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Global output feedback control of nonlinear systems with
unknown output function
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(1. School of Mathematics and Physics, Jiangsu University of Science and Technology, Zhenjiang Jiangsu 212000, China;
2. School of Automation, Southeast University, Nanjing Jiangsu 210096, China)

Abstract: This paper addresses the problem of global output feedback stabilization of a class of nonlinear systems
with unknown output function. Since the output function is not precisely known, traditional observers based on the output
is not implementable. To tackle the problem, a state compensator independent of the output function is designed at first
and the compensator states are used to globally stabilize the nominal linear system without the perturbing nonlinearities.
Then, the homogeneous domination approach is applied to design a scaled homogeneous compensator and controller with
an appropriately selected gain to make the uncertain nonlinear system globally finite-time stable. The numerical example
shows the validity of the proposed method.
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1 (Introduction)

⎧⎪⎨
⎪⎩

żi = zi+1 + φi(z1, · · · , zi), i = 1, · · · , n − 1,

żn = ν + φn(z1, · · · , zn),

y = h(z1).

(1)

: z = (z1, · · · , zn)T ∈ R
n, y ∈ R, ν ∈ R

, . φi(·),
i = 1, · · · , n , h(·)

h(0) = 0.
:

χ̇ = Γ (χ, u), ν = u(χ, y), (2)

Γ (0, 0) = 0, u(0, 0) = 0, (1)(2)
.

[1∼3]. ,
[4]. ,

. , ,
(1)

φi(·) . [5∼7]
Lipschitz

. [8]
.

φi(·) . [2]
Lipschitz ,

. ,
[1∼3, 8] z1 .

(1) h(·) , .
,

. , z1 ,
. ,

φi(·).
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2 (Preliminaries)
.
.

: ri > 0, i = 1, · · · , n,
(x1, · · · , xn) ∈ R

n ∀ε > 0,
1) Δε(x) Δε(x)=(εr1x1,· · ·, εrnxn),
ri xi , Δ = (r1, · · · , rn).

2) τ ∈ R, V ∈ C(Rn, R),
∀x ∈ R

n\{0}, V (Δε(x)) = ετV (x1, · · · , xn),
V τ .

3) τ ∈ R, f ∈ C(Rn, Rn),
∀x∈R

n \{0}, fi(Δε(x))=ετ+rifi(x1, · · · , xn), i=
1, · · · , n, f τ .

4) p – : p � 1,

‖x‖Δ,p = (
n∑

i=1

|xi|p/ri)1/p, ∀x ∈ R
n.

, p = 2 , ‖x‖Δ,2 ‖x‖Δ.

1 [9] Δε

ẋ = f(x), f(0) = 0 (3)

x = 0 , Δε–
Lyapunov V ,

V̇ |(3) =
∂V

∂x
f(x) < 0, ∀x �= 0.

2 [9] f R
n ,

. f k,
p ∈ N

∗ m > p × max
i

{ri}, (3)

Cp Lyapunov V m, V̇

m + k.

3 [10] V : R
n → R Δ

τ ,

A)
∂V

∂xi

τ − ri, ri xi ;

B) c,

V (x) � c‖x‖τ
Δ. (4)

V (x) ,

c‖x‖τ
Δ � V (x), c > 0. (5)

4 [11] x ∈ R, y ∈ R p � 1,
;{ |x + y|p � 2p−1|xp + yp|,(|x|+|y|) 1

p � |x| 1
p +|y| 1

p �2
p−1

p

(|x|+|y|) 1
p .

(6)

p � 1 ,{ |x − y|p � 2p−1|xp − yp|,
|x 1

p − y
1
p | � 21− 1

p |x − y| 1
p .

(7)

5 [12] c d ,
γ(x, y) > 0,

|x|c|y|d � c

c + d
γ(x, y)|x|c+d+

d

c + d
γ
−

c

d (x, y)|y|c+d. (8)

3
(Output feedback stabilization

of nominal linear system with unknown out-
put function)

,{
ẋi = xi+1, i = 1, · · · , n − 1, ẋn = u,

y = h(x1),
(9)

h(x1) ,
:

1 θ θ̄,

0 < θ � ∂h(x1)
∂x1

� θ̄, ∀x1 ∈ R. (10)

1 1 ,

h(x1) = θx1 θ .

h(x1) = 3x1 + sin x1.

1 1 ,
(9) .

y , x1 .
x1 :{
˙̂xi = fi(x̂1, x̂i+1) = x̂i+1 − aix̂

ri+1
1 ,

˙̂xn = fn(x̂1, u) = u − anx̂
rn+1
1 ,

(11)

i = 1, · · · , n − 1.

r1 = 1, ri+1 = ri + τ , τ ∈ (− 1
n

, 0)

ai, i = 1, · · · , n{
ėi = ei+1 − aie

ri+1
1 , i = 1, · · · , n − 1,

ėn = −ane
rn+1
1

(12)

.

2 , τ = −q/p, q , p

. ri = 1 + (i − 1)τ, i = 1, · · · , n + 1,

.

2 3, (12) 2
Lyapunov V (e),

V̇ (e)
∣∣
(12)

� −
n∑

i=1

e
2+τ
ri

i , e = (e1, · · · , en). (13)
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3,

|∂V

∂ei

| � ci(|e1|2−ri + · · · + |en|
2−ri

rn ), (14)

ci > 0, i = 1, · · · , n.
ei = xi − x̂i, i = 1, · · · , n. (9) (11),⎧⎪⎪⎨
⎪⎪⎩

ėi = ei+1 − aie
ri+1
1 + ai[x̂

ri+1
1 + (x1 − x̂1)ri+1 ],

i = 1, · · · , n − 1,

ėn = −ane
rn+1
1 + an[x̂rn+1

1 + (x1 − x̂1)rn+1 ].
(15)

4, di > 0(i = 1, · · · , n)∣∣x̂ri+1
1 + (x1 − x̂1)ri+1

∣∣ � di |x1|ri+1 . (16)

(13)∼(16)

V̇ (e)|(15) =

V̇ (e)|(12) +
∂V

∂e
[a1(x̂r2

1 + (x1 − x̂1)r2) · · ·
an(x̂rn+1

1 + (x1 − x̂1)rn+1)]T �

−
n∑

i=1

e
2+τ
ri

i +
n∑

i=1

(aicidi(
n∑

j=1

|ej|
2−ri

rj )|x1|ri+1)�

− 3
4

n∑
i=1

e
2+τ
ri

i + Mx2+τ
1 , (17)

M > 0. (17) 5 .

, .

Step 1 Lyapunov V1 = V (e) + y2/2,
V1 (17) ,

V̇1 = V̇ (e) + yẏ � −3
4

n∑
i=1

e
(2+τ)/ri

i + Mx2+τ
1 +

y
∂h

∂x1

(x̂2 + e2). (18)

1,

(θ̄)−(2+τ)y2+τ � x2+τ
1 � θ−(2+τ)y2+τ , (19)

.

5 1, g0 > 0,

y
∂h

∂x1

e2 � |y|θ̄|e1/r2
2 |1+τ � 1

4
e

2+τ
r2

2 + g0y
2+τ . (20)

(19)(20) (18),

V̇1 � − 3
4
e2+τ
1 − 1

2
e
(2+τ)/r2
2 − 3

4

n∑
i=3

e
(2+τ)/ri

i +

(Mθ−(2+τ) + g0)y2+τ + y
∂h

∂x1

(x̂2 − x̂∗
2)+

y
∂h

∂x1

x̂∗
2. (21)

x̂∗
2 = −β1y

r2 , β1 = (n + Mθ−(2+τ) + g0)/θ, (22)

V̇1 � − 3
4
e2+τ
1 − 1

2
e

2+τ
r2

2 − 3
4

n∑
i=3

e
2+τ
ri

i −

n|ξ1|2+τ + y
∂h

∂x1

(x̂2 − x̂∗
2), (23)

ξ1 = y.

Step 2 Lyapunov

V2 =V1+W2 =V1+
� x̂2

x̂∗
2

(s1/r2 − x̂
∗1/r2
2 )2−r2ds,

(24)

ξ2 = x̂
1/r2
2 − x̂

∗1/r2
2 . V2 (23)

,

V̇2 =

V̇1 + ξ2−r2
2 (x̂3 − a2x̂

r3
1 )−

(2 − r2)
∂x̂

∗1/r2
2

∂y

� x̂2

x̂∗
2

(s
1

r2 − x̂
∗ 1

r2
2 )1−r2ds · ẏ �

− 3
4
e2+τ
1 − 1

2
e

2+τ
r2

2 − 3
4

n∑
i=3

e
2+τ
ri

i − n|ξ1|2+τ+

y
∂h

∂x1

(x̂2 − x̂∗
2) + ξ2−r2

2 (x̂3 − a2x̂
r3
1 )−

(2 − r2)
∂x̂

∗ 1
r2

2

∂y

� x̂2

x̂∗
2

(s
1

r2 − x̂
∗ 1

r2
2 )1−r2ds · ẏ. (25)

, (25) 3 .
5,

y
∂h

∂x1

(x̂2 − x̂∗
2) �

21−r2 θ̄|y||ξ2|r2 � 1
3
|ξ1|2+τ + g1 |ξ2|2+τ

, (26)

g1 > 0.

− a2ξ
2−r2
2 x̂r3

1 �
a2|ξ2|2−r2(|x1|r3 + |e1|r3) �
1
3
|ξ1|2+τ +

1
2n

|e1|2+τ + g2 |ξ2|2+τ
, (27)

g2 > 0. (25) ,

− (2−r2)
∂x̂

∗1/r2
2

∂y

� x̂2

x̂∗
2

(s1/r2 − x̂
∗1/r2
2 )1−r2ds · ẏ�

(2 − r2)|∂x̂
∗ 1

r2
2

∂y
||ξ2|1−r2 |x̂2 − x̂∗

2||
∂h

∂x1

||x̂2 + e2| �

(2 − r2)21−r2 |∂x̂
∗ 1

r2
2

∂y
||ξ2|θ̄|(ξ2 − β

1/r2
1 y)r2 + e2| �

1
3
|ξ1|2+τ +

1
2n

|e2|(2+τ)/r2 + g3|ξ2|2+τ , (28)

g3 > 0. (26)∼(28) (25),

V̇2 �

− (3
4
− 2

4n

)
e2+τ
1 − (1

2
− 2

4n

)
e

2+τ
r2

2 −
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3
4

n∑
i=3

e
2+τ
ri

i − (n − 1)|ξ1|2+τ + ξ2−r2
2 (x̂3 − x̂∗

3)+

(g1 + g2 + g3)ξ2+τ
2 + ξ2−r2

2 x̂∗
3. (29)

x̂∗
3 = −β2ξ

r3
2 , β2 = n − 1 + g1 + g2 + g3.

(29),

V̇2 � − (
3
4
− 2

4n
)e2+τ

1 − (
1
2
− 2

4n
)e

2+τ
r2

2 −
3
4

n∑
i=3

e
2+τ
ri

i − (n − 1)(|ξ1|2+τ+

|ξ2|2+τ ) + ξ2−r2
2 (x̂3 − x̂∗

3). (30)

k−1 , Lyapunov
Vk−1(e, y, x̂2, · · · , x̂k−1) x̂∗

2, · · · ,

x̂∗
k, ⎧⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

x̂∗
1 = 0, ξ1 = y1/r1 − x̂

∗1/r1
1 ,

x̂∗
2 = −β1ξ

r2
1 , ξ2 = x̂

1/r2
2 − x̂

∗1/r2
2 ,

...

x̂∗
k = −βk−1ξ

rk

k−1, ξk = x̂
1/rk

k − x̂
∗1/rk

k ,

(31)

β1 > 0, · · · , βk−1 > 0,

V̇k−1 �

− (
3
4
− k − 1

4n
)e2+τ

1 − (
1
2
− k − 1

4n
)e

2+τ
r2

2 −
3
4

n∑
i=3

e
2+τ
ri

i + ξ
2−rk−1
k−1 (x̂k − x̂∗

k)−

(n − k + 2)(|ξ1|2+τ + · · · + |ξk−1|2+τ ). (32)

, k = 3 (32) (30).
k (32) . Lyapunov⎧⎪⎪⎪⎨

⎪⎪⎪⎩
Vk(e, y, x̂2, · · · , x̂k) =

Vk−1(e, y, x̂2, · · · , x̂k−1) + Wk(y, x̂2, · · · , x̂k),

Wk(y, x̂2, · · · , x̂k) =
� x̂k

x̂∗
k

(s
1

rk − x̂
∗ 1

rk

k )2−rkds.

(33)

Vk

V̇k � − (
3
4
− k − 1

4n
)e2+τ

1 − (
1
2
− k − 1

4n
)e

2+τ
r2

2 −
3
4

n∑
i=3

e
2+τ
ri

i + ξ2−rk

k (x̂k+1 − akx̂
rk+1
1 )−

(n − k + 2)
k−1∑
j=1

|ξj|2+τ + ξ
2−rk−1
k−1 (x̂k − x̂∗

k)+

k−1∑
l=2

∂Wk

∂x̂l

˙̂xl +
∂Wk

∂y
ẏ. (34)

, (34) . (26)

, 4 5,

ξ
2−rk−1
k−1 (x̂k − x̂∗

k) �
21−rk |ξk−1|2−rk−1 |ξk|rk �
1
2
|ξk−1|2+τ + g4|ξk|2+τ , (35)

g4 > 0. (27) ,

−akξ
2−rk

k x̂
rk+1
1 � 1

3
|ξ1|2+τ +

1
8n

|e1|2+τ +g5|ξk|2+τ ,

(36)
g5 > 0.

, g6,
k−1∑
l=2

∂Wk

∂x̂l

˙̂xl �1
2

k−1∑
l=2

ξ2+τ
l +

1
3
|ξ1|2+τ+

1
8n

|e1|2+τ + g6|ξk|2+τ , (37)

.

(34) ,

∂Wk

∂y
ẏ = − (2 − rk)

∂x̂
∗1/rk

k

∂y
×

� x̂k

x̂∗
k

(s
1

rk − x̂
∗ 1

rk

k )1−rkds · ẏ �

(2 − rk)|∂x̂
∗1/rk

k

∂y
||ξk|| ∂h

∂x1

||x̂2 + e2| �

1
2
|ξ2|2+τ +

1
3
|ξ1|2+τ +

1
4n

|e2|
2+τ
r2 +

g7|ξk|2+τ , (38)

g7 > 0. (35)∼(38) (34),

V̇k � − (
3
4
− k

4n
)e2+τ

1 − (
1
2
− k

4n
)e

2+τ
r2

2 −
3
4

n∑
i=3

e
2+τ
ri

i − (n − k + 1)
k−1∑
j=1

|ξj|2+τ+

ξ2−rk

k (x̂k+1 − x̂∗
k+1) + ξ2−rk

k x̂∗
k+1+

(g4 + g5 + g6 + g7)|ξk|2+τ . (39)

x̂∗
k+1 = −βkξ

rk+1
k ,

βk = n − k + 1 + g4 + g5 + g6 + g7,

V̇k � − (
3
4
− k

4n
)e2+τ

1 − (
1
2
− k

4n
)e

2+τ
r2

2 −
3
4

n∑
i=3

e
2+τ
ri

i − (n − k + 1)
k∑

j=1

|ξj|2+τ+

ξ2−rk

k (x̂k+1 − x̂∗
k+1). (40)

. k = n , (39)
Lyapunov Vn(e, y, x̂2, · · · , x̂n) ĉ,

V̇n �
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− 1
2
e2+τ
1 − 1

4
e

2+τ
r2

2 − 3
4

n∑
i=3

e
2+τ
ri

i −
n−1∑
j=1

|ξj|2+τ+

ξ2−rn
n (u − x̂∗

n+1) + ξ2−rn
n x̂∗

n+1 + ĉ|ξn|2+τ , (41)

ĉ = g4+g5+g6+g7. x̂∗
n+1 = −bnξrn+τ

n , bn �
ĉ + 1,

V̇n � − 1
2
e2+τ
1 − 1

4
e

2+τ
r2

2 − 3
4

n∑
i=3

e
2+τ
ri

i −
n∑

j=1

|ξj|2+τ + ξ2−rn
n (u − x̂∗

n+1). (42)

(42),

u =x̂∗
n+1 = −bn(x̂

1
rn
n + β

1
rn

n−1(x̂
1

rn−1
n−1 + · · ·+

β
1

r3
2 (x̂

1
r2
2 + β

1
r2
1 y)))rn+τ , (43)

V̇n �− 1
2
e2+τ
1 − 1

4
e

2+τ
r2

2 − 3
4

n∑
i=3

e
2+τ
ri

i −
n∑

j=1

|ξj|2+τ .

(44)

(44) . , (9)(11)(43)
. , τ < 0 ,

.
Vn , Vn

X := [e1 · · · en y x̂2 · · · x̂n]T (45)

.

Δ = (r1, · · · , r2n) = (Δe,Δx̂), (46)

:

Δe = (1, τ + 1, · · · , (n − 1)τ + 1),

Δx̂ = (1, τ + 1, · · · , (n − 1)τ + 1).

Vn(X) =

V (e) + y2/2 +
n∑

k=2

� x̂k

x̂∗
k

(s
1

rk − x̂
∗ 1

rk

k )2−rkds (47)

Δ, 2 . 3, ĉ1

> 0,

Vn(X) � ĉ1‖X‖2
Δ, (48)

‖X‖Δ =

√
2n∑
i=1

|Xi|2/ri .

(44) 2 + τ . 3,
ĉ2 > 0,

V̇n(X) � − 1
2
e2+τ
1 − 1

4
e
(2+τ)/r2
2 −

3
4

n∑
i=3

e
(2+τ)/ri

i −
n∑

j=1

|ξj|2+τ �

− ĉ2‖X‖2+τ
Δ . (49)

4 (1) (Global out-
put feedback stabilization of system (1))

3 (1)
. φi(·) :

2 t � 0, c > 0 τ ∈
(− 1

n
, 0), i = 1, · · · , n,

|φi(t, z1, · · · , zi)| � c(|z1|ri+τ + · · · + |zi|
ri+τ

ri ).

(50)

,
(1) .

2 1 2 , (1)
.

L � 1
, L ,

. (1)

xi =
zi

Li−1
, i = 1, · · · , n, u =

ν

Ln
, (51)

(1)⎧⎪⎨
⎪⎩

ẋi = Lxi+1 +
φi(·)
Li−1

, i = 1, · · · , n − 1.

ẋn =
ν

Ln−1
+

φn(·)
Ln−1

= Lu +
φn(·)
Ln−1

.

(52)

L{
˙̂xi = L(x̂i+1 − aix̂

ri+1
1 ), i = 1, · · · , n − 1,

˙̂xn = L(u − anx̂
rn+1
1 ).

(53)

, (43) ν,⎧⎪⎪⎪⎨
⎪⎪⎪⎩

ν =Lnu,

u = − bn(x̂
1

rn
n + β

1
rn

n−1(x̂
1

rn−1
n−1 + · · ·+

β
1

r3
2 (x̂

1
r2
2 + β

1
r2
1 y)))rn+τ .

(54)

Lyapunov Vn,

V̇n � − Lĉ2‖X‖2+τ
Δ +

∂Vn

∂X
(φ1(·), · · · ,

φn(·)
Ln−1

,
∂h

∂x1

φ1, 0, · · · , 0)T. (55)

, 2

|φi(t, z1, · · · , zi)| �

c(|x1|ri+τ + · · · + |Li−1xi|
ri+τ

ri ). (56)

L � 1,

|φi(t, z1, · · · , zi)
Li−1

| � cL1−1/ri

i∑
j=1

|xj|
ri+τ

rj =

cL1−1/ri(|x1|ri+τ + · · · + |x̂i + ei|
ri+τ

ri ) �
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c̃L1−1/ri(|y|ri+τ + |x̂2|
ri+τ

r2 + |e2|
ri+τ

r2 +

· · · + |x̂i|
ri+τ

ri + |ei|
ri+τ

ri ), (57)

c̃ > 0 . 1,

| ∂h

∂x1

φ1| � θ̄|φ1| � θ̄c̃‖X‖τ+r1
Δ . (58)

3,⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

|∂Vn

∂Xi

|| φi

Li−1
|�kiL

1−1/ri‖X‖2+τ
Δ , i=1, · · · , n,

|∂Vn

∂y
|| ∂h

∂x1

φ1| �

kn+1L
1−1/r1‖X‖2+τ

Δ = kn+1‖X‖2+τ
Δ ,

(59)

ki > 0, i = 1, · · · , n+1. (59) (55)

V̇n �

− Lĉ2‖X‖2+τ
Δ +

n∑
i=1

kiL
1− 1

ri ‖X‖2+τ
Δ +

kn+1‖X‖2+τ
Δ �

− L(ĉ2 −
n∑

i=1

kiL
− 1

ri − kn+1L
−1)‖X‖2+τ

Δ . (60)

, L, (1)
.

. :{
ż1 = z2 + z

9/11
1 , ż2 = z3 + z

7/9
2 ,

ż3 = ν, y = cz1 + sin z1,
(61)

1 < c � 3 . τ = −2/11,
φ1, φ2 2. 2,

:⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

˙̂x1 = L(x̂2 − a1x̂
r2
1 ),

˙̂x2 = L(x̂3 − a2x̂
r3
1 ),

˙̂x3 = L(u − a3x̂
r4
1 ),

u=−β3(x̂
1/r3
3 +β

1/r3
2 (x̂1/r2

2 +β
1/r2
1 y))r4 ,

(62)

: a1, a2, a3, β1, β2 β3 , ν = L3u.
, (62) L

, (61) .
:

c = 2, a1 = 6, a2 = 11, a3 = 6,

β1 = 2, β2 = 7, β3 = 9, L = 4.

[z1(0) z2(0) z3(0) x̂1(0) x̂2(0) x̂3(0)] =

[2 1 0.5 1 0 0]

1 .

1

Fig. 1 The states and control input of the closed-loop system

5 (Conclusions)

. ,
;

,
.

C. J. Qian .
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(Appendix)
A) (19) .

, x1 � 0 . 1,

0 < θ � ∂h(x1)

∂x1
� θ̄,

[0, x1] ,

0 < θx1 � h(x1) − h(0) � θ̄x1. (A1)

h(0) = 0,

0 < θx1 � y � θ̄x1.

τ = − q

p
∈ (− 1

n
, 0), 1 < 2 + τ < 2, ,

.

(θ̄)−(2+τ)y2+τ � x2+τ
1 � θ−(2+τ)y2+τ . (A2)

, x1 < 0 , (A2).

B) (37) .

Wk ,

k−1P

l=2

∂Wk

∂x̂l

˙̂xl =

k−1P

l=2
(rk − 2)

∂x̂
∗ 1

rk

k

∂x̂l

� x̂k

x̂∗
k

(s
1

rk − x̂
∗ 1

rk
k )1−rkds · ˙̂xl �

ak|ξk||
k−1P

l=2

∂x̂
∗1/rk

k

∂x̂l

˙̂xl| �

ak|ξk||
k−1P

l=2

∂(β̂k−1x̂
1/rk−1
k−1 +· · ·+β̂1y)

∂x̂l
(x̂l+1−alx̂

rl+1
1 )|�

âk|ξk||
k−1P

l=2
x̂
1/rl−1
l (x̂l+1 − alx̂

rl+1
1 )|, (A3)

ak, âk, β̂k−1, · · · , β̂1 .

(31),

x̂l+1 = (ξl+1 − β
1/rl+1
l ξl)

rl+1 � h(|ξl+1| + |ξl|)rl+1 ,

(A4)

h = max{1, β1, · · · , βn}. (A4) (A3),

k−1P

l=2

∂Wk

∂x̂l

˙̂xl �ǎk|ξk|
k−1P

l=2
(|ξl| + |ξl−1|)1−rl×

{(|ξl+1| + |ξl|)rl+1 + (|e1| + |y|)rl+1},

ǎk > 0. 5, g5,

k−1P

l=2

∂Wk

∂x̂l

˙̂xl �
k−1P

l=2

ξ2+τ
l

2
+

1

3
|ξ1|2+τ +

1

8n
|e1|2+τ + g5|ξk|2+τ . (A5)
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