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Adaptive fuzzy predictive control for
unknown multivariable nonlinear systems
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Abstract: We present a direct adaptive fuzzy predictive control method for a class of unknown multivariable nonlinear

systems. In this method, the plant is represented by a predictive model consisting of a linear time-varying submodel and a

nonlinear submodel; the vector composed of fuzzy logic systems is used to design the predictive controller directly. The

unknown vector in the controller and the unknown matrix in estimates of the generalized error are adjusted based on the

time-varying function of dead-zone. It is proved that the proposed method can make the estimates of the generalized error

vector converge to a neighborhood of the origin.
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2 (Predictive model

and predictive control law)
:

y(t) = F [y(t − 1), · · · ,y(t − n),

u(t − 1), · · · ,u(t − m)], (1)

: y(t) = [y1(t) y2(t) · · · yk1(t)]T, u(t) =
[u1(t) u2(t) · · · uk2(t)]T

, n m , .

F [·] = [f1[·] · · · fk1 [·]]T
. (1), :

1 (1) Lipschitz ,

t Δu(t) �= 0 ||Δy(t+1)|| � L||Δu(t)||,
L , Δ = diag{1 − z−1}

.

:

J =
N∑

j=1

||y(t + j) − yr(t + j)||2 +

Nu∑
j=1

||Δu(t + j − 1)||2Λ, (2)

: ||x||2Λ = xTΛx, Λ = diag{λ1, · · · , λk2},
yr(t) k1 × 1 , N

, Nu , Λ , j =
Nu, · · · , N , Δu(t + j) = 0.

Ii(t) = {yi(t), · · · , yi(t − n + 1)}(i =
1, · · · , k1), Jl(t) = {ul(t−1), · · · , ul(t−m+1)}(l =
1, · · · , k2), m � 2 , (1) yi(t)

yi(t + 1) = fi[I1(t), · · · , Ik1(t), u1(t),

J1(t), · · · , uk2(t), Jk2(t)]. (3)

fi[·] ,

yi(t + 1) = [a1
i1(t), · · · , a1

ik2
(t)]Δu(t) + Fi1(X(t)),

(4)

: a1
il(t) fi[·] ul(t)

∂fi

∂ul(t)
ul(t−

1) ul(t) ,

X(t) = [I1(t) · · · Ik1(t) J1(t) · · · Jk2(t)]
T,

Fi1(X(t)) = fi[I1(t) · · · Ik1(t) u1(t − 1)

J1(t) · · · uk2(t − 1) Jk2(t)].

, t + j − r = tjr, ,

j(� 2)

yi(t + j) =
j−1∑
r=1

[ar
i1(tjr) · · · ar

ik2
(tjr)]Δu(tjr) +

fi(j−1)[I1(t) · · · Ik1(t), u1(t),

J1(t) · · · uk2(t) Jk2(t)], (5)

fi(j−1)[·] (3) yi(t+1) Fi(j−1)(X(t
+ j − 1)) .

yi(t + j) =
j∑

r=1

[ar
i1(tjr) · · · ar

ik2
(tjr)]Δu(tjr) +

Fij(X(t)), (6)

: aj
il(t) fi(j−1)[·] ul(t)

∂fi(j−1)

∂ul(t)
ul(t − 1) ul(t) , Fij(X(t)) =

fi(j−1)[I1(t) · · · Ik1(t) u1(t−1) J1(t) · · · uk2(t−
1) Jk2(t)]. (6)

y(t + j) =
j∑

r=1

Arj(tjr)Δu(tjr) + Hj(X(t)), (7)

:

Arj(tjr) =

⎡
⎢⎣

ar
11(tjr) · · · ar

1k2
(tjr)

... · · · ...

ar
k21

(tjr) · · · ar
k2k2

(tjr)

⎤
⎥⎦ ,

Hj(tjr) =

⎡
⎢⎣

F1j(X(t))
...

Fk1j(X(t))

⎤
⎥⎦ .

(7)

Y = G(t)U + F, (8)

:

G(t) =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

A11

A22 A12

...
...

. . .

ANuNu ANu−1Nu · · · A1Nu

...
...

. . .

ANN AN−1N · · · AN−Nu+1N

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

Y =

⎡
⎢⎢⎢⎢⎣

y(t + 1)
y(t + 2)

...

y(t + N)

⎤
⎥⎥⎥⎥⎦ , U =

⎡
⎢⎢⎢⎢⎣

Δu(t)
Δu(t + 1)

...

Δu(t + Nu − 1)

⎤
⎥⎥⎥⎥⎦ ,

F =

⎡
⎢⎢⎢⎢⎣

H1(X(t))
H2(X(t))

...

HN(X(t))

⎤
⎥⎥⎥⎥⎦ .

G(t) , 1 t , 2

t + 1 , Nu t + Nu − 1 .
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m = 1 , (8) ,

X(t) =

[I1(t) · · · Ik1(t) u1(t − 1) · · · uk2(t − 1)]T.

(8) (1) ,

.

Yr = [yT
r (t+1) yT

r (t+2) · · · yT
r (t+N)]T,

(2)

J = ||Y − Yr||2 + ||U ||2Γ , (9)

Γ = diag{Λ}. (8) (9) J

U = (GT(t)G(t) + Γ )−1GT(t)[Yr − F ]. (10)

P T(t) = (plh1)(h1 = 1, · · · , k1 × N)

(GT(t)G(t) + Γ )−1GT(t) k2 ,

,

Δu(t) = P T(t)[Yr − F ], (11)

u(t) = u(t − 1) + Δu(t). (12)

:

1

Eg(t + N) = P T(t)(Y − Yr) + QT(t)ΓU, (13)

: QT(t) = (qlh2)(h2 = 1, · · · , k2 × Nu)
(GT(t)G(t) + Γ )−1 k2 , Eg(t + N) = 0

Δu(t) (11) . .

3 (Design

of direct adaptive fuzzy predictive controller)
(1) ,

(11) ,

y = θTξ(x) (10)

, :

U =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

θT
11ξ11(X(t))

...

θT
1k2

ξ1k2(X(t))
...

θT
Nu1ξNu1(X(t))

...

θT
Nuk2

ξNuk2(X(t))

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (14)

, (14) k2

:

Δu(t) = ΞT(X(t))Θ, (15)

u(t) = u(t − 1) + Δu(t), (16)

:

ΞT(∗) =

⎡
⎢⎣

ξT
11(∗)

. . .

ξT
1k2

(∗)

⎤
⎥⎦ , Θ =

⎡
⎢⎣

θ11

...

θ1k2

⎤
⎥⎦ .

(15)

Θ(t) .

[19] , ,

. L(t) = [L0(t) L1(t) · · · Ls(t)]T

, (13) plh1(t) qlh2(t)

plh1(t) =
S∑

s=0

alh1sLs(t) + εplh1(t), (17)

qlh2(t) =
S∑

s=0

blh2sLs(t) + εqlh2(t), (18)

: alh1s blh2s , εplh1(t) εqlh2(t)
.

A =⎡
⎢⎣

a110 · · · a11S · · · a1(k1×N)0 · · · a1(k1×N)S

...
...

...
...

ak210 · · · ak21S · · · ak2(k1×N)0 · · · ak2(k1×N)S

⎤
⎥⎦ ,

B =⎡
⎢⎣

b110 · · · b11S · · · b1(k2×Nu)0 · · · b1(k2×Nu)S

...
...

...
...

bk210 · · · bk21S · · · bk2(k2×Nu)0 · · · bk2(k2×Nu)S

⎤
⎥⎦ ,

M=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

y(t−N+1)−yr(t−N+1)
...

y(t) − yr(t)
...

ΛΔu(t − N)
...

ΛΔu(t − N + Nu − 1)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, L=

⎡
⎢⎣

L0(t)
...

LS(t)

⎤
⎥⎦ .

(17) (18) (13)

Eg(t) = Θ̄T
abZ(t − N) + ωE(t − N), (19)

:

Θ̄T
ab =

[
A

B

]
, Z(t − N) =

⎡
⎢⎣

L
. . .

L

⎤
⎥⎦ M,

ωE(t − N) = [(εplh1(t − N))l×h1

(εqlh2(t − N))l×h2 ]Z(t − N).

P T(t)G(t)U + QT(t)ΓU = ΞT(X(t))Θ,
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(14) (8), (13)

Eg(t + N) = ΞT(X(t))Θ − P T(t)(Yr − F ).

(20)

Θ∗ =

arg min
Θ∈Ω

{sup ||ΞT(X(t))Θ − PT(t)[Yr − F ]||},

: Ω̄ Θ , Φ = Θ − Θ∗,
ω(t) = ΞT(X(t))Θ∗−PT(t)[Yr−F ],

(20) t :

Eg(t) = ΞT(X(t − N))Φ(t − N) + ω(t − N).

(21)

, 1 ,

(11) Eg(t + N) = 0,

Eg(t) Θ(t)
, {||Eg(t)||} ,

.

, (19) , Eg(t) ,

Êg(t)
Θ(t) ,

{||Êg(t)||} .

Êg(t)

Êg(t) = ΘT
ab(t − N)Z(t − N), (22)

Θab(t) Θ̄ab . (19)(21) (22)

Êg(t) = ΞT(X(t − N))Φ(t − N) +

ΦT
ab(t − N)Z(t − N) + Ω(t − N), (23)

:

Φab(t) = Θab(t) − Θ̄ab,

Ω(t − N) = ω(t − N) − ωE(t − N).

[4]

[19] Ω(t)
, :

2 t > 0, Ω(t) .

|Ω(t−N)| � ρ∗, ρ∗

, ρ(t) .

(23) ,

EΔ(t)
,

EΔ(t) = ||Êg(t)|| − ρ(t − N)Sat, (24)

Sat =

⎧⎨
⎩

1, ||Êg(t)|| > ρ(t − N),
||Êg(t)||
ρ(t − N)

, ||Êg(t)|| � ρ(t − N).

Θ(t), Θab(t)
ρ(t):

Θ(t) =

Θ(t − N) −
αΞ(X(t − N))Êg(t)EΔ(t)

(1 + ||Z(t − N)||)2(EΔ(t) + ρ(t − N))
, (25)

Θab(t) =

Θab(t − N) −
βZ(t − N)ÊT

g (t)EΔ(t)
(1 + ||Z(t − N)||)2(EΔ(t) + ρ(t − N))

, (26)

ρ(t) = ρ(t − N) +
γEΔ(t)

(1 + ||Z(t − N)||)2 . (27)

α, β γ .

, :

1 (1),

(15)(16),

(25)∼(27), α > 0, β > 0, γ > 0 α+β+γ <

2 , ||Êg(t)|| .

Ξ̄(X(t))=
Ξ(X(t))

1 + ||Z(t)|| , Z̄(X(t))=
Z(t)

1 + ||Z(t)|| ,

¯̂
Eg(t) =

Êg(t)
1 + ||Z(t − N)‖ , ρ∗ − ρ(t) = ρ(t).

V (t) =
1
α

ΦT(t)Φ(t) +
1
β

tr(ΦT
ab(t)Φab(t)) +

1
γ

ρ̄T(t)ρ̄(t). (28)

V (t) − V (t − N) = ΔV (t), ||Êg(t)|| � ρ(t −
N) EΔ(t) = 0, ΔV (t) = 0,

||Êg(t)|| > ρ(t − N) , (24)

||Êg(t)|| = EΔ(t) + ρ(t − N). (29)

(25)∼(27)

ΔV (t) =

−2 ¯̂
ET

g (t)(Ξ̄T(X(t − N)Φ(t − N) +

ΦT
ab(t − N)Z̄(t − N))

EΔ(t)
EΔ(t) + ρ(t − N)

+

¯̂
E

T

g (t)(αΞ̄T(X(t − N))Ξ̄(X(t − N)) +

β||Z̄(t − N)||2I) ¯̂
Eg(t)

E2
Δ(t)

(EΔ(t) + ρ(t − N))2
−

2ρ(t − N)EΔ(t)
(1 + ||Z(t − N)||)2 +

γE2
Δ(t)

(1 + ||Z(t − N)||)4 , (30)
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I . (23)

Ξ̄T(X(t−N))Φ(t−N)+ΦT
ab(t−N)Z̄(t−N) =

¯̂
Eg(t) − Ω(t − N). (31)

(31) (30) (29)

ΔV (t) � −Γ
E2

Δ(t)
(1 + ||Z(t − N)||)2 , (32)

Γ = 2 − α − β − γ. α + β + γ < 2,

ΔV (t) � 0. (33)

(33) V (t), ||Θ(t)||, ||Θab(t)|| ρ(t)
. (32)

V (t) � V (t − N) − Γ
E2

Δ(t)
(1 + ||Z(t − N)||)2 . (34)

(34), t N l ,

lim
t→∞

Γ
E2

Δ(t)
(1 + ||Z(t − N)||)2 = 0. (35)

, t > 0,

||ξ1i(X(t))|| < 1, (15) , ||Δu(t)|| ,

||u(t)|| =

||Δu(t) + Δu(t − 1) + · · · + Δu(1) + u(0)||,
||u(t)|| . 1 ||y(t + 1)|| .

{||u(t)||} {||y(t)||} , ||Z(t)||
, (36) lim

t→∞
EΔ(t) = 0. (24) , t →

∞ , ||Êg(t)|| � ρ(t − N). , ||Êg(t)||
.

1 ρ(t) ρ(0), · · · , ρ(−N +1) ,

(27) ρ(t) .

, :

N, Nu, λ1, λ2, α, β, γ

, ,

:

Step 1 (22)

Êg(t);

Step 2 (24) EΔ(t);

Step 3 (25)(26) (27) Θ(t), Θab(t)
ρ(t);

Step 4 (16) u(t),

(1);

Step 5 , ;

t = t + 1, Step 1.

2 Θab(t), ρ(t) ,

β, γ. FLS ρ(t) ,

γ.

4 (Simulation)
,

[20][
q̈1

q̈2

]
=

[
M11 M12

M21 M22

]−1 {[
u1

u2

]
−

[
−hq̇2 − h(q̇1 + q̇2)
hq̇1 0

][
q̇1

q̇2

]}
,

M11,M12,M21,M22, h [20].

y = [y1 y2]T = [q1 q2]T,

u = [u1 u2]T. yr1(t), yr2(t) yr1(t) =
sin t, yr2(t) = cos t.

, y1(t),
y2(t), ẏ1(t), ẏ2(t) u1(t−1), u2(t−1)

, [16]: ȳ1(t)=
y1(t)

|y1(t)|+1
,

y1(t), ȳ1(t) ∈ (−1, 1). y2(t)
. , f̂(X(t)|θ1i) ,

X(t)=[ȳ1(t) ȳ2(t) ¯̇y1(t) ¯̇y2(t) ū1(t−1) ū2(t−1)]T,

μ1 = exp(−(
x + 1
0.7

)2), μ2 =

exp(−(
x

0.7
)2), μ3 = exp(−(

x − 1
0.7

)2). Fourier

[19] L(t) = [1, sin(πt/0.5), cos(πt/0.5)]T

.

: N = 2, Nu = 1, λ1 = 0.1, λ2 =
0.1, 0.01. y(−1) =
[0 0]T, y(0) = [0.8 0.6]T, ẏ(−1) = ẏ(0) = [0 0]T.

α = 1.5, β = 0.1, γ = 0.01.

Θ(−1), Θ(0) [–2, 2] ,

ΘT
ab(−1), ΘT

ab(0) , 24

[1, 3] , 6 [–0.1,

0.1] . ρ(−1) = 0.01, ρ(0) = 0.01.

1 y1(t) yr1(t) ,

2 y2(t) yr2(t) ,

,

.

1 yr1(t) y1(t)

Fig. 1 Reference sequence yr1(t) and output y1(t)
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2 yr2(t) y2(t)

Fig. 2 Reference sequence yr2(t) and output y2(t)

5 (Conclusion)

,

: 1)

; 2)

,

; 3)

,

, .
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