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Stability of covariance matrix for

generalized transmission control protocol flow control equations

FAN Hua, SHAN Xiu-ming, REN Yong, YUAN Jian
(Department of Electronic Engineering, Tsinghua University, Beijing 100084, China)

Abstract: Given the Transmission Control Protocol(TCP) flow control algorithm in a computer network, how to cal-
culate its stability range is an important problem in the design of computer network. Because the control algorithm is
affected by many random factors in the network, solving this problem means doing stability analysis for the system de-
scribed by stochastic differential/difference equations. Current studies mostly take the expectations on both sides of the
system equation directly, and simplify this problem into the stability analysis for the expectation, which simply neglects
the random variations in the controlled TCP flows. This paper aims at revealing the un-negligible influence from such
random variations to the system stability. Using TCP/RED(TCP flows with random early detection) as an example, based
on the stochastic differential equations of the system, the system is converted into a multi-dimensional linear time-invariant
system with mixed additive and multiplicative noises by linearization at the equilibrium point. Then, generalized TCP
flow control equations for continuous-time and discrete-time cases respectively are given, which are the first-degree time-
invariant stochastic differential or difference equations with multi-noise-inputs. After that, the covariance matrix equation
for such generalized system is derived; and based on this matrix equation, the sufficient and necessary condition when the
covariance matrix has an asymptotically stable limit is presented, together with the expression of this limit. In engineering
design, this condition can be regarded as a substitute criterion for estimating the motion domain. Finally, this general con-
dition is applied to a specific example for demonstrating the change of the stability range when the stability of covariance
is considered. Moreover, the results in this paper can be extended to the nonlinear system or time-varying system when
treated by similar methods used in deterministic cases.

Key words: TCP flow control equations; stochastic system; mixed additive and multiplicative noises; covariance matrix;
stability
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2 TCP/RED (Model of TCP/RED
system)

[12] TCP/RED
. RED

( ) , :

dWt = (
n

R +
Qt

C

− λt

2n
Wt) dt +

√
aλt

2n
Wt dBt,

dQt

dt
=

Wt

R +
Qt

C

− C,

dAt

dt
=

n ln(1 − h)

R +
Qt

C

(At − Qt),

λt =
Wt

R +
Qt

C

· At − qmin

qmax − qmin

pmax,

: Wt , Qt , At

, (λt

, ); R , C ,
n , Bt ;

.

(Ŵ , Q̂, Â) .
[12] .

,

Xt � (Wt − Ŵ , Qt − Q̂, At − Â)T,

D � (
n

R +
Qt

C

− λt

2n
Wt,

Wt

R +
Qt

C

− C,

n ln(1 − h)

R +
Qt

C

(At − Qt))T,

S � (
√

aλt

2n
Wt, 0, 0)T,

Φ � ∂D

∂(Wt, Qt, At)
|(Wt,Qt,At)=(Ŵ ,Q̂,Â),

Υ � ∂S

∂(Wt, Qt, At)
|(Wt,Qt,At)=(Ŵ ,Q̂,Â),

Ψ � S|(Wt,Qt,At)=(Ŵ ,Q̂,Â),

: Xt ∈ R
3×1 ; D,S ∈ R

3×1

( ) ; Φ, Υ ∈
R

3×3, Ψ ∈ R
3×1 ,

, , .

dXt = ΦXtdt + (ΥXt + Ψ)dBt. (1)
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3 (General results)

3.1 (Discrete time system)

m

:⎧⎪⎪⎪⎨
⎪⎪⎪⎩

X(k + 1) = ΦX(k)+
r∑

i=1

(ΥiX(k) + Ψi)vi(k + 1),

X(0) = X0, k ∈ N.

(2)

: X ∈ R
m×1 . Φ, Υ1, · · · , Υr ∈

R
m×m; Ψ1, · · · , Ψr ∈ R

m×1 . v1, · · · ,

vr r 1 , V = (v1, · · · ,

vr)T, {V (k)}k∈N r ,
(

), Θ = (θij)r
i,j=1 =

(E[vivj])r
i,j=1. X0 ( ). ,
V (k) , : {Fk =

σ(X0,V (1), · · · ,V (k))}k∈N σ- ,
V (k + 1) Fk .

:

1 (2)
: Φ 1.

, 0.

(2) , V (k)
,

E[X(k + 1)] = ΦE[X(k)]. (3)

. .

1 , (2)

, X0 {V (k)} .
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2 ,

Φ 1, 1,

1 Φ .

1 ,

, ,

.

1 (2) 1 ,
:

Φ ⊗ Φ +
r∑

i=1

r∑
j=1

θijΥj ⊗ Υi

1. ,

lim
k→+∞

vec(Cov[X(k)]) =

(Im2 − Φ ⊗ Φ −
r∑

i=1

r∑
j=1

θijΥj ⊗ Υi)−1 ·

(
r∑

i=1

r∑
j=1

θijΨj ⊗ Ψi), (4)

: ⊗ Kronecker , vec , Im2 m2

× m2 .

Y (k) = X(k) − E[X(k)], Y (k)
,

E[Y (k)Y T(k)] = Cov[X(k)]. (5)

Y (2) (3)

Y (k + 1) = ΦY (k) +
r∑

i=1

(ΥiY (k) +

ΥiE[X(k)] + Ψi)vi(k + 1).

,

Y (k + 1)Y T(k + 1) =

ΦY (k)Y T(k)ΦT + (I) + (II) + (III), (6)

(I) = (
r∑

i=1

(ΥiY (k) + ΥiE[X(k)] +

Ψi)vi(k + 1)) · Y T(k)ΦT,

(II) = ΦY (k)(
r∑

i=1

(ΥiY (k) + ΥiE[X(k)] + Ψi) ·
vi(k + 1))T,

(III)=(
r∑

i=1

(ΥiY (k)+ΥiE[X(k)]+Ψi)vi(k+1)) ·

(
r∑

j=1

(ΥjY (k) + ΥjE[X(k)] +

Ψj)vj(k+1))T.

Y (k) Fk , vi(k + 1) Fk , :

E[(I)] = E[E[(I)|Fk]] =

E[(
r∑

i=1

(ΥiY (k) + ΥiE[X(k)] + Ψi) ·
E[vi(k + 1)|Fk]) · Y T(k)ΦT] = 0.

, E[(II)] = 0.

E[(III)] = E[E[(III)|Fk]] =
r∑

i=1

r∑
j=1

E[(ΥiY (k) + ΥiE[X(k)] + Ψi) ·

E[vi(k + 1)vj(k + 1)|Fk] ·
(ΥjY (k) + ΥjE[X(k)] + Ψj)T] =
r∑

i=1

r∑
j=1

E[(ΥiY (k) + ΥiE[X(k)] + Ψi) ·

θij(ΥjY (k) + ΥjE[X(k)] + Ψj)T] =
r∑

i=1

r∑
j=1

(θijΥiE[Y (k)Y T(k)]ΥT
j +

θij(ΥiE[X(k)] + Ψi)(ΥjE[X(k)] + Ψj)T).

(6) , (5) ,

Cov[X(k + 1)] =

ΦCov[X(k)]ΦT +
r∑

i=1

r∑
j=1

(θijΥiCov[X(k)]ΥT
j +

θij(ΥiE[X(k)] + Ψi)(ΥjE[X(k)] + Ψj)T). (7)

,

vec(Cov[X(k + 1)]) =

(Φ ⊗ Φ +
r∑

i=1

r∑
j=1

θijΥj ⊗ Υi)vec(Cov[X(k)]) +

r∑
i=1

r∑
j=1

θij(ΥjE[X(k)]+Ψj) ⊗ (ΥiE[X(k)]+Ψi).

(8)

vec(Cov[X(k)]) ,

.

k → +∞, 1
, E[X(k)] → 0.

lim
k→+∞

vec(Cov[X(k)]) =

(Φ ⊗ Φ +
r∑

i=1

r∑
j=1

θijΥj ⊗ Υi) ·

lim
k→+∞

vec(Cov[X(k)]) +
r∑

i=1

r∑
j=1

θijΨj ⊗ Ψi.

, ,
1 . .

3 1 1 ,

,

. , ,

.

4 , Φ⊗Φ+
rP

i=1

rP

j=1
θijΥj

⊗ Υi 1 Φ

1 . .
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1 (2)
.

1 1
Ψ. .

3.2 (Continuous time system)

, m

:⎧⎪⎪⎪⎨
⎪⎪⎪⎩

dX(t) = ΦX(t)dt+
r∑

i=1

(ΥiX(t) + Ψi)dBi(t),

X(0) = X0, t ∈ R
+,

(9)

: X ∈ R
m×1 . Φ, Υ1, · · · , Υr ∈

R
m×m; Ψ1, · · · , Ψr ∈ R

m×1 . B1, · · · ,

Br r ,
r (

). (Itô)
. X0 ( ). ,

{Ft = σ(X0, B1(s), · · · , Br(s) : 0 � s � t)}+∞
t=0

σ− .

:

2 (9)
: Φ 0.

, 0.

(9) ,
,

dE[X(t)] = ΦE[X(t)]dt. (10)

. .

5 , ,

Φ 0,

0, 0 Φ

.

2 (9) 2 ,
: Φ ⊗

Im + Im ⊗Φ +
r∑

i=1

Υi ⊗ Υi

0. ,

lim
t→+∞

vec(Cov[X(t)]) =

−(Φ ⊗ Im + Im ⊗ Φ +
r∑

i=1

Υi ⊗ Υi)−1 ·

(
r∑

i=1

Ψi ⊗ Ψi). (11)

Y (t) = X(t) − E[X(t)], Y (t)
,

E[Y (t)Y T(t)] = Cov[X(t)]. (12)

Y (9) (10)

dY (t) = ΦY (t)dt +
r∑

i=1

(ΥiY (t) + ΥiE[X(t)] + Ψi)dBi(t).

, ,

d(Y (t)Y T(t)) =

dY (t) · Y T(t) + Y (t)dY T(t) + d[Y (t),Y T(t)] =

ΦY (t)Y T(t)dt + Y (t)Y T(t)ΦTdt +
r∑

i=1

(ΥiY (t) + ΥiE[X(t)] + Ψi)Y T(t)dBi(t) +

r∑
i=1

Y (t)(ΥiY (t) + ΥiE[X(t)] + Ψi)TdBi(t) +

r∑
i=1

(ΥiY (t) + ΥiE[X(t)] + Ψi)(ΥiY (t) +

ΥiE[X(t)] + Ψi)Tdt =

ΦY (t)Y T(t)dt + Y (t)Y T(t)ΦTdt +

(I) + (II) + (III), (13)

[·, ·] ,
[16].

,

E[(I)] = E[E[(I)|Ft−]] =

E[
r∑

i=1

(ΥiY (t−) + ΥiE[X(t−)] + Ψi) ·
Y T(t−)E[dBi(t)|Ft−]] = 0.

, E[(II)] = 0.

(III) Y (t) ,

E[(III)] =
r∑

i=1

(ΥiE[Y (t)Y T(t)]ΥT
i +

(ΥiE[X(t)] + Ψi)(ΥiE[X(t)] + Ψi)T)dt.

, (13) , (12)
,

dCov[X(t)]
dt

=

ΦCov[X(t)] + Cov[X(t)]ΦT +
r∑

i=1

ΥiCov[X(t)]ΥT
i +

r∑
i=1

(ΥiE[X(t)] + Ψi)(ΥiE[X(t)] + Ψi)T. (14)

dvec(Cov[X(t)])
dt

=

(Φ ⊗ Im + Im ⊗ Φ +
r∑

i=1

Υi ⊗ Υi) ·

vec(Cov[X(t)]) +
r∑

i=1

(ΥiE[X(t)] + Ψi) ⊗
(ΥiE[X(t)] + Ψi). (15)
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.

, t → +∞.
2 , lim

t→+∞
E[X(t)] = 0,

0 = (Φ ⊗ Im + Im ⊗ Φ +
r∑

i=1

Υi ⊗ Υi) ·

lim
t→+∞

vec(Cov[X(t)]) +
r∑

i=1

Ψi ⊗ Ψi. (16)

, . .

6 2 2,

.

7 2 1

, :

,

.

.

,

. .

8 , Φ⊗ Im + Im ⊗Φ

+
rP

i=1
Υi ⊗Υi 0 Φ

0 .

.

2 (9)
.

2 2
Ψi(i = 1, 2, · · · , r), . .

4 TCP (An application for TCP)

TCP/RED . :
RED ,

? , n

, ,
. , n

,
. ,

. , [8, 9]
,

. [12] ,
2 :
. ,

,
.

(R = 0.1 s, qmin = 100 , qmax = 300 ,
h = 0.002, pmax = 0.1, a = 1.1, C 1000 /s

5000 /s),
, 1.

1
Fig. 1 The lower bound of connection number for different

stabilities
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.
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5 (Conclusion)
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