gait with three control methods

1( × )/m 2( × )/m

0.5 × 0.1 0.6 × 0.1 0.7 × 0.1 0.5 × 0.1 0.6 × 0.1 0.7 × 0.1

1 2.400 2.640 3.137 1.706 2.071 2.561

2 /J 1.151 1.256 1.589 0.850 0.967 1.283

3 0.574 0.628 0.796 0.423 0.481 0.656

3 1 76.0 76.2 74.6 75.2 76.8 74.4

3 2
/%

50.1 50.0 49.9 50.2 50.3 48.9

5 (Conclusion)

.

,

,

,

.

.
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