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Bursting phenomena as well as bifurcation mechanism in
nonlinear circuit

CHEN Zhang-yao, BI Qin-sheng
(Faculty of Civil Engineering and Mechanics, Jiangsu University, Zhenjiang Jiangsu 212013, China)

Abstract: By introducing time-dependent current source to Hartley model with cubic nonlinearity and choosing suitable
values of parameter and excited frequency, we produce a periodically excited fast-slow electric circuit with two time-scales.
The condition for the occurrence of Hopf bifurcation is used to derive the analytical expression of the first Lyapunov
coefficient, which is validated by numerical simulation. The coefficient, as well as the bifurcation theory is employed
to investigate the fast-slow effect in the system, which leads to the typical periodic bursting in the associated bifurcation
modes. Based on the autonomous system and the transformed phase-portraits, the mechanism of the bursting phenomenon
is presented from the standpoint of bifurcation.
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, [10].

Hartley
( ),

,
[11], [12,13].

Hartley
.

Hartley
, ,

,
,

.
,

.
, .
Lyapunov

Hopf , fold-Hopf
, .

: 2010−07−13; : 2010−10−14.
: (10872080, 10972091); (10JDG062);

(SH2010005, CZ2009012).



1414 28

2 (The
model of nonlinear circuit with different time
scales)

Hartley
( 1 ), ( 1

), . :⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

dV1

dt
=

1
C1

[G1(V2 − V1) − g(V1) + iG],

dV2

dt
=

1
C2

[G1(V1 − V2) + i3],

di3
dt

= − 1
L1

V2.

(1)

( 2) g(V1) =
1

R1

(αV 3
1 − βV1).

1

Fig. 1 Nonlinear chua’s circuit

2

Fig. 2 The characteristic of the nonlinear resistor

iG = IG,
x=V1, y=V2, z= i3R1, t=R1C2τ , f(x)=R1g(V1),

: a =
C2

C1

, b =
R2

1C2

L1

, A = IGR1,

(1) :⎧⎪⎨
⎪⎩

dx

dτ
= a[y − x − f(x)] + A,

dy

dτ
= x − y + z,

dz

dτ
= −by.

(2)

iG = IG sin(ωt),
, θ = ωR1C2. (1)

:⎧⎪⎨
⎪⎩

dx

dτ
= a[y − x − f(x)] + A sin(θτ),

dy

dτ
= x − y + z,

dz

dτ
= −by.

(3)

(2)(3) , f(x) = αx3−βx, a, b, A,

θ .

,

, α =
2
7

, β =
8
7

. ,

, (2)(3)⎧⎪⎨
⎪⎩

dx

dτ
= a(y − 2

7
x3 +

1
7
x) + w,

dy

dτ
= x − y + z,

dz

dτ
= −by.

(4)

,

w = A, (5a)

,

w = A sin(θτ), (5b)

a > 0, b > 0, A > 0, θ > 0. ,
, ω

, ,
t, ωt( τ, θτ).

,
.

3 (Bifurc-
ation analysis of system with time-
independent current source)

(4)
(5a) , .

, (4) , w .

,
[14] (4)(5a)

.

(4)(5a) E(x0, 0,−x0) w = wc

fold

wc

a
= ±

√
2

1323
, x0 = ∓

√
1
6
. (6)

(4)(5a) E(x0, 0,−x0) w = wc

Hopf⎧⎪⎨
⎪⎩

(
wc

a
)2 >

2
1323

,

(
e3wc

e1+e2w2
c

)3− 1
2
(

e3wc

e1+e2w2
c

)− 7wc

2a
=0,

(7)

:

e1 = 48a4(6a − 7)(10a2 + 35a − 49b),

e2 =−127008a5, e3 =7056a4(7b−7+4a−4a2).

3.1 (Bifurcation set of the
autonomous system)

(4)(5a) fold Hopf



10 : 1415

. ,

R1 = 0.1Ω, C2 = 10 mF, L1 = 0.007mH,

b = 100/7,
a-w ( 3(a)). (6)(7)

fold LP1, LP2 Hopf H1, H2.

, (6) fold x2
0 =

1
6

=

(±0.408248)2, a w . (7)

x2
0 >

1
6

(
wc

a
)2 >

2
1323

,

Hopf fold ,
3(a) , Hopf fold

, fold Bogdanov-
Takens BT1, BT2.

C1 = 10/8 mF, a = 8.0.
( 3(b)),

fold L81, L82, 4 Hopf H81a, H81b,
H82a, H82b, : H81a, H82b , H81b, H82b

. H81a, H81b H82a, H82b
Hopf . Hopf ,

Lyapunov [15]

.

(a)

(b) a = 8.0 w

3 b = 100/7

Fig. 3 The system of b = 100/7

3.2 Lyapunov (The first
Lyapunov coefficient of the autonomous sys-
tem)

(4) E(x0, 0,−x0) Hopf ,
E(x0, 0,−x0) Lyapunov

l1(x0, 0,−x0) = m(L01 − 2L02 + L03). (8)

a, b l1(x0, 0,−x0) < 0,
E(x0, 0,−x0) Hopf ; l1(x0, 0,

−x0) > 0, E(x0, 0,−x0)
Hopf . :⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

k1 = −6x2
0

7
+

1
7
, k2 = −6

7
x0, k3 = −2

7
,

ω = b − a(k1 + 1),

m = [ω4 + (1 − 2b)ω2 + b2]/2ω/

[(ω4 − (a + 2b + 1)ω2+

b2 − ba)2 + 4ω2(ω2 − b)2],

n = −4a3k2
2/[(4ω2(1 − ak1) + abk1)2+

4ω2(4ω2 + a + ak1 − b)2],

(9)

L01 = 6ak3[ω8 + (2 − a − 4b)ω6 + (a +

ab − 4b + 6b2 + 1)ω4 + (ab2 +

ab + 2b2 − 4b3)ω2 − ab3 + b4], (10)

L02 =
4ak2

2

k1

[ω8+ (2 − a − 4b)ω6 + (a +

ab − 4b + 6b2 + 1)ω4 + (ab2 +

ab + 2b2 − 4b3)ω2 − ab3 + b4], (11)

L03 = n[16k1ω
12 + (36k1 − 60 − 16k1a −

72k1b)ω10 + (−8 + 24k1 + 129b2k1 +

16b + 12ak1 − 96k1b − 20a + 24k1ab)ω8 +

(−24k1b + 4 + 4a + 90b2k1 + 7ab2k1 +

4ak1 + 4k1 + 84b2 + 8ab − 16b + 12abk1 −
116b3k1)ω6 + (−3b2ak1 − 48b3 + 9b2k1 +

4ba + 4abk1 − 23ab3k1 + 54b4k1 −
36b3k1 + 24b2 + 20ab2)ω4 +

(9ab4k1 + 6b4k1 − 3ab3k1 + 8b4 −
12b5k1 − 8ab3)ω2 + b6k1 − ab5k1]. (12)

a = 8.0 w

, (8)
( 4), LPC1, LPC2

(limit point bifurcation of cycles).
, .

fold L81, L82(∓0.311046,
± 0.408248) 4 Hopf . (8) [15]

: H81a, H82a(∓0.231872, ± 0.566508)
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Hopf , H81b, H82b(±1.238914, ± 1.016482)
Hopf . H81a, H82a

LPC1, LPC2(±1.73748)
, H81b, H82b LPC1, LPC2

.

4 a = 8.0

Fig. 4 The bifurcation diagram with respect to for a = 8.0

,
Hopf .

4
(Fast-slow behavior as well as

bifurcation mechanism in nonlinear circuit
with different scales)

C1 = 10/8 mF, a = 8.0.

, ,
,

,
.

4.1
(Fast-slow behavior as well as bifurcation
mechanism in nonlinear circuit with different
periodically excited amplitude)

(4)(5b) ( )
, ω =

0.05.
.

IG =3.2 mA , w=
0.32 sin(0.05τ)( 5). fold

. 5(a) , 5(b)
x-y x-y

. 5(a)
, 5(b) w = ±0.32

, ,
,
.

2.8868. 5(a)(b)
, .

,
, (x,w)=(x(τ), A sin(θτ))

5(c) . 5(c)
.

5(c) w = 0 .
w = 0 , .
w , ,

. Hopf H81a
, . fold L81 ,

, fold
L81 , .

,
. w , Hopf

H82a , .
fold L82 ,
, fold L82 ,

. .
fold L81, L82 ,

,
, .
5(c) w-x ,

.
5(a) 5(b)x-y

.

(a)

(b) x-y
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(c) w-x

5 A = 0.32, θ = 0.05

Fig. 5 Dynamic behavior for A = 0.32, θ = 0.05

IG = 10 mA , w =
1.00 sin(0.05τ)( 6).

Hopf . 6(a)
, 6(b) x-y w =

±1.00 ( ), w = ±1.00
3.0555. 6(c) Hopf

. IG = 3.2 mA , 6(c)
fold ,

fold . w ,
fold
, ,

fold , w ,
, w = −1.0 . .

,
.

IG = 25 mA , w =
2.50 sin(0.05τ)( 7).

. 7(a) ,
7(b) x-y , 7(c) w-x

. 3.6123.

(a)

(b) x-y

(c) w-x

6 A = 1.00, θ = 0.05

Fig. 6 Dynamic behavior for A = 1.00, θ = 0.05

7(c) ,
LPC1, LPC2 ,

fold . w

, fold
, , LPC1,

LPC2 , w ,
, w = −2.5 .

,
.

(a)
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(b) x-y

(c) w-x

7 A = 2.50, θ = 0.05

Fig. 7 Dynamic behavior for A = 2.50, θ = 0.05

IG = 2.5 mA , w =
±0.25 sin(0.05τ)( 8).

fold .
2.8673.

8(c) , , LP1,
LP2 , fold . .

. w ,
,

(w ) .
.

.

(a)

(b) x-y

(c) w-x

8 A = 0.25, θ = 0.05

Fig. 8 Dynamic behavior for A = 0.25, θ = 0.05

, ,
.

,
fold Hopf .

4.2
(Fast-slow behavior as well as bifurcation
mechanism in nonlinear circuit with different
periodically excited frequency)
9 2.5, 0.02

, . 9(c) 7 ,
, ,
. 9(c)

. w = 1.5
( 10). Hopf

. 10 11
, w = 1.5
3.1916,
. ( 10c),
. ( 11c), .

.
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,
.

(a)

(b) x-y

(c) w-x

9 A = 2.50, θ = 0.02

Fig. 9 Dynamic behavior for A = 2.50, θ = 0.02

(a)

(b) x-y

(c) w-x

10 A = 1.50, θ = 0.05

Fig. 10 Dynamic behavior for A = 1.50, θ = 0.05

(a)

(b) x-y
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(c) w-x

11 A = 1.50, θ = 0.02

Fig. 11 Dynamic behavior for A = 1.50, θ = 0.02

5 (Conclusions)
,

.
fold Hopf ,

Lyapunov Hopf
. ,

fold-Hopf . ,
Hopf ,

. ,
, .
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