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Two classes of B-spline fuzzy systems and their applications
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Abstract: Fuzzy systems that approximate a given function and its derivatives play an important role in applications.
Two classes of B-spline fuzzy systems that employ B-spline functions as the if-part sets are presented. They are univer-
sal approximators for a given function and its derivatives. Especially, the first class of B-spline fuzzy systems with the
interpolation condition can approximate a function and its derivative respectively with the 2nd order accuracy and the 1st
order accuracy in the approximation, The second class of B-spline fuzzy systems with the quasi-interpolation condition can
approximate a function and its first and second derivatives with the 2nd order accuracy for all. Finally, a controller based
on the two fuzzy systems is designed to realize the stability for a 1st order single inverted pendulum. The simulation results
demonstrate the effectiveness and robustness of the controller based on the proposed fuzzy systems.
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2 (Preliminaries)
1 [17] [a, b]

Δ : a = x0 < x1 < · · · < xn = b,

[a, b] s(x) 3 ,
:

1) [xi−1, xi](i = 1, 2, · · · , n)
s(x) 3 ;

2) [a, b] , s(x)
, xi(i = 1, 2, · · · , n − 1)

s(k)(xi − 0) = s(k)(xi + 0), k = 0, 1, 2,

xi(i = 0, 1, · · · , n) s(x) .

yi(i = 0, 1, · · · , n) ,
s(x) :

3) s(xi) = yi(i = 0, 1, · · · , n), s(x)
3 .

[a, b] Δ 3
span(Δ, 3).

3 ,
[a, b]

.

:

1) s′(x0) = y′
0, s′(xn) = y′

n.

2) s′′(x0)=y′′
0 , s′′(xn)=y′′

n.

1 [17] f ∈ C4[a, b] [a, b]
Δ. s(x) ∈ span(Δ, 3) f(x)

1) 2) 3 ,

‖(f − s)(r)‖∞ � Cr‖f (4)‖∞h4−r, r = 0, 1, 2, 3,

: ‖ · ‖∞ , C0 =
5

384
, C1 =

1
24

,

C2 =
3
8

, C3 =
β + β−1

2
, hi = xi+1 − xi, i = 0, 1,

· · · , n − 1, h = maxi hi, β =
maxi hi

mini hi

,

C0, C1 .

2 [18]

Ω3(x) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
0, |x| � 2,
1
2
|x|3 − x2 +

2
3
, |x| � 1,

−1
6
|x|3 + x2 − 2|x| + 4

3
, 1< |x|<2

3 B .

,

{(xi, yi)|i = 0, 1, · · · , n},
: xi = x0 + ih, i = 0, 1, · · · , n, h =

b − a

n
, x0

= a, xn = b. [a, b] Δ : a =
x0 < x1 < · · · < xn = b.

3 B

(The first class of B-spline fuzzy systems
and their approximation properties)

, ,
CRI

Mamdani .
,

. ,
,

B . ,
3 B .

[17] , ,
, .

. , [a, b] Δ

3 span(Δ, 3) n+3. ,
span(Δ, 3) ,

n + 3 . ,
, n + 1

, n + 1 . ,
,

. :
(x−1, y−1), (xn+1, yn+1), :

x−1 = x0 − h, xn+1 = x0 + (n + 1)h,

y−1 = 2y0 − y1, yn+1 = 2yn − yn−1

.
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Ai(x) = Ω3(
x − xi

h
), i = −1, 0, · · · , n + 1,

n + 3 :
If x is Ai, then y is Bi, i = −1, 0, · · · , n + 1.

[4] ,
,

Bi ui, .

B :

(S1) : F1(x) =
n+1∑
i=−1

Ai(x)ui. (1)

U = (u−1, u0, · · · , un+1)T,
, F1(xi) = yi, i = −1, 0, · · · , n +

1, U . [15] , (S1) .

(S1) , .

1

L(x) =
∞∑

i=−∞
ciΩ3(

x − x0

h
− i), (2)

: i � 0 , ci =
√

3(−2 +
√

3)i, i < 0 , ci =
c−i. Lj(x) = L(x − hj), j = −1, 0, · · · , n + 1,
{Lj(x)|j = −1, 0, · · · , n + 1} {Aj(x)|j = −1,

0, · · · , n+1} [a, b] Δ 3
span(Δ, 3) .

[18] , {Aj(x)|j = −1, 0, · · · , n +
1} span(Δ, 3) . {Lj(x)|j =
−1, 0, · · · , n+1} {Aj(x)|j = −1, 0, · · · , n+1}

.

(L−1(x), · · · , Ln+1(x))T =

C(Ω3(
x − x0

h
+ 1), · · · , Ω3(

x − x0

h
− n − 1))T,

(3)

C =

⎛⎜⎜⎜⎜⎜⎜⎝
c0 c1 c2 · · · cn+2

c1 c0 c1 · · · cn+1

...
...

...
...

...
cn+1 cn · · · c0 c1

cn+2 cn+1 · · · c1 c0

⎞⎟⎟⎟⎟⎟⎟⎠ .

C , . C ⇔ det(C) > 0.

det(C) > 0. α = −2 +
√

3,

det(C) =

(
√

3)n+3 det

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 α α2 · · · αn+1 αn+2

α 1 α · · · αn αn+1

α2 α 1 · · · αn−1 αn

...
...

...
...

...
...

αn+1 αn αn−1 · · · 1 α

αn+2 αn+1 αn · · · α 1

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
.

n + 2 −α n + 3 ,

n+1 −α n+2 , · · · , 1 −α

2 , det(C) > 0. . .

2 y = f(x) f ∈
C4[a, b], R1(x) � f(x) − F1(x)

‖R(r)
1 ‖∞ � Crh

4−r‖f (4)‖∞ + DrMh2−r, r=0, 1, 2,

:

C0 =
5

384
, C1 =

1
24

, C2 =
3
8
, D0 = 2,

D1 =
12(2

√
3 − 1)

11
, D2 = 12(2

√
3 − 1),

M = max{ max
x∈[x−1,xn+1]

|s′′(x)|, max
x∈[x0,xn]

|f ′′(x)|}.

1 ,

F1(x) =
n+1∑

j=−1

Aj(x)uj =

(Ω3(
x − x−1

h
), · · · , Ω3(

x − xn+1

h
))

⎛⎜⎝ u−1

...
un+1

⎞⎟⎠ =

(L−1(x), · · · , Ln+1(x)) C−1

⎛⎜⎝ u−1

...
un+1

⎞⎟⎠ . (4)

F1(xi) = yi, Li(xj) = δij ,

C−1(u−1, · · · , un+1)T = (y−1, · · · , yn+1)T,

F1(x) =
n+1∑

j=−1

Aj(x)uj =
n+1∑

j=−1

Lj(x)yj.

[18] , 1) 3

s(x) =
n+1∑

j=−1

Lj(x)ŷj , ŷi = yi, i = 0, 1,

· · · , n. ŷ−1 �= y−1, ŷn+1 �= yn+1.

|F1(x) − s(x)| =

|(y−1 − ŷ−1)L−1(x) + (yn+1 − ŷn+1)Ln+1(x)| �
|y−1 − ŷ−1||L−1(x)| + |yn+1 − ŷn+1||Ln+1(x)| �
|y−1 − ŷ−1| + |yn+1 − ŷn+1|,
‖F1 − s‖∞ � |y−1 − ŷ−1| + |yn+1 − ŷn+1|.
|y−1 − ŷ−1|. [x−1, x0] ,

s(x) = s(x0) + s′(x0)(x − x0) + s′′(ξ)
(x − x0)2

2!
,

ŷ−1 = s(x−1) = y0 − y′
0h + s′′(ξ1)

h2

2!
,

y−1 = 2y0 − y1 =

2y0 − (y0 + y′
0h + f ′′(ξ2)

h2

2!
) =

y0 − y′
0h − f ′′(ξ2)

h2

2!
.
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|y−1 − ŷ−1| � |s′′(ξ1) + f ′′(ξ2)|h
2

2
� Mh2.

|yn+1 − ŷn+1| � Mh2.

|F ′
1(x) − s′(x)| =

|(y−1 − ŷ−1)L′
−1(x) + (yn+1 − ŷn+1)L′

n+1(x)| �
|y−1 − ŷ−1||L′

−1(x)| + |yn+1 − ŷn+1||L′
n+1(x)|,

|F ′′
1 (x) − s′′(x)| =

|(y−1 − ŷ−1)L′′
−1(x) + (yn+1 − ŷn+1)L′′

n+1(x)| �
|y−1 − ŷ−1||L′′

−1(x)| + |yn+1 − ŷn+1||L′′
n+1(x)|.

L(x) ,

‖L′
−1‖∞ = ‖L′

n+1‖∞ = ‖L′‖∞ =
1
h

6
11

(2
√

3 − 1),

‖L′′
−1‖∞ = ‖L′′

n+1‖∞ = ‖L′′‖∞ =
6
h2

(
√

3 − 1).

1,

‖F1 − f‖∞ � ‖F1 − s‖∞ + ‖s − f‖∞ �

2Mh2 +
5

384
h4‖f (4)‖∞,

‖F ′
1 − f ′‖∞ � ‖F ′

1 − s′‖∞ + ‖s′ − f ′‖∞ �
12
11

(2
√

3 − 1)Mh +
1
24

h3‖f (4)‖∞,

‖F ′′
1 − f ′′‖∞ � ‖F ′′

1 − s′′‖∞ + ‖s′′ − f ′′‖∞ �

12(
√

3 − 1)M +
3
8
h2‖f (4)‖∞.

. .

4 B

(The second class of B-spline fuzzy sys-
tems and their approximation properties)

,
B . ,

, . ,
.

Ai(x) = Ω3(
x − xi

h
), i = 0, 1, · · · , n,

n + 1 :
If x is Ai, then y is Bi, i = 0, 1, · · · , n.

Bi yi. ,
, B :

(S2) : F2(x) =
n∑

i=0

(
Ai(x)

n∑
j=0

Aj(x)
)yi. (5)

, Ai , (S2)

.
Ai(x)

n∑
j=0

Aj(x)
Kronecker

, [15] , (S2) .
(S2) .

2 Ai(x), i = 0, 1, · · · , n 3
, i = 1, 2, · · · , n − 2

Ai−1(x) + Ai(x) + Ai+1(x) + Ai+2(x) = 1,

Ai−1(x) − Ai+1(x) − 2Ai+2(x) = −x − xi

h
,

Ai−1(x) + Ai+1(x) + 4Ai+2(x) =

(x − xi)2

h2
+

1
3
,

A′
i−1(x) + A′

i+1(x) + 4A′
i+2(x) =

2(x − xi)
h2

,

|A′
i−1(x)| + |A′

i+1(x)| + 8|A′
i+2(x)| =

3(x − xi)2

h3
+

1
h

,

A′′
i−1(x) − A′′

i+1(x) − 8A′′
i+2(x) = −6(x − xi)

h3
,

|A′′
i−1(x)| + |A′′

i+1(x)| + 8|A′′
i+2(x)| � 18.

.

2 , x ∈ [x0, x1] ,

F2(x) =
A0(x)y0 + A1(x)y1 + A2(x)y2

A0(x) + A1(x) + A2(x)
;

x ∈ [xn−1, xn] ,

F2(x) =
An−2(x)yn−2 + An−1(x)yn−1 + An(x)yn

An−2(x) + An−1(x) + An(x)
;

x ∈ [xi, xi+1], i = 1, 2, · · · , n − 1 ,

Ai−1(x) + Ai(x) + Ai+1(x) + Ai+2(x) = 1,

F2(x) =Ai−1(x)yi−1 + Ai(x)yi+

Ai+1(x)yi+1 + Ai+2(x)yi+2.

(S2) [x0, x1] [xn−1, xn]
, [x1, xn−1] 3

.

(S2) :

3 y = f(x), f ∈
C4[a, b], R2(x) � f(x) − F2(x)

max
x∈[x1,xn−1]

|R(r)
2 (x)| � CrMrh

2, (6)

:

C0 = C1 =
7
6
, C2 =

5
4
,

Mr = max
x∈[x0,xn]

|f (r+2)(x)|, r = 0, 1, 2.

∀x ∈ [xi, xi+1], i = 1, 2, · · · , n − 1,

F2(x) =Ai−1(x)yi−1 + Ai(x)yi+

Ai+1(x)yi+1 + Ai+2(x)yi+2,
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,

yi−1 = f(xi−1) = f(xi) − f ′(xi)h +
f ′′(ξ1)h2

2
,

yi+1 = f(xi+1) = f(xi) + f ′(xi)h +
f ′′(ξ2)h2

2
,

yi+2 = f(xi+2) = f(xi) + f ′(xi)2h + f ′′(ξ3)2h2,

f(x) = f(xi) + f ′(xi)(x − xi) +
f ′′(ξ)(x − xi)2

2
,

: ξ, ξ2 ∈ (xi, xi+1), ξ1 ∈ (xi−1, xi), ξ3 ∈ (xi,

xi+2),

|f(x) − F2(x)| =

|f(xi)(1 − (Ai−1(x) + Ai(x) + Ai+1(x)+

Ai+2(x))) + f ′(xi)(x − xi + Ai−1(x)h−

Ai+1(x)h − 2Ai+2(x)h) + f ′′(ξ)
(x − xi)2

2
−

f ′′(ξ1)Ai−1(x)
h2

2
− f ′′(ξ2)Ai+1(x)

h2

2
−

f ′′(ξ3)Ai+2(x)2h2| �

M0|(x − xi)2

2
+ Ai−1(x)

h2

2
+

Ai+1(x)
h2

2
+ Ai+2(x)2h2| � 7M0h

2

6
.

.

.

5 (The application)

.

[19]. B

,
.

, .
, ,

1 .

1

Fig. 1 A simplified model of the single inverted pendulum

,
: u , x , θ

, O1 , m0

, m1 , J1

, l1 O1 , f0

, f1 O1

.(
a0 a1 cos θ

a1 cos θ b1

) (
ẍ

θ̈

)
=(

−f0 a1θ̇ sin θ

0 −f1

) (
ẋ

θ̇

)
+

(
u

a1g sin θ

)
, (7)

:

a0 = m0 + m1, a1 = m1l1, b1 = J1 + m1l
2
1.

1.

1
Table 1 Fuzzy control rules based on the angles

θ/rad −0.6 −0.4 −0.2 0 0.2 0.4 0.6

u/N −35 −30 −12 0 12 30 35

,
. :

u1(θ(t)) = −52.3346Ω3(
θ(t) + 0.8

0.2
)−

30.6598Ω3(
θ(t) + 0.6

0.2
)−

35.0237Ω3(
θ(t) + 0.4

0.2
)−

9.2439Ω3(
θ(t) + 0.2

0.2
)+

9.2439Ω3(
θ(t) − 0.2

0.2
)+

35.0237Ω3(
θ(t) − 0.4

0.2
)+

30.6598Ω3(
θ(t) − 0.6

0.2
)+

52.3346Ω3(
θ(t) − 0.8

0.2
),

u2(θ(t)) =
1

6∑
i=0,i �=3

Ω3(
θ(t) + 0.6

0.2
− i)

×

(−35Ω3(
θ(t) + 0.6

0.2
) − 30Ω3(

θ(t) + 0.4
0.2

)−

12Ω3(
θ(t) + 0.2

0.2
) + 12Ω3(

θ(t) − 0.2
0.2

)+

30Ω3(
θ(t) − 0.4

0.2
) + 35Ω3(

θ(t) − 0.6
0.2

)).

MATLAB 6.5 , Simulink
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2 3 .

2

Fig. 2 Response curve of the rod

3

Fig. 3 The control value

10 s 0.2 ,
4 .

4

Fig. 4 Response curve of the rod

,
0.2 , .
5 .

5

Fig. 5 Response curve of the rod

,
, .

6 (Conclusion)
3 B

,
. Zhang

,
, ,

B , .
B ,

, ,
.

,
, ,

,
. ,

, . ,

.
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