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Repetitive control for a class of time-delay systems with
non-parametric uncertainties
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Abstract: This paper presents a repetitive control design for a class of time-delay systems with non-parametric uncer-
tainties. The global stability of the learning system and the asymptotic convergence of the tracking error are established
for cases of both known and unknown bounded functions of system uncertainties, respectively. The estimated parameters
are always confined to a pre-defined region by the fully saturated learning algorithms. The repetitive control scheme can
guarantee that all the signals in the closed-loop system are bounded and the tracking error will converge to zero as time
approaches infinity. The numerical simulation is also carried out to demonstrate the effectiveness of the presented learning
scheme.
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2 (Problem formulation)
:⎧⎪⎨

⎪⎩
ẋ(t)=Ax(t) +B[f(x(t), x(t−τ), t)+u(t)],

t � 0,

x(t) = χ(t), t ∈ [−τ, 0],

(1)

: x = (x1, x2, · · · , xn)T ∈ R
n

, u ∈ R ; f(x(t), x(t − τ), t) ∈ R

, ,
, x1, x2, f(x1, x2, t) =

f(x1, x2, t − T1), T1 ; τ ,
χ(t), t ∈ [−τ, 0] (1) ;

A ∈ R
n×n B ∈ R

n :

A =

⎛
⎜⎜⎜⎜⎜⎜⎝

0 1 0 · · · 0
0 0 1 · · · 0
...

...
...

...
0 0 0 · · · 1
0 0 0 · · · 0

⎞
⎟⎟⎟⎟⎟⎟⎠

, B =

⎛
⎜⎜⎜⎜⎜⎜⎝

0
0
...
0
1

⎞
⎟⎟⎟⎟⎟⎟⎠

.

1
, ,

. , (1)

[14, 15] . [14, 15]

. , (τ = 0), (1) [14,

15] .

b

sat(b) =

⎧⎪⎨
⎪⎩

−b̄, b < −b̄,

b, −b̄ � b � b̄,

b̄, b > b̄,

(2)

b̄ > 0 . fmax

.
ci(i = 1, 2, · · · , n), p(s) =

sn + cnsn−1 + · · · + c2s + c1 Hurwitz ,

Ac =

⎛
⎜⎜⎜⎜⎜⎜⎝

0 1 0 · · · 0
0 0 1 · · · 0
...

...
...

...
0 0 0 · · · 1

−c1 −c2 −c3 · · · −cn

⎞
⎟⎟⎟⎟⎟⎟⎠

, c =

⎛
⎜⎜⎜⎜⎜⎜⎝

c1

c2

...
cn−1

cn

⎞
⎟⎟⎟⎟⎟⎟⎠

.

Ac Hurwitz . P ∈
R

n×n, Q ∈ R
n×n PAc + AT

c P = −Q, P

. lQ Q , Q, lQ �2.
xr = (xr1, xr2, · · · , xrn) ∈

C1[−τ,∞), T2 . f(xr, xr(t−τ), t)
, T , T T1 T2 ,

fmax,

sup
t∈[0,T ]

|f(xr(t), xr(t − τ), t)| � fmax.

2 ,

,

/ .

.

. f(xr(t), xr(t − τ), t)

, (1) ,

xr(t) .

e = x − xr, (1)

ė = Ae + B[f(x(t), x(t − τ), t) + u − ẋrn]. (3)

Δf(x(t), x(t − τ), t) =

f(x(t), x(t − τ), t) − f(xr(t), xr(t − τ), t). (4)

ė = Ace + B[cTe + Δf(x(t), x(t − τ), t) +

f(xr(t), xr(t − τ), t) + u − ẋrn]. (5)

, :

1 f(x(t), x(t − τ), t)

|f(x(t), x(t − τ), t) − f(xr(t), xr(t − τ), t)| �
α1(x(t), x(t − τ), t)‖x(t) − xr(t)‖ +

α2(x(t), x(t − τ), t)‖x(t − τ) − xr(t − τ)‖, (6)

: α1(x(t), x(t − τ), t) α2(x(t), x(t − τ), t)
.

3 (Adaptive repetitive con-
trol)
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.

⎧⎪⎪⎨
⎪⎪⎩

f̂r(t) = sat(f̂∗
r (t)),

f̂∗
r (t) = f̂r(t − T ) + ω(t)eTPB,

f̂∗
r (t) = 0, t ∈ [−T, 0],

(7)

ω(t) .

ω(t) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

0, t < 0,

γ
t

T
, 0 � t � T,

γ, t > T.

fmax ,
f̂r(t)

[−fmax, fmax] .

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

u(t) = −f̂r(t) − cTe + ẋrn − u1(t),

u1(t) =
1
2
[2 + α2

1(x(t), x(t − τ), t)+

α2
2(x(t), x(t − τ), t)]eTPB.

(8)

1 1 (1),
xr, α1(x(t), x(t − τ), t)

α2(x(t), x(t− τ), t) , (7)
(8) f̂r(t), e(t), u(t), ė(t)

[0,∞) , ,
lim
t→∞

e(t) = 0.

I) , γ = 1.
t ∈ [0, T ] . V1(t)

V1(t)=
1
2
eTPe+

1
2

� t

t−τ
‖e(ν)‖2dν, t∈ [0, T ]. (9)

(5), V1(t)

V̇1(t) = −1
2
eTQe +

1
2
‖e(t)‖2 − 1

2
‖e(t − τ)‖2 +

eTPB[cTe + Δf(x(t), x(t − τ), t) +

f(xr(t), xr(t − τ), t) + u − ẋrn]. (10)

ab � 1
2
a2 +

1
2
b2,∀(a, b) ∈ R

2,

1,

eTPBΔf(x(t), x(t − τ), t) �
|eTPB|(α1‖e(t)‖ + α2‖e(t − τ)‖) �
α2

1 + α2
2

2
|eTPB|2 +

1
2
‖e(t)‖2 +

1
2
‖e(t − τ)‖2.

(11)

(7)(8)(11) (10),

V̇1(t) �− lQ
2
‖e(t)‖2 + f2

max. (12)

lQ � 0, (12)

V̇1(t) � f2
max. (13)

,
1
2
eT(0)Pe(0)

1
2

� 0

−τ
‖e(ν)‖2dν .

V1(0) , (13)

V1(t) � V1(0) + f2
maxT. (14)

V1(t) , t ∈ [0, T ]. (9)
e(t) , (7) f̂r(t), u(t) ,
(3) , ė(t) . ,

1
2
eT(T )Pe(T )

1
2

� T

T−τ
‖e(ν)‖2dν .

, e(t), f̂r(t), u(t), ė(t) [0, T ] .

II) [T,∞) ,
V2(t):

V2(t) =
1
2

� t

t−T
(f̂r(σ) − f(xr(σ), xr(σ −

τ), σ))2dσ +
1
2
eTPe, t � T. (15)

(a− b)2 − (a− c)2 = (c− b)(2a− b−
c),∀(a, b, c) ∈ R

3, V2(t) ,

V̇2(t)= −1
2
eTQe + eTPB[cTe + Δf(x(t), x(t −

τ), t)+f(xr(t), xr(t−τ), t) + u−ẋrn] +

[f̂r(t) − f̂∗
r (t)][f̂r(t) − f(xr(t), xr(t −

τ), t)] + [f̂∗
r (t)−f̂r(t−T )][f̂r(t)−

f(xr(t), xr(t−τ), t)]− 1
2
[f̂r(t)−f̂r(t−T )]2.

|f̂∗
r (t)| � fmax , f̂r(t) = f̂∗

r (t),

[f̂r(t) − f̂∗
r (t)][f̂r(t) − f(xr(t), xr(t − τ), t)] = 0.

f̂∗
r (t) � fmax , f̂r(t) = fmax,

[f̂r(t) − f̂∗
r (t)][f̂r(t) − f(xr(t), xr(t − τ), t)] � 0.

f̂∗
r (t) < fmax , f̂r(t) = −fmax,

[f̂r(t) − f̂∗
r (t)][f̂r(t) − f(xr(t), xr(t − τ), t)] � 0.

, ,

[f̂r(t) − f̂∗
r (t)][f̂r(t) − f(xr(t), xr(t − τ), t)] � 0.

V̇2(t)

V̇2(t) �−1
2
eTQe + eTPB[Δf(x(t), x(t − τ), t) +

cTe + f(xr(t), xr(t − τ), t) + u − ẋrn] +

[f̂∗
r (t) − f̂r(t − T )][f̂r(t) −

f(xr(t), xr(t − τ), t)]. (16)

(7)(8) (16),

V̇2 � −1
2
eTQe − |eTPB|2 +

1
2
(‖e(t)‖2 + ‖e(t − τ)‖2). (17)
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V3(t):

V3 = V2 +
1
2

� t

t−τ
‖e(ν)‖2dν. (18)

V3(t) , (17)(18),

V̇3 �−(
lQ
2

− 1)‖e‖2. (19)

V3(t) � V3(T ) − (
lQ
2

− 1)
� t

T
‖e(τ)‖2dτ. (20)

(20) , V3(t) [T,∞) ,

V3(T ) . I) ,
1
2
eT(T ) ·

Pe(T )
1
2

� T

T−τ
‖e(ν)‖2dν ,

1
2

� T

0
(f̂r(t) − f(xr(t), xr(t − τ), t))2dt

.
1
2

� T

0
(f̂r(t)−f(xr(t), xr(t−τ), t))2dt � 2f2

maxT.

V3(T ) V3(t) . (15)
(18) , e(t) . (7)(8)
, f̂r(t), u(t) . (3) ė(t) . ,

e(t), f̂r(t), u(t), ė(t) [T,∞) .

III) .

(20), t = iT + t0,

lim
t→∞

V2(t) � V2(T ) − (
lQ
2

− 1) lim
t→∞

� t

T
‖e‖2dτ =

V2(T ) − (
lQ
2

− 1)
� T+t0

T
‖e‖2dτ −

(
lQ
2

− 1) lim
i→∞

i−1∑
j=1

� (j+1)T+t0

jT+t0
‖e‖2dτ.

lim
t→∞

� t

t−T
‖e‖2dτ = 0.

II) ė(t) [T,∞) , e(t)
[T,∞) . Barbalat [5] ,

, lim
t→∞

e(t) = 0.

I)II) , e(t), f̂r(t), u(t), ė(t) [0,∞)
. III) .

.

α1(x,

x(t− τ), t) α2(x, x(t− τ), t) (1)
, α1(x(t), x(t − τ), t)

α2(x(t), x(t − τ), t) ,
.

4 (Robust repetitive control)
α1(x, x(t −

τ), t) α2(x, x(t − τ), t) ,

, ‖f(x(t), x(t−τ), t)‖�
ρ(x(t), x(t−τ), t), ρ(x(t), x(t−τ), t) .

[12] ,
.

⎧⎪⎪⎨
⎪⎪⎩

f̂r(t) = sat(f̂∗
r (t)),

f̂∗
r (t) = f̂r(t − T ) + ω(t)eTPB,

f̂∗
r (t) = 0, t ∈ [−T, 0].

(21)

3 , ω(t) 3
.

⎧⎨
⎩

u(t)=ur(t)−f̂r(t)−cTe+ẋnr−leTPB,

ur(t) = − μρ

|μ| + ε
, μ = eTPB · ρ,

(22)

: ρ = ρ(x(t), x(t − τ), t)
, ur(t) , f̂r(t)

, ε > 0 , l > 0
.

2 1 (1),
α1(x, x(t − τ), t) α2(x, x(t − τ), t)

, xr, (21)
(22) f̂r(t), e(t), u(t), ė(t)

[0,∞) , ,
lim
t→∞

e(t) = 0.

I) t ∈ [0,∞)
. V1(t)

V1(t) =
1
2
eTPe, t � 0. (23)

V1(t) ,

V̇1(t) � −1
2
eTQe + eTPB(cTe + u −

ẋrn) + |eTPB|ρ. (24)

(21)(22) (24),

V̇1(t) � −1
2
lQ‖e‖2 − l(|eTPB| − fmax

2l
)2 +

f2
max

4l
+ ε. (25)

Mε, ε > 0, M c
ε Mε

Mε = {e :
1
2
lQ‖e‖2 + l(|eTPB| − fmax

2l
)2 �

f2
max

4l
+ ε + ε}.

. e(t) ,
lim
t→∞

e(t) → ∞. , tM ,

e ∈ M c
ε , t � tM . M c

ε ,
V̇1(t) � −ε,



12 : 1783

lim
t→∞

V1(t) � V1(tM) − lim
t→∞

� t

tM

εdν → −∞,

V1(t) � 0, . e(t)
. (21)(22) , f̂r(t), u(t) .

(3) ė(t) .
, α1(x(t), x(t − τ), t)

α2(x(t), x(t − τ), t) .

|f(x, x(t − τ), t) − f(xr, xr(t − τ), t)| �
l1‖e(t)‖ + l2‖e(t − τ)‖, (26)

l1, l2 .
II) .
V2(t)

V2(t)=
1
2

� t

t−T
(f̂r(σ)−f(xr(σ), xr(σ−τ), σ))2dσ+

1
2
eTPe, t � T. (27)

(a− b)2 − (a− c)2 = (c− b)(2a− b−
c),∀(a, b, c) ∈ R

3, V2(t) ,

V̇2(t) =

eTPB[cTe + Δf(x(t), x(t − τ), t) − ẋrn +

u + f(xr(t), xr(t − τ), t)] + [f̂∗
r (t) −

f̂r(t − T )][f̂r(t) − f(xr(t), xr(t − τ), t)] +

[f̂r(t) − f̂∗
r (t)][f̂(t) − f(xr(t), xr(t − τ), t)] −

1
2
[f̂(t) − f̂(t − T )]2 − 1

2
eTQe. (28)

(21)(22) (28), V̇2(t)

V̇2 �−1
2
eTQe + (

l21 + l22
2

− l)|eTPB|2 +

1
2
(‖e(t)‖2 + ‖e(t − τ)‖2),

l , l � l21 + l22
2

,

V̇2 �−1
2
eTQe +

1
2
(‖e(t)‖2 + ‖e(t − τ)‖2). (29)

V3(t):

V3 = V2 +
1
2

� t

t−τ
‖e(ν)‖2dν. (30)

V3(t) , (27),

V̇3 �−(
lQ
2

− 1)‖e‖2, (31)

V3(t) � V3(T ) − (
lQ
2

− 1)
� t

T
‖e(τ)‖2dτ. (32)

t = iT + t0,

lim
t→∞

V2(t) � V2(T ) − (
lQ
2

− 1)
� T+t0

T
‖e‖2dτ −

(
lQ
2

− 1) lim
i→∞

i−1∑
j=1

� (j+1)T+t0

jT+t0
‖e‖2dτ.

I) V3(T ) . (32), V3(t)
[T,∞) .

lim
t→∞

� t

t−T
‖e‖2dτ = 0.

lim
t→∞

e(t) = 0. .

,
[0,∞) ,

, .
[14] , ,

.

3 θ(t) = θ(t− T ) + �(t), θ(t)

, �(t) . t = t0+T

, θ(t0 + T ) = θ(t0) + �(t0 + T ) + δ,

δ , lim
i→∞

θ(t) = lim
i→∞

{θ(t0) +
iP

j=1
�(t0 +

jT ) +
iP

j=1
δ} → ∞, t = iT + t0. ,

( ) ,

. , ,

sat(·) , .

[2,5,6,8,10].

5 (An illustrative example)
.

⎧⎪⎪⎨
⎪⎪⎩

ẋ = Ax + B[x1sin x2sin t · e−(x2
1(t−τ)+x2

2(t−τ))+

u], t ∈ [0,∞],

x1 = sin t, x2 = cos t, t ∈ [−τ, 0],
(33)

: x = [x1 x2]T,
xr = [0.2sin(2πt) 0.4πsin(2πt)]T, T = 1.

(30) x(0) = [0 1]T.

. Ac, P, Q:

Ac =

(
0 1
−1 −1

)
, P =

(
6 2
2 4

)
, Q=

(
−4 0
0 −4

)
,

fmax = 5.

Jk = max
t∈[(k−1)T,kT ]

{max
i=1,2

|ei(t)|}

, k .

1, 2 (33) (8)
(7) .

|f(x(t), x(t − τ), t) − f(xr(t), xr(t − τ), t)| �
α1‖e(t)‖ + α2‖e(t − τ)‖,

α1 = 1 + |x1| α2 = 2
√

2e−0.5|x1|. 1 ,
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Jk , 50
10−3; 2 , 50

p(t) = f̂r(t) .

3, 4 (33) (22)
(21) .

|f(x(t), x(t − τ), t)| � |x1| = ρ.

ε = 0.5 l = 2. 3 , Jk

, 50
10−3; 4 , 50

p(t) = f̂r(t) .

1∼4 :
, u(t)

, .
, .

1 (8) Jk 50
Fig. 1 Performance index Jk and the 50th cycle tracking

error by control law of (8)

2 50

Fig. 2 The 50th cycle estimated parameter and control input

3 (21) Jk 50
Fig. 3 Performance index Jk and the 50th cycle tracking

error by control law of (21)

4 50

Fig. 4 The 50th cycle estimated parameter and control input

6 (Conclusion)

.
,

,
.

.
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