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Numerical simulation and behavior analysis of
stochastic nonlinear dynamic systems

PENG Yun-jian, CHENG Pei, DENG Fei-qi

(College of Automation Science and Engineering, South China University of Technology, Guangzhou Guangdong 510640, China)

Abstract: This paper investigates the numerical simulation and behavior of nonlinear dynamic systems with random

parameters or state-dependent noise, and proposes an iterative integral formula to calculate the numerical solutions set of

stochastic nonlinear dynamic systems(SNDSs) based on Monte-Carlo simulation scheme and numerical integration method.

The evaluation of the algorithm errors is also presented. For analyzing the behavior of SNDSs with sample solutions from

the solutions set, we put forward several formulas to calculate the probability distribution of system states, mean-square

values and moment function values of SNDSs, by which an integrated simulation algorithm and programming flow are

designed for SNDSs. Simulation results of two typical systems are discussed to validate the presented scheme and the

programming flow.
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SDE , SDE
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2 (Problem descriptions)
:

1) .

,

,

ẋ = f(x(t), t; α). (1)

: x(t) = [x1(t) x2(t) · · · xn(t)]T ∈
R

n, α ∈ R
p p ,

, f(x(t), t; α) : R
n × R+ �→

R
n x(t) t, α Lipschitz

, f(0, t; α) = 0.

,

, :{
ẋ = f(x(t), t; α) + g(x(t), t; β)u(t),
y(t) = h(x(t), t; θ).

(2)

: u(t) = [u1(t) u2(t) · · · um(t)]T ∈
R

m, y(t) ∈ R
q, β ∈ R

r, θ ∈ R
λ

g(x(t), t; β) : R
n × R+ �→ R

n×m

h(x(t), t; θ) : R
n × R+ �→ R

q ,

g(x(t), t; β) x(t) t, β Lipschitz

, f(0, t; α) = 0.

(1) (2) ,

,

,

.

,

.

2) .

. ,

Itô :

dx(t) = f(x(t), t)dt + ζ(x(t), t)W (t). (3)

, W (t) = [W1(t) W2(t) · · ·
Wp(t)]∈R

p (Ω, {Ft}t�0,P)
p Brownian . f(x(t), t) : R

n ×
R+ �→ R

n, ζ(x(t), t) : R
n × R+ �→

R
n×p, x(t) Lipschitz

, f(0, t) = ζ(0, t) = 0.

, ,

:⎧⎪⎨
⎪⎩

dx = f(x(t), t; α) + g(x(t), t; β)u(t)t+
ζ(x(t), t)dW (t),

y(t) = h(x(t), t; θ) + ρ(x(t), t)V (t).
(4)

: g(x(t), t) : R
n×R+ �→ R

n×m

x(t) Lipschitz ,

g(0, t) = 0. V (t) ∈ R
γ

, ρ(x(t), t) : R
n ×R+ �→ R

q×γ .

(3) (4) ,

.

. ,

, ,

,

.

(1)(2) (3)(4),

,
[1, 3].

,

,

,

. : (1)

(3), [t0, tf ], x(t0),
[3]

{αt̂i
} {W (t̂i)}, i = 1, 2, · · ·,

M , t̂m = tf , x(t0), · · ·,
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x(tj), · · ·, x(tf ), j = 1, 2, · · ·,K, tK = tf , M � K.

t̂i , Δt̂i = t̂i −
t̂i−1 , tj ∈ [t0, tf ]

, hj = tj+1 − tj K

.

{t̂i, · · ·, t̂i, · · ·, t̂M} ⊂ {t0, t1, · · ·, tj, · · ·, tK}.

, ,

,

: , N

,

N {xn(t0), · · ·, xn(tj),
· · ·, xn(tf )}, n = 1, 2, · · ·, N .

tj X(tj), j = 0, 1,

2, · · ·,K, P{X(tj) = σ}
P{X(tj)�σ}(σ∈ [X1(tj), X2(tj), · · ·, XN(tj)])

E‖X(tj)‖2 p E‖X(tj)‖p .

,

, ,

. ,

,

,

,

. [8∼11]

,

,

,

.

,

,

,

,

,

, ,

.

3
(Numeric simulation analysis scheme for

SDNSs)
3.1 (Piecewise

recursive integrals algorithm to calculate

SDNSs’ numeric solutions)

(1)∼(4)

, , , .

, (1)

(4) M , αt̂−i
�→ αt̂+i

x(t̂−i ) �→ x(t̂+i ), i = 1, 2, · · ·,M, t̂i ∈ (t0, tf ].
,

[3].

, M → ∞,

.

1) .

(1) x(t) ,

:⎧⎨
⎩

x(t) =
� t

t̂+i−1

f(x(τ), τ ; αt−i
)dτ, t ∈ (t̂i−1, t̂i],

αt̂−i
�→ αt̂+i

, t̂i .

(5)

,

{αt̂0 , αt̂1 , · · ·, αt̂M
}, t̂i

, x(t̂i−1) ,

(t̂i−1, t̂i] αt̂−i
.

[2], (t̂i−1, t̂i] Runge-Kutta

:⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

x(ti
k+1) = x(ti

k) + hi
k

r∑
m=1

wi
mζi

m,

ζi
1 = f(x(ti

k), t
i
k; αt̂−i

),

ζi
m =f(x(ti

k)+hi
k

m−1∑
n=1

βi
mnζi

n+hi
k

m−1∑
n=1

βi
m; αt̂−i

),

(6)

: ti
k ∈ (t̂i−1, t̂i], k = 1, 2, · · ·,Ki,

{tj},

ti
k ,

{t0, t1, · · ·, tj, · · ·, tK} = {t11, · · ·, t1K1
, t21, · · ·, t2K2

,

· · ·, tM
KM

}, j = 0, 1, 2, · · ·,K , K =
M∑
i=1

Ki, tKi
=

t̂i, h
i
k = ti

k+1 − ti
k . βi

mn,

wi
m , r ζi

m ( ),

[2].

2) .

(3) x(t) ,

:⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

x(t) =
� t

t̂+i−1

f(x(τ), τ)dτ+
� t

t̂+i−1

ζ(x(τ), τ)dW (τ), t ∈ (t̂i−1, t̂i],

x(t̂−i ) �→ x(t̂+i ), t̂i .

(7)

(7) 1

x(t) = x(t)certain + x(t)ran.

x(t)ran ,

(Δt̂i → 0), Lipschitz

Δζi = ζ(x(t̂−i ), t̂−i ) − ζ(x(t̂+i−1), t̂
+
i−1) → 0,

. , (t̂i−1, t̂i]
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t̂t W (t̂i) ,

:

a) :{
x(t)ran = 0, t ∈ (t̂i−1, t̂i],

x(t̂+i )ran =ζ(x(t̂−i +σΔt̂i), t̂i−1+σΔt̂i)W (t̂i).

b) :{
x(t)ran = 0, t ∈ (t̂i−1, t̂i],

x(t̂+i )ran =ζ(x(t̂−i +σΔt̂i+1), t̂i+σΔt̂i+1)W (t̂i).

σ ∈ [0, 1]. (7)

:⎧⎨
⎩

x(t) =
� t

t̂+i−1

f(x(τ), τ)dτ, t ∈ (t̂i−1, t̂i],

x(t̂+i ) = x(t̂−i ) + x(t̂+i )ran.
(8)

,
� t

t̂+i−1

f(x(τ), τ)dτ

f(·, ·) Euler, Runge-Kutta

, , Runge-Kutta :⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

x(ti
k+1) = x(ti

k) + hi
k

r∑
m=1

wi
mζi

m,

ζi
1 = f(x(ti

k), t
i
k),

ζi
m = f(x(ti

k) + hi
k

m−1∑
n=1

βi
mnζi

n + hi
k

m−1∑
n=1

βi
m).

(9)

(4) .

(5)∼(9)

:

1)

, ,

,

.

2) ,

, ,

Δt̂j sup
j�0

(hj),

‖f(x(t̂i), t̂i; αt̂+i
) − f(x(t̂i), t̂i; αt̂−i

)‖ 	
‖f(x(t̂i), t̂i; αt̂−i

) − f(x(t̂i−1), t̂i−1; αt̂−i
)‖,

‖W (t̂i) − W (t̂i−1)‖‖ζ(x(t̂i), t̂i)‖ 	
‖f(x(t̂i), t̂i) − f(x(t̂i−1), t̂i−1)‖,

,

.

3)

,

, .

3.2 (Errors evaluation)

[3].

er(tj) = x(tj)−x∗(tj), j =0, 1, 2, · · ·,K , x∗(tj)
. x(tj) , , er(tj)

. (3) (6), er(tj)
(4) (7) , ers(tj),

.

(1), (6), [2] 4.1,

ers(t̂−i ) =
1

(r + 1)!
x(r+1)(t̂−i )hr

Ki
+ O(hr+1

Ki
). (10)

αt̂−i
→ αt̂+i

, x(r+1)(t−i ) → x(r+1)(t+i ).

Δx̂(t̂i) = x(r+1)(t+i ) − x(r+1)(t−i ),

, Δx̂(t̂i) . (10)

t̂i

er(t̂+i ) =
1

(r + 1)!
x(r+1)(t̂+i )hr

Ki
+ O(hr+1

Ki
) =

ers(t̂−i ) +
1

(r + 1)!
Δx̂(t̂i)hr

Ki
. (11)

, er(tj) ers(tj)
:

E(er(τ))=

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

ers(τ), τ = ti
k ∈ (t̂i−1, t̂i],

ers(t̂−i )+
1

(r+1)!
E(Δx̂(t̂i))hr

Ki
,

τ = ti
Ki

= t̂i,

(12)

σ(er(τ))=

⎧⎨
⎩

0, τ = ti
k ∈ (t̂i−1, t̂i],

1
(r+1)!

σ(Δx̂(t̂i))hr
Ki

, τ = ti
Ki

= t̂i.

(13)

: k = 1, 2, ·,Ki; ers(tj), E(er(tj)) hKi
,

, ers(tj) � 10−4,

Δx̂(t̂i) , , E(er(tj)) σ(er(tj))
α .

(3), (8) (9), x(t̂−i ) �→
x(t̂+i ) , ers(t̂−i ) �→ ers(t̂+i ) , ers(t̂+i ) ≈ ers(t̂−i )
+ζ(ers(t̂−i ), t̂i)w(t̂i) , ers(t̂−i ) (7) t̂i

, , er(tj)
ers(tj) :

E(er(τ)) =

⎧⎪⎨
⎪⎩

ers(τ), τ = ti
k ∈ (t̂i−1, t̂i],

ers(t̂−i )+ζ(ers(t̂−i ), t̂i)E(W (ti)),

τ = ti
Ki

= t̂i,

(14)

σ(er(τ)) =

⎧⎪⎨
⎪⎩

0, τ = ti
k ∈ (t̂i−1, t̂i]

ζ(ers(t̂−i ), t̂i)σ(W (t̂i)),

τ = ti
Ki

= t̂i.

(15)
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, W (t),

E(W (t̂i)) = 0, σ(W (t̂i)) = σ0,

.

W (t), E(W (t̂i)) �= 0,

ζ(ers(t̂−i ), t̂i)
, E(er(tj)) ers(tj).

3.3 (SDNSs’

solution-set-based behavior analysis algorithm)
, N ,

{αn
t̂1

, · · ·, αn
t̂M

} {W n(t̂1), · · ·,W n(t̂M)},

N ,

{xn(t0), xn(t1), · · ·, xn(tj), · · ·, xn(tf )},
: N = 1, 2, · · ·, N. tj

X(tj), {x1(tj), x2(tj), · · ·, xN(tj)}
X(tj) Ωj ,

:⎧⎪⎨
⎪⎩

P{X(tj) = σ} =
nX(tj)=σ

N
,

P{X(tj) � σ} =
nX(tj)�σ

N
,

(16)

: σ ∈ [X1(tj), X2(tj), · · ·, XN(tj)], nX(tj)=σ

X(tj) = σ , nX(tj)�σ X(tj) � σ

,

X̄(tj) =

N∑
n=1

xn(tj)

N
, (17)

E‖X(tj)‖2 =

N∑
n=1

‖xn(tj)‖2

N
, (18)

E‖X(tj)‖p =

N∑
n=1

‖xn(tj)‖p

N
. (19)

, N ,

P{X(tj) = σ} E‖X(tj)‖2

.

4
(Program flow of numeric simulation anal-

ysis for SNDSs)
,

,

: 1) ,

; 2) ,

ti

. ,

. 2) ,

1 .

1

Fig. 1 Numerical simulation flow of SDNSs with

random time step

,

, ,

,

, .

5 (Simulations of the rep-

resentative systems)
1

ẋ(t) = x(t)[1 + ax(t)], x(0) = x0 > 0,

x(t) =
1

−a + e−t(1 + ax0)/x0

.

a>0, [0, ln(
1+ax0

ax0

)]

, a < − 1
x0

,

. x(0) = 1.5, a

, a = 1 + 0.25Ẇ (t), [0, 10]
, ,

2 .
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2

Fig. 2 Stable and unstable state curves corresponding to

stochastic sequences with different parameters

a 100, 500, 1000, 1500, 2000
3000 ,

, 1 .

1

Table 1 System stability probability under different

stochastic sequences

N 100 500 1000 1500 2000 3000

22 122 247 356 465 696

0.22 0.244 0.247 0.2373 0.2325 0.232

(17)(18), N = 500 N = 3000
, 3 4 .

3

Fig. 3 Mean curves of stable solutions

4

Fig. 4 Mean square curves stable solutions

a ,

,

( ) .

2 :⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

dx1(t) = (x2(t)x3(t))dt + 1.34x1(t)dW (t),

dx2(t) = (−1.35x1(t)x3(t) + 0.4x2
2(t))dt,

dx3(t) = (−0.82x1(t)(x2(t) +
√

1 + x2
3(t)))dt+

2.5x2(t)x3(t)dW (t).

x(0) = [2.45 − 4.5 0.88]T,

W (t),

,

.

5 6 .

5

Fig. 5 An illustrative curve of system stable resolution

6

Fig. 6 An illustrative curve of system unstable resolution

, 100, 500, 1000, 1500, 2000 3000
,

, 2 .

2

Table 2 System stability probability under different

disturbance sequences

N 100 500 1000 1500 2000 3000

59 330 677 1027 1361 2028

0.59 0.66 0.677 0.6847 0.6805 0.676
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(17)(18), N = 500 N = 3000
, 7∼9 .

7 N = 500

Fig. 7 Mean curves of stable solutions with N = 500

8 N = 3000

Fig. 8 Mean curves of stable solutions with N = 3000

9

Fig. 9 Mean-square curves of stable solutions in

different sample path

,

,

,

( ) . ,

,

, ,

,

.

6 (Conclusions)

,

. ,

.

, .
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