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Numerical simulation and behavior analysis of

stochastic nonlinear dynamic systems
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Abstract: This paper investigates the numerical simulation and behavior of nonlinear dynamic systems with random
parameters or state-dependent noise, and proposes an iterative integral formula to calculate the numerical solutions set of
stochastic nonlinear dynamic systems(SNDSs) based on Monte-Carlo simulation scheme and numerical integration method.
The evaluation of the algorithm errors is also presented. For analyzing the behavior of SNDSs with sample solutions from
the solutions set, we put forward several formulas to calculate the probability distribution of system states, mean-square
values and moment function values of SNDSs, by which an integrated simulation algorithm and programming flow are
designed for SNDSs. Simulation results of two typical systems are discussed to validate the presented scheme and the

programming flow.
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1 5|5 (Introduction)
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TLARAE P AT A R SR ) ) L A I TR 3
Tk, ARSCHEXT BEMHLI 2> R G b AT & B e 5
ARG IR 3R T — 2R BENLAR L M R A
TREAEL 23 BT T3 92 R0 58 3R P A, X BEMLAR 2tk R 4t
AR B 3d A

ARIH SEHE T S N ORI IR AR 07
15, RO E R BENLT 51 KA R 4 2 BORPIR
SRS AR, T T AR (R IEAR A
ANACRERGHERR, o7 T EEA SLH R 22, 1
SET I BB R A RE A AT B AL AT B B
A HR, Wk T 583 EUE ) AR PO s. 55, 9
FESEIN T BEALAR S P R Ge B 07 F O 2, 6y 28
BRGHAT T B 5, U7 B85 REE T A%
(PR, R T BENLEL 3D 7 45 R FE v 2
)5
2 ] 3R (Problem descriptions)

1SN M RBENLAR LM R St

D) NS EIG AR R4S

WARLR M R G ATAE ) S LE B LA 2 PR R 2=, 7]
DL — el — 4L S BOR IR, AR

i = f(a(t). ). n

b R () = [0(8) @a(t) - wa(t)]” €
R", Z4a € RP yp MNBENLZ A B 1) 2, BA~2
B30 F— RN R, f(2(t),ta) : R® x Ry —
RS T a(t)Wi LA t, o — Fm) i Lipschitz 4% {1 H1 2k
PERKAAE, Hf(0,¢a) = 0.

AR, B A 5 N S R 22 TBE AL S 50 R 2
R4, R oy i g

F(x(t).t:0) + g(a(t). t: But),
{ y(t) = h(x(t), 1 0). @
A AT () = [ (t) us(t) - um(t)]T €

R™, fr mHy(t) € RY, 3 € R™,0 € R My 5l &5
J\?éﬁt?ﬁg( (t),t;8) : R™ x Ry — R™ ™ Hlfg i
BB (x(t),t;0) @ R x Ry — RIBENLZ %,

g(z(t),t; B) KT () 2 Xt, 3—FUm#Lipschitz4c

PERMZNEIGA AT, Hf(0,8;00) = 0.

T T BR(DMQ)Fl IR 1) R ¢, FORSZ R T
5 B F G A AR AL N S R ER R 4,
HE %2 32 H R AR A 1R 52w, L35 2 550 8 17 1) B
BUANG 72 1 BRI U6 S B BE LA € 1. 2
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2) BENLARSE R GE
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dz(t) = f(z(t),t)dt + C(x(t), )W (t). 3)
A, BEHLIES MW () = [Wi(t) Wa(t) ---
W, (t)] € RP Ay i€ AL B4 MR 20 (2, {F } 120, P)
1 1) p 4EBrownianiz #)). I BRI AL f(2(t),t) : R™ X
Ry — R™, § B R B E((2(t),t) : R* X Ry —
R™¥P 35 5% T A8 B (¢ )i AL JR) fBLipschitz 4 {1 Fl
PR A, HF(0,t) = ¢(0,t) = 0.

AR b, AT S ANt B BERLAR 2t R ¢,

N T R A
dz = f(z(t),t;a) + g(x(t), £ B)u(t)t+
C(a(t), t)dW (1), )
y(t) = h(x(t), t;0) + p(x(t), 1)V ().
A BN RE RS g(x(t), 1) - RP xR, — R™™ME
TR Ea ()i 4L SR Lipschitz 4 £ R 26 P 3 1 4 A1,
Hg(0,t) = 0. fnth BEHLASH IV (t) € RY TR HE
PR, $3h RER K p(x(t),t) : R x Ry — R,
W T RG) H@RIR B R g8, FORS RN
H1 2R Ge I A A AR i N B ATBE LA ) 5 2
AR ILF e . B HERG 2 H T A7 7EBEYLI 5
A28 1K S B R GEAT . B, — A2 A BN AR % 1)
FEL 6, PR YRR L S (1) 73 A0 TS A0 ) R A, e P
KL Je S BRI I A e, X2 B e S
RS « W P B T A5 5.
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A Te) L % Tn) AT LR GA Dy e BEALGI S 2R GE(D) A
(3), BCEE T B T8 [to, ], FIUGAE M (to), LEFE
Bt B A% 5t R BT G R ALy VAR A B L S 4
J7 50 { o, YERBERLAR B )7 5I{W (1)}, 0 = 1,2,---,
M, t,, = ty, W] s fig bt Bl 3R 90 B fE i (o), - -
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x(t;), - a(ty),j =12, K, tx =t;, M < K.
Herht S BENLT A H i %0, 110 [0 AL = & —
tio N BEAS SN &, ¢ € [to, ts] R BAERLS
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HOE T SORS B P e . IS 1] I A I 20 (E P B 45
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Fok, Bt B iR b, LABENL > RS SR
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R E SR BT 5 R D RUE, AN
BE AL 2 B0y 21 sCIR A& 3 e 51, R HAR A 72 5Kk
R EWIIEIRSME - NHBUE AR 2" (o), - - -, 2™ (1),
s x(ty)}, o= 1,2, NJB R AN FEA R 2R
A€ X ERAEL N ZI I BENLAZ 8 N X (), = 0,1,
2, K, W v SRR R 0 A P{X (t;) = o}
BP{X (t;) <ot(o € [X(t;), X2(t;), -+ XV (¢5)])
BITTE| X (t;) | 8ipBr B || X (t;) ||P4E.

XTBENLR G &, RGNS B RS
[Fl, JEFEA A A BEH L SRR B) U5 3, ol i e (1 £k
TR A S5 R AR PRI, AN BERS BB T o)
RGBT F 57, B8 K XY 1R 0> R AL
{EfR BN — A BEHLP P R BER LM 7> RS EUE
fiff, 7 HANRE Sk R S AE REALI SN T BEHLI A 5%
AEARRFAE, S B 7 H 45 R AT RE H L Be 2 A b
WA BT OL. SR (8~ 1LITERF R BEHL R ST
A 5 2% I R P AL 7 R 36k 2 o 1) R 1,
(R B BAT 4R R AR 1 BB R 5 3%, 1 HLAUH —
AN B A R UE BE AL 2 S A e W B P2 T AP e,
iz PR KA.

B R R, ARSI IR S BN R S BEH LI
2y I 28] 73 BAE AR 20 I 1) DX TR), A2 Bl R 4 bl
LB G AR ISR ATIRIR A, 7 A&
B RENL ZIE R T RGN A 1L, RS R S8
BUHLIL BN AL, AT A3 21 R 5055 A I ZPIRES
I A £k, AR IR b S Bk R G AR ka3, o R 4
figp A R AR P 2 B AL 1) AR S RE B AL SR A A
3 BEHLARL T R G B AR B

¥ (Numeric simulation analysis scheme for

SDNSs)

3.1 FEHLEUER 1) 5 Bas AR 55k (Piecewise
recursive integrals algorithm to calculate
SDNSs’ numeric solutions)

BEALARZE 2R G0 (1)~ (4) I B VT Sl R R A AT
), DRIk, BR T e, A% RS TG i N 1 . AR s B
BLT 73 2 G0 A Ik R B 400 4% A, e N S 4K
S )P R G T MUKHIHLARED, Way — ag
Ba(t7) — x(ff), i = 1,2, M, & € (to,t;]. X
PR BtATL AR A e 75 mT 3k A 3 1R BE B 21 SR AL A,

I BENLF F Dy AL IEZS 0 A PR F L g
P YEANRLRR A ATV LS SR [3]. X T R G
BENLILSN G O, B FBRM — oo, fEEUE T K
LR AT DL ABRIZE BRE —53d F A FRA.

1) SHENLZE AR L R 4.

A (D) AL R (¢) A7 A, TSR 4 I 18] 43 B
HIIEAR I A AR T SR A
{x@tﬁf@ﬁ%ﬂaaﬂﬂteﬁihm,

;- g, BISHAEL I 2R BN ).

P58, B 7 M T A BB o 4
VAL I BEBLFR 51 (s, s, - s, }o 76 200,
AEBHH, Vha(f,—1 ) ARIAGA, 1% F 4538 1 BB Ay
JidsRIRAE (L, 1] - Bhog- A S BUIOHAEIR. 2%
SCHR 121, 7 (L1, £;)-E AT LU 21 F Runge-Kutta 2y 18
P

Plth) = () + B 3w

m=1
G = fla(ty), b ap),
. . om—1 ) om—1

G = F @t B X Bn i 32 O o),
(6)
A ti S (72;1,72], k=1,2,--- K, X AT RE AL
T3 ZR GBS 73 B i) L 3k o R I ) 9 4% {25
t o MR BE HL P B I 8] X a) =8 A v R4 A I (),
ﬁ{t();tl, PN T '7tK} — {ti, .. '7t}<1’t?’ .. '7@(2’

M

”7tJ\K4M}’j = 071727'”7K’ K = ZKhtKi =

=1
tihi =t — G FRRNEEB S K. B,
wh MR E R v AT G AN E BRI E, AR
S JT 1R WSk [2].
2) BENLAEZME R 4.
A1 NG R R () A7AE, TR FH 41 IsF 1] 73 B
(RIEARER 73 & AR S A

o(t) = [, Flalr).ryir+

(z(7), 7)dW (1), t € (t;_1, 1],

(&)

(BF), WIBHET A5 LR 3,
9

LS NOL A WD)
2(t) = (t)certain + Z(t)ran-
T B2 (6) pan A — A BEHLRL R, 25875 I8 18] X (7] 2
fig/N(At; — 0), HAELipschitz 4 fF %0
AG = (), 8) = C(e(t)y), 5, — 0,
B # R BB AR /N, JLIR, 7R (Fi 1, 6] N RGOS
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a) Jam
T(t)ran = 0, t € (ti_1, 1],
{x(fj)ng(x(@+0A£i),£i_1+aA£i)W(£i).
b) i [ X
T(t)ran = 0, t € ({21, 1],
{x(fj)ran—c( (t; +0Atiy), ti+0 At )W (E).
Krho € [0,1). HtbaX(7) X nT LA 7R A W R i AR
I EA:

o) = [ fla(r),r)dr t € (i, i),
g ®)
(tH) = x(t;) + m(fj)mn.
b, BRI [[, f(a(r). 7)ar T LU
£ (-, )FF £3%E B Euler, Runge KuttaZs ﬁ/ii}l%l&ﬁﬁ‘
5, [ABE, 45 W1 F Runge-Kutta 7} o 504% 20
P{then) = 2(t) + By 3 wi,C
¢ = f(=(ty), 1),
. . om—1 ) om—1
o= Fa () + 1. B G 1S ),
©)

AR5 E X5 A @M E.

(5)~(9) KA BEALAE L1k R G HUE i B A
TRE R

1) BUEMH RGN S50 . S BN ASE R
5, ST AR S HELR GRS 741, e A
[, A5 — AR 45 RO R BENLAR S — A
FEA.

2) WEHLZEECR GNP 8U4E H J7 XA R,
REBEHLPL SN2 | g FIAE FH 7 AN [R) 25560 R Ge il
i (R ERAE AL 25 SR A T ), A R B K,
BIAE & T sup(hy),

=0
f (&), 155 c0) — fla(t), b a-) || >
Hf(x(fi),fi;a,gi—) — f(@(fioa), ti 1 Qg Ik
o
||W(£z) - W(Eifl)HHC(x(tAi),tAi)H >
1f (i), 1) = fle(tio), tia)ll,
T B R B AL A 32 990 3 RS 88K, BB 3T T Bl
BB 324k

3) X8 VIR S RA R NP B 7 51 n]
PATESAS 21 2 A BUE MR, 4RO G RS KT N —
AMREARMRAE, H bt — 20 VSRR I R O 2 oA 4

3.2 iRZE 43T (Errors evaluation)

BEDLIL 73 28 G0 BB A 10 0% 22 o 22 A 22 R B0
SRR 7 22 AN SR bR ok o TR s SR 22 BN
er(tj)_x(tj) (J)’J_071727'"7K9;B:E'j$*(tj)
DOREHRRE L. th T (t,) BBENLIE R, T, e (¢5) 1
I BEHLE R, AR IEAR L GHI6), e (t;) T2
KON BB ARRTZERTE, I N e (), [ HE
ey 72 X RN Eh k.

XFRGE), RAE6), 25k [2]4.1, R
AR A R S (R = A W

=\ (r+1) ’l“ 7‘+1
Sy - age B, 2D () — 2t (8), i
A#(E) = 2TV (E) — (1),

AR, Az(L;)R—BEHAR R, W 10)13 3 R 5
SRR ZNE BV R 2R

el(ti) = mx(T+1)(£i+)h§<i +O(hi) =
. 1 o
R, 1R ZEe, (t) I B I ER L 07 22 Hew () I 5 &
AsiIVE
ers(T)v T = tZ € (Eiflafi]a
T = thl = fi,

{0, T = t;c S (.Eiflafi]
olex(1))=q 1 . iz
A i, 7=t =

13)

Kbk =1,2, Kis en(t)), BIE (e, (¢;)) Rl g, , 725X
B SR i 3 F8 b o LR /D, e, (t;) < 1074, H
AG (L) KA B, Bk, Ee(t;)Flo(e(t;)% S
oSSR /.
XETFBEHL R ZE3), W5 A X @)F9), M () —
(t+) HT ﬁerS( 7) = erS(A ) E-erS(£+) ~ erS(fi)

+€(6rb( )7tz)w(t ) erb( )Eiﬁ(’n'd‘%ﬁt E_J‘yIJE/J
RS ERZE, BRI, 37 e, (t) AR J7
et e () KISR0 N

erS(T)? T = tz ( i—1y ]
E(e:(7)) = {ers( D) (e (), H)EW (), (14)

T= t’ =1,

0, 7=t € (t;_q, 1]

o(e(r)) = {C(er5(£1)7£1)0(w(£1))7 (15)
T = thl = tAi.



1130 BoW o s N A

08 %

b, 4 FEIYERPLT R W (1), Bl
E(W (1)) = 0, o(W(t)) = oo,
BT SR ZE W AL EOR. W T AR F AL R
W (t), BVE(W (£;)) # 0, Wy LU i #i i RS 1 2
ARIEHE— WD (ens(£7), £) I FRAR AL A B HL IR
P, LMIEZE R RARIE R B (e, (1)) )i e (1),
3.3 BUfE R 4R 25 5 B 5 1R (SDNSs?
solution-set-based behavior analysis algorithm)
B TS R P INE, 4 € NN 21,
Bi{az - af YER{W™(Ry), - - W (Er) . R L
BEAER 7 A AORFFBEN LR G0N 4LEfE A, B
{2"(to), " (t1), - 2" (), -~ 2" ()},
Hp: N =1,2,- -, N. BRGMAALL; N Z105 B
BEHLAZH N X (t5), Wz (), 2°(L;), - - o™ (¢;)
BAE SR RX (t,) 10— REA 2 [ 02, R4 B AL
FEAAH O E SCRESLIN N B v A fﬁ
P{X(t)) = o} = =,

o (16)
PIX(1) <o} = "N
o€ [Xl(tj)ﬂXQ(tj)7 o '7XN(tj)]’ nX(tj):Uzé

FX(t) = oML nx )< BREX(E) < oMK

N
> z"(t5)
X(t;) = % (17)
N
> =" @)l1?
X (t)I = *=—F— (18)
N
2 Mz )P
BIX@)|F = *=—F—— (9

M 56 55 R 2 R0 D B W], N 8 ORI
P{X (t;) = o PFIE|| X (t;) |55 ST 5 R G W46
RSN IV 1 1] 5 k.

4 BEHLAEL LS & RS BE U B i
£ (Program flow of numeric simulation anal-
ysis for SNDSs)

MR BEALAR e 1 R G BT B3 1%, B0 BN
H1 7 A 7 AN [R], A5 BLLRE AT LA 43k P b i ok
Wb 1) BT F1I B AT [ e i i) 2P, BBl
JPAIME; 2) BERUFZIRT I [R5 KB LAR A I, 76 %
AN 20t 3% B S E R AL RSN IR O3 A e A
7 A AH N () BEATL FAEL. AR AR f v 5 P 8 22 K,
KRR T B AR B R R 2. LA2) A, FE
UESWER UV e

VIRHCEE: BBGIIH [, 1], BUYIRE
Wt e(t) = [e, €~ ex]"s HHLIRAIFIIFA
Bom MEAMBINTXSEL [7,,, 2], =12, .M,
f=tp BT iGN

PO A BB 2 iR BB 2 B 4
(EAT BRI BC (7, , £, ] MOSCE R, FRORE

AL E MR REEE

.

R 2 SR A R BRI S 1 B 2 Al
FEEF=A2 £ I ZIAIBEH U 5ad7) 2 ()

AR 1 BT IR AR ST, PRIEIR B 2
07 16R72 E(A(1))en(f) 28¢{e(; ). L) EW(T)

:

ST BREAE 4 N 205 EUIRZS IR
Wafi, Mo —az s x() —x()

{
FEfifor BURT ) X 7, £ ] RS HE
x(t)s AW x(fi) = x(7), i = i+1
|

Y
L RGURE N x(), €1y, 1] M7 fh2k,
MR FiR s, BRENREA
B x™(f) -+, X(8), -+, X)) SERBHHLILFE
i Ta

il e(r)=e;

K1 BEHLIN TR) D KK R Ge R 0 e
Fig. 1 Numerical simulation flow of SDNSs with
random time step

X4 E VIR M BENLAR 2 ME R 4, Wl LU 2
ABEHLF A, R AN FAE ) 75 X A7 07 52, Gty
T 8K R BB L R, BRAT 2 I 2R S I A 2
A W7 eGSR, T pr i ek A
5 R RH| R G4 B (Simulations of the rep-

resentative systems)

Bl 1 HIEE A A EMNS BT RS
z(t) = z(t)[1 + ax(t)], z(0) = zo > 0, HARMTIE A

(t) = !

= —a + e—t(l + aﬂfo)/xo'

#ia>0, J'Uﬁﬂi"%éﬁfﬁﬁ&uﬂmmm[o In( +“$0)]
Lo

FARESERBER LT K, fia < _970’ ARG
. WK (0) = 1.5, Z8ay =il A e s i
P, Wla = 1+ 0.25W (t), 72 11X (&[0, 10]_E 3K B
REOIRAS LR, 7 2045 5 PR R AR R 15 00,
P RGRE 5 ATEM S — PR i g n
E2fs.
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50 - : — REECENE ]
' o REAREN 1

x(1)

4 5 6

B 2 AFESEIRSD IR RE 5 ARE IR th
Fig. 2 Stable and unstable state curves corresponding to

stochastic sequences with different parameters

Xf 2% a Bt WL 77 4100, 500, 1000, 1500, 200041
300041450 7 51, sk B4 4L B ML 51 2 506k 1) &R
GUIRAHZE, goit RGcfee MR R 1R,

k1 RAAETRMSF TR T R TImE
Table 1 System stability probability under different
stochastic sequences

fiEEIN 100 500 1000 1500 2000 3000

FEMAE 22 122 247 356 465 696
FaEMER 022 0244 0.247 0.2373 0.2325 0.232

3 X (17)(18), K FIAN = 500RIN = 3000
rF R S A TR E AL i 2 RN 34 7 2, o 3 R4 T R,

8_' LS WL B 0 T L |
: — N=500 1
6F e N=3000
-1
..2 L 1 1 1 1 1
0 1 2 3 4 5 6
tl's
3 BRI ih 2k
Fig. 3 Mean curves of stable solutions
350 L I L LI | B I B I E
E — N=500 ]
3 L 3
UU; wee N=3000
250F | ]
= 200f
=

150
100}

tls
4 FEE Ry sk

Fig. 4 Mean square curves stable solutions

{5 B 25 BRI BE L S Ea AN R P 3l 7 41, 76
A7 BRI [0] X T) b R GRS 1t e A AH ), (H I gt 72
(I M R34 T 1h 2 25 G V1R AIE B A il R A AR
(BT EUCED B3GR E T3

Bl 2 FEa T I RHLEEZ A R S

dzi(t) = (22(t)xs(t))dt + 1.34z, (1)dW (1),

dz,(t) = (—1.35z (t)w3(t) + 0.425(t))dt,

dws(t) = (—0.82x () (w2(t) + /1 + 23(t)))dt+
2525 (t) x5 (£)dW (¢).
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Fig. 5 An illustrative curve of system stable resolution
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Fig. 6 An illustrative curve of system unstable resolution
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Table 2 System stability probability under different
disturbance sequences

EEN 100 500 1000 1500 2000 3000
FaEMAE 59 330 677 1027 1361 2028
FEMZE 059 0.66 0.677 0.6847 0.6805 0.676
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Fig. 7 Mean curves of stable solutions with N' = 500
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Fig. 8 Mean curves of stable solutions with N = 3000
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Fig. 9 Mean-square curves of stable solutions in

different sample path
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6 %518 (Conclusions)
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