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Characteristic model for multi-input-multi-output nonlinear systems
and its application in flexible satellite attitude control
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Abstract: The characteristic modeling is investigated for multi-input and multi-output higher-order non-affine nonlinear
systems. First, we prove that the characteristic model for the above systems can be expressed by a system of quadratic time-
varying difference equations and estimate the characteristic modeling errors. Next, we design an adaptive fuzzy generalized
predictive controller based on this characteristic model, and analyze the stability of the closed-system using Lyapunov
method. Because hierarchical fuzzy logic systems are employed in the control architecture, the number of fuzzy rules and
adjustable parameters in a fuzzy logic controller are reduced greatly, thus improving the real-time operation performances
of the control. Finally, the results from the control simulation on a flexible satellite attitude validate that the proposed
control scheme is effective and has the advantages of high steady-state precision and strong robustness.
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(SISO) ; [5, 6]
– (MIMO)

. ,
,

, [7] SISO
. MIMO

, [8] ,
, ,
; ,

.
,

,
, .

2 (Derivation of characteristic
model)

MIMO :

ẏ = F (y, ẏ, · · · , y(n); u, u̇, · · · , u(m)), (1)

: y = [y1 · · · yk1 ]T, u = [u1 · · · uk2 ]T

; y(r) = [y(r)
1 · · · y

(r)
k1

]T,
r = 0, 1, · · · , n; u(s) = [u(s)

1 · · · u
(s)
k2

]T, s = 0, 1,

· · · , m.

(1) :

1 F (·) y
(r)
1 (t), · · · , y

(r)
k1

(t)
(r = 0, 1, · · · , n), u

(s)
1 (t), · · · , u

(s)
k2

(t)(s = 0, 1, · · · ,

m) 0 , F (·) = 0.

2 F (·) ,
,

| ∂Fi

∂y
(r)
q

| � Mirq, | ∂Fi

∂u
(s)
q̄

| � Nisq̄,

: Mirq, Nisq̄ ; i, q = 1, · · · , k1; q̄ = 1,

· · · , k2.

3 yi, uj , |y(r)
q | �

Myrq, |u(s)
q̄ | � Nusq̄, Myrq, Nusq̄ .

3 , [7].

Mi =
n∑

r=1

k1∑
q=1

Mirq ·Myrq +
m∑

s=1

k2∑
q̄=1

Nisq̄ ·Nusq̄,

i = 1, · · · , k1.

1 MIMO (1),
, ε >

0, T

T < min
1�i�k1

{min{1, ε/3Mi}},
:

yi(k + 1) =
k1∑

j=1

fij(k)yj(k) +
k1∑

j=1

fi,k1+j(k)yj(k − 1) +

k2∑
l=1

gil(k)ul(k) +
k2∑
l=1

gi,k2+l(k)ul(k − 1), (2)

i = 1, 2, · · · , k1.
ε.

1) (1) .

Y1 = y, Y2 = ẏ, · · · , Yn+1 = y(n), U1 = u,
U2 = u̇, · · · , Um+1 = u(m). (1)

Ẏ1 = F (Y1, · · · , Yn+1, U1, · · · , Um+1). (3)

1

Ẏ1 =
F (Y1, · · · , Yn+1, U1, · · · , Um+1) − F (0, · · · , 0) =
F (Y1, · · · , Yn+1, U1, · · · , Um+1)−
F (Y1, · · · , Yn+1, U1, · · · , Um, 0)+
F (Y1, · · · , Yn+1, U1, · · · , Um, 0)−
F (Y1, · · · , Yn+1, U1, · · · , Um−1, 0, 0)+
F (Y1, · · · , Yn+1, U1, · · · , Um−1, 0, 0)−
F (Y1, · · · , Yn+1, U1, · · · , Um−2, 0, 0, 0) + · · ·+
F (Y1, · · · , Yn+1, U1, 0, · · · , 0)−
F (Y1, · · · , Yn+1, 0, · · · , 0)+
F (Y1, · · · , Yn+1, 0, · · · , 0)−
F (Y1, · · · , Yn, 0, 0, · · · , 0) + · · ·+
F (Y1, 0, · · · , 0) − F (0, 0, · · · , 0).

i(i = 1, · · · , k1),

Fi(Y1, · · · , Yj, 0, · · · , 0)−
Fi(Y1, · · · , Yj−1, 0, · · · , 0) =

y
(j−1)
1

∂Fi

∂y
(j−1)
1

|(Zj−1,Vi,j−1,1, 0,··· ,0) + · · ·+

y
(j−1)
k1

∂Fi

∂y
(j−1)
k1

|(Zj−1,Vi,j−1,k1 , 0,··· ,0) =

αi,j−1,1(t)y
(j−1)
1 + · · · + αi,j−1,k1(t)y

(j−1)
k1

=

αi,j−1(t)Ty(j−1),

:

Zj−1 = (Y1, · · · , Yj−1),

Vi, j−1, 1 = (θi, j−1 , 1y
(j−1)
1 , y

(j−1)
2 , · · · , y

(j−1)
k1

),

Vi, j−1, 2 = (0, θi, j−1, 2y
(j−1)
2 , y

(j−1)
3 , · · · , y

(j−1)
k1

),
...

Vi, j−1, k1 = (0, · · · , 0, θi, j−1, k1yk1),

0 < θi, j−1, q < 1,

αi,j−1,q(t) =
∂Fi

∂y
(j−1)
q

|(Zj−1,Vi,j−1,q, 0,··· ,0),

αi,j−1(t) = (αi,j−1,1(t), · · · , αi,j−1,k1(t))
T,

q = 1, · · · , k1, j = 1, · · · , n + 1.

Fi(Y1, · · · , Yn+1, U1, · · · , Ul, 0, · · · , 0) −
Fi(Y1, · · · , Yn+1, U1, · · · , Ul−1, 0, · · · , 0) =
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u
(l−1)
1

∂Fi

∂u
(l−1)
1

|(Z̄l−1,V̄i,l−1,1, 0,··· ,0) + · · · +

u
(l−1)
k2

∂Fi

∂u
(l−1)
k2

|(Z̄l−1,V̄i,l−1,k2 , 0,··· ,0) =

βi,l−1,1(t)u
(l−1)
1 + · · · + βi,l−1,k2(t)u

(l−1)
k2

=

βi,l−1(t)Tu(l−1),

:

Z̄l−1 = (Y1, · · · , Yn+1, U1, · · · , Ul−1),

V̄i,l−1, 1 = (θ̄i,l−1,1u
(l−1)
1 , u

(l−1)
2 , · · · , u

(l−1)
k2

),

V̄i, l−1,2 = (0, θ̄i, l−1, 2u
(l−1)
2 , u

(l−1)
3 , · · · , u

(l−1)
k2

),
...

V̄i, l−1, k2 = (0, · · · , 0, θ̄i, l−1, k2uk2),

0 < θ̄i, l−1,q̄ < 1,

βi,l−1,q̄(t) =
∂Fi

∂u
(l−1)
q̄

|(Z̄l−1,V̄i,l−1,q̄, 0,··· ,0),

βi,l−1(t) = (βi,l−1,1(t), · · · , βi,l−1,k2(t))
T,

q̄ = 1, · · · , k2, l = 1, · · · , m + 1.

ẏi = αT
i0(t)y + αT

i1(t)ẏ + · · · + αT
in(t)y(n) +

βT
i0(t)u + βT

i1(t)u̇ + · · · + βT
im(t)u(m). (4)

2) .

(4)

ẏi = aT
i0(t)y + βT

i0(t)u + Gi(t), (5)

Gi(t) = aT
i1(t)ẏ + · · · + aT

in(t)y(n) +

βT
i1(t)u̇ + · · · + βT

im(t)u(m). (6)

(5)

ÿi =
d[ai01(t)]

dt
y1+ai01(t)

dy1

dt
+ · · · + d[ai0k1(t)]

dt
yk1 +

ai0k1(t)
dyk1

dt
+

dβi01(t)
dt

u1+ · · · + dβi0k2(t)
dt

uk2 +

βi01(t)
du1

dt
+ · · · + βi0k2(t)

duk2

dt
+

dGi(t)
dt

. (7)

(5) (7) ,
,

yi(k + 1) =
k1∑

j=1

fij(k)yj(k) +
k1∑

j=1

fi,k1+j(k)yj(k − 1) +

k2∑
l=1

gil(k)ul(k) +
k2∑
l=1

gi,k2+l(k)ul(k − 1) + Wi(k),

(8)

:

fii(k) = 2 − T + 2Tαi0i(k) − Tαi0i(k − 1)+
T 2αi0i(k),

fij(k) = 2Tαi0j(k) − Tαi0j(k − 1)+

T 2αi0j(k), j �= i,

fi,k1+i(k) = −1 + T − Tai0i(k),

fi,k1+j(k) = Tai0j(k), j �= i,

gil(k) = 2Tβi0l(k) − Tβi0l(k − 1) + T 2βi0l(k),

gi,k2+l(k) = −Tβi0l(k),

Wi(k) = T 2Gi(k) + T [Gi(k) − Gi(k − 1)],

i = 1, 2, · · · , k1, l = 1, 2, · · · , k2.

(6) Gi(k) uj yl

, , , Gi(k) =
Gi(k−1)=0, Wi(k)=0, , (8) (2).

, (2) (8)
ei(k) = Wi(k). |Gi(k)| � Mi, |Gi(k−1)| �

Mi, ε > 0, δi = min{1,

ε/3Mi}, 0 < T < δi ,

|ei(k)| = |Wi(k)| � 2MiT + MiT
2 �

(2Mi + Mi · 1)T � (2Mi + Mi)ε/3Mi = ε,

, 0 < T < δi , (8)
(2). , ε.

, , T <

min
1�i�k1

{δi}, (1) (2)

ε. .

1 , (1) F (·)
, 1 .

2 [7] : fij(k), fi,k1+j(k),

gil(k), gi,k2+l(k) .

3 i(i = 1, 2, · · · , k1), T → 0+ ,
k1P

j=1
[fij(k) + fi,k1+j(k)]+

k2P
l=1

[gil(k) + gi,k2+l(k)] → 1.

4 1
:

F (y, ẏ, · · · , y(n); u, u̇, · · · , u(m)) = 0, (1′)
y u (1), (1′) 1∼3.

3
(Adaptive fuzzy generalized pre-

dictive controller design based on character-
istic model)

3.1 (Deduction for
predictive model and predictive control law)

(1) (2), :

A1(k) = (−fij(k))k1×k1 ,

A2(k) = (−fi, k1+j(k))k1×k1 ,
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B0(k)=(gij(k))k1×k2 , B1(k)=(gi,k2+j(k))k1×k2 ,

(2)

A(z−1)y(k + 1) = B(z−1)u(k), (2′)
:

A(z−1) = I + A1(k)z−1 + A2(k)z−2,

B(z−1) = B0(k) + B1(k)z−1.

yi(k)
ydi(i = 1, 2, · · · , k1).

yd = [yd1 yd2 · · · ydk1 ]T, :

Yr =[yT
d (k + 1) yT

d (k + 2) · · · yT
d (k + N)]T,

Y =[y(k + 1) y(k + 2) · · · y(k + N)]T,

U =[u(k) u(k + 1) · · · u(k + Nu − 1)]T,

N , Nu , Nu � N .
:

J = ||Y − Yr||2 + ||U ||2Ω, (9)

||U ||2Ω = UTΩU , Ω = diag{Λ0}, Λ0 = diag{λ1,

· · · , λk2}, λi > 0 .

J [9]

U = (GT(k)G(k) + Ω)−1GT(k)[Yr −
F (z−1)y(k) − H(z−1)u(k − 1)],

G(k), F (z−1), H(z−1) [9].

PT(k) = (plm)(m = 1, 2, · · · , k1 · N)
(GT(k)G(k) + Ω)−1GT(k) k2 ,

[9]:

u(k)=PT(k)[Yr−F (z−1)y(k)−H(z−1)u(k−1)].

(10)

1[8]

Eg(k+N)=PT(k)(Y −Yr)+QT(k)ΩU, (11)

QT(k)= (qlr)(r =1, 2, · · · , k2 · Nu) (GT(k) ·
G(k) + Ω)−1 k2 , Eg(k + N) = 0,

u(k) (10) .

3.2 (Design
of adaptive fuzzy generalized predictive con-
troller)

,
(10) .

[10, 11], i

zi = θT
i ξi(zi−1, xi+1), i = 1, 2, · · · , n − 1, (12)

: xi(i = 1, 2, · · · , n)
, z0 = x1; θi = (θ1

i , θ
2
i , · · · , θLi

i )T, θk
i

[11], ; ξi(zi−1, xi+1) = (ξ1
i , ξ

2
i ,

· · · , ξLi

i )T, ξk
i ; Li i

.

,
[10,11], ,

, ,
.

X(k) = [x1(k) x2(k) · · · xn(k)]T =

[yT(k) yT(k − 1) uT(k − 1)]T.

n = 2k1 + k2; k1, k2 y, u (
2 ), .

Xij(k)=[zi−1,j xi+1(k)]T, i=1, 2, · · · , n−1,
z0,j = x1(k). i , zi−1,j

(i = 1, 2, · · · , n−1) uj i

.

uj(k) = ucj + uhj, j = 1, 2, · · · , k2, (13)

:

ucj = θT
n−1,jξn−1,j(Xn−1,j(k)),

uhj ,

uhj = z1j + z2j + · · · + zn−2,j =

θT
1jξ1j(X1j(k)) + θT

2jξ2j(X2j(k)) +

· · · + θT
n−2,jξn−2,j(Xn−2,j(k)).

, uT(k − 2),
uT(k − 3) ,

,
.

3.3 (Design of adaptive adjust
laws)

1 , Eg(k)
(13) θij(k) ,

{Eg(k)} , .

z = k/(1 + k), (11) P (k),
Q(k) (−1, 1) P (z), Q(z).
Legendre

L0(z) = 1, L1(z) = z,

Ll+1(z) =
2l + 1
l + 1

zLl(z) − l

l + 1
Ll−1(z), l � 1

, PT(z), QT(z) :

plm(z) =
S∑

s=0

almsLs(z) + ωplm(z),

qln(z) =
S∑

s=0

blnsLs(z) + ωqln(z),

: alms, blns , ωplm(z), ωqln(z) .
(11)
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Eg(k) = Θ̄T
abZ(k − N) + E(k − N), (14)

Θ̄T
ab i

θ̄T
abi = [ai10 · · · ai1S · · · ai,k1×N,0 · · · ai,k1×N,S

bi10 · · · bi1S · · · bi,k2×Nu,0 · · · bi,k2×Nu,S] ,
i = 1, · · · , k2,

Z(k − N) =

⎡
⎢⎢⎢⎢⎣

L(z)
L(z)

. . .

L(z)

⎤
⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

y(k − N + 1) − yr

...
y(k) − yr

Λ0u(k − N)
...

Λ0u(k − 1)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

L(z) = [L0(z) · · · Ls(z)]T, E(k − N)
[8].

, Eg(k)
, Êg(k)

θij(k) . ,

Êg(k) = ΘT
ab(k − N)Z(k − N) =

[Êg1(k) · · · Êgk2(k)]T, (15)

Θab(k) Θ̄ab(k) .

θij(k):

θij(k) =

{
ψij(k), ||ψij(k)|| � Mθij,

P{ψij(k)}, ||ψij(k)|| > Mθij,
(16)

:

ψij(k)=θij(k−N) − αij

ξij(Xij(k−N))
(1+||Z(k−N)||)2 Êgj(k),

Êgj(k) Êg(k) j ; αij ;
Mθij , ||θij(−N + 1)|| �
Mθij, · · · , ||θij(0)|| � Mθij , P{∗}

P{ψij(k)} = Mθij

ψij(k)
||ψij(k)|| .

θT
abj(k) ΘT

ab(k) j ,
θabj(k):

θabj(k) =

{
ϕj(k), ||ϕj(k)|| � Mabj,

P{ϕj(k)}, ||ϕj(k)|| > Mabj,
(17)

:

ϕj(k)=θabj(k−N)−βj

Z(k−N)
(1+||Z(k−N)||)2 Êgj(k),

βj ; Mabj ,
||θabj(−N + 1)|| � Mabj, · · · , ||θabj(0)|| � Mabj ,

P{∗}
P{ϕj(k)} = Mabj

ϕj(k)
||ϕj(k)|| .

,
:

N , Nu, λi, αij , βj

, :

Step 1 (15) Êgj(k);

Step 2 (16) (17) θij(k) θabj(k);

Step 3 (13) u(k);

Step 4
, ; k = k + 1, Step 1.

[8] :

2 (1) Lipschitz ,
L, t Δu(t)

||Δy(t)|| � L||Δu(t)||.
(13),

θij(k) θabj(k) (16) (17),
αij > 0, βj > 0 α1j +· · ·+αn−1,j +βj � 1 ,
:

1) ||θij(k)||�Mθij , ||θabj(k)||�Mabj , {u(k)}
{y(k)} ;

2) Êg(k) Eg(k) .

1) (16) 1 , ||θij(k)|| �
Mθij ; (16) 2 , ||θij(k)|| = Mθij .

k � 1, ||θij(k)|| � Mθij .
(17) , k �1, ||θabj(k)||�Mabj .

zij θij , |zij| � ||θij(k)||
� Mθij , ucj(k) , uj(k) ,

yi(k) , {u(k)} {y(k)} .

2) [9]

Y = G(k)U + F (k)y(k) + H(k)u(k − 1).

(11)

Eg(k + N) =

u(k) − PT(k)[Yr − F (k)y(k) − H(k)u(k − 1)],

(18)

Eg(k + N) j

Egj(k + N) = uj(k) − u∗
j (k), (19)

u∗
j (k) =

PT
j (k)[Yr − F (k)y(k) − H(k)u(k − 1)],

PT
j (k) PT(k) j ; , u∗

j (k)
(10) u(k) j .

θ∗
uj = (θ∗T

1j , θ∗T
2j , · · · , θ∗T

n−1,j)
T =

arg min
||θij(k)||�Mθij

{ sup
X(k)∈Ux

|uj(k) − u∗
j (k)|},

: uj(k) (13) , Ux .
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Φij = θij − θ∗
ij ,

ωj(k) =
n−1∑
i=1

θ∗T

ij ξij(Xij(k)) − u∗
j (k),

(19) (13),

Egj(k + N) =
n−1∑
i=1

ΦT
ij(k)ξij(Xij(k)) + ωj(k),

Egj(k) =
n−1∑
i=1

ΦT
ij(k−N)ξij(Xij(k−N))+ωj(k−N). (20)

ΦT
abj(k) = θT

abj(k) − θ̄T
abj , (14)(15)

Êgj(k) =

ΦT
abj(k−N)Z(k−N)+Egj(k)−Ej(k−N). (21)

(21) (20)

Êgj(k)=
n−1∑
i=1

ΦT
ij(k−N)ξij(Xij(k−N))+

ΦT
abj(k−N)Z(k−N)+dj(k−N), (22)

dj(k−N) = ωj(k−N)−Ej(k−N). :

ηij(Xij(k)) =
ξij(Xij(k))
1 + ||Z(k)|| ,

ηabj(k) =
Z(k)

1 + ||Z(k)|| ,

¯̂
Egj(k) =

Êgj(k)
1 + ||Z(k − N)|| .

Lyapunov

Vj(k) =
n−1∑
i=1

1
αij

ΦT
ij(k)Φij(k) +

1
βj

ΦT
abj(k)Φabj(k).

a) (16) 1 (17) 1 ,

Φij(k)=Φij(k− N)−αijηij(Xij(k− N)) ¯̂
Egj(k),

Φabj(k)=Φabj(k−N)−βjηabj(k−N) ¯̂
Egj(k).

(22)

¯̂
Egj(k) =

n−1∑
i=1

ΦT
ij(k − N)ηij(Xij(k − N)) +

ΦT
abj(k − N)ηabj(k − N) + d̄j(k − N),

(23)
d̄j(k) =

dj(k)
1 + ||Z(k)|| .

Πηj(k) =
n−1∑
i=1

αij||ηij(Xij(k))||2 + βj||ηabj(k)||2,

Vj(k) − Vj(k − N) =

−2
n−1∑
i=1

ΦT
ij(k − N)ηij(Xij(k − N)) ¯̂

Egj(k) +

n−1∑
i=1

αij||ηij(Xij(k − N))||2 ¯̂
E2

gj(k) −

2ΦT
abj(k − N)ηabj(k − N) ¯̂

Eg(k) +

βj||ηabj(k − N)||2 ¯̂
E2

gj(k) =

−2[ ¯̂
Egj(k) − d̄j(k − N)] ¯̂

Egj(k) +

Πηj(k − N) ¯̂
E2

gj(k) =

[−1+Πηj(k−N)][ ¯̂
Egj(k)+

d̄j(k − N)
−1+Πηj(k − N)

]2−

|| ¯̂Egj(k)||2 +
d̄2

j(k − N)
1 − Πηj(k − N)

. (24)

||ηij(Xij(k − N))|| < 1, ||ηabj(k − N)|| < 1,
α1j + · · ·+αn−1,j +βj � 1, −1+Πηj(k−N) <

0, , (24)

Vj(k) − Vj(k − N) < −|| ¯̂Egj(k)||2 + Dj(k − N),

(25)

Dj(k − N) =
d̄2

j (k − N)
1 − Πηj(k − N)

.

b) i, (16) 2 (17)
1 , ||θ∗

ij|| � Mij ,

ΦT
ij(k)Φij(k) <

ΦT
ij(k − N)Φij(k − N) −

2αijΦ
T
ij(k − N)ηij(Xij(k − N)) ¯̂

Egj(k) +

α2
ij||ηij(Xi(k − N))||2 ¯̂

E2
gj(k). (26)

, μ =
Mθij

||ψij(k)|| , 0 < μ < 1, θij(k) =

μψij(k),

||θij(k) − θ∗
ij||2−

||θij(k−N)−αijηij(Xij(k−N)) ¯̂
Egj(k)− θ∗

ij||2 =

(μψij(k) − θ∗
ij)

T(μψij(k) − θ∗
ij)−

(ψij(k) − θ∗
ij)

T(ψij(k) − θ∗
ij) =

(μ − 1)[(μ + 1)ψT
ij(k)ψij(k) − 2ψT

ij(k)θ∗
ij].

–

|ψT
ij(k)θ∗

ij| � ||ψij(k)|| · ||θ∗
ij|||,

, ψT
ij(k)θ∗

ij � 0,

(μ + 1)ψT
ij(k)ψij(k) − 2ψT

ij(k)θ∗
ij �

||ψij(k)||2 − ||ψij(k)|| · ||θ∗
ij|| + μ||ψij(k)||2−

||ψij(k)|| · ||θ∗
ij|| =

||ψij(k)|| · (||ψij(k)|| − ||θ∗
ij||)+

||ψij(k)|| · (Mθij − ||θ∗
ij||) > 0.

ψT
ij(k)θ∗

ij < 0,

(μ + 1)ψT
ij(k)ψij(k) − 2ψT

ij(k)θ∗
ij > 0,

||θij(k)−θ∗
ij||2 <
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||θij(k−N) − αijηij(Xij(k−N)) ¯̂
Egj(k)−θ∗

ij||2.
(26). , a)

(25) .

, (16) 1 (17) 2
(16) 2 (17) 2 ,

(25). , ,
θ∗T

n−1,jξn−1,j(Xn−1,j(k))−u∗
j (k) , θ∗

ij

, |ωj(k)| ; ,
|Ej(k)| , |dj(k)| ; |d̄j(k)| .

||ηij(Xij(k − N))||, ||ηabj(k − N)||
1[8], Πηj(k − N) 1. :

||ηij(Xij(k − N))|| 1,
||η1j(X1j(k − N))|| 1, ε0 > 0,

M , n0 > M ,

| ||η1j(X1j(n0 − N))|| − 1| =

1 − ||η1j(X1j(n0 − N))|| > ε0.

||ηij(Xij(k))|| < 1 , ||η1j(X1j(n0 −
N))||2 < 1 − ε0, ||ηabj(k)|| < 1,

|Πηj(n0−N) − 1| =

1−Πηj(n0−N)>

1−α1j||η1j(X1j(n0−N))||2−
n−1∑
i=2

αij−βj >

1+α1j(ε0−1)−
n−1∑
i=2

αij−βj >

1+α1jε0−
n−1∑
i=1

αij−βj �α1jε0 >0.

, Πηj(k − N) 1.

, ||ηabj(k −N)|| 1, Πηj(k −
N) 1. sup

1
1 − Πηj(k − N)

= Wj

. sup{|d̄j(k − N)|} = εj , (25)

Vj(k)−Vj(k−N) < −|| ¯̂Egj(k)||2+ε2
jWj.

1 l(l > N ) ,
l∑

k=l−N+1

Vj(k) −
N∑

k=1

Vj(k − N) <

−
l∑

k=1

[|| ¯̂Egj(k)||2 − ε2
jWj].

θij(k), θabj(k) , Φij(k), Φabj(k) ,
Vj(k) ,

lim
l→∞

l∑
k=1

[|| ¯̂Egj(k)||2 − ε2
jWj] �

N∑
k=1

Vj(k − N) < +∞.

0,

lim
l→∞

[|| ¯̂Egj(k)||2 − ε2
jWj] = 0.

, k → ∞ , ¯̂
Egj(k) → ε2

jWj , ¯̂
Egj(k)

, 1 + ||Z(k − N)|| , ,
Êgj(k) . (21) , Egj(k)

. .

4
(Satellite attitude controller design based on
characteristic model)

[12]:⎧⎪⎪⎨
⎪⎪⎩

Jω̇ + ω×Jω + Cη̈ = Td + u,

η̈ + 2ξΛη̇ + Λ2η + CTω̇ = 0,

q̇ =
1
2
(q× + q0I)ω, q̇0 = −1

2
qTω,

(27)

: ω = (ω1, ω2, ω3)T ∈ R
3

, η ∈ R
m

, Td ∈R
3 , u = (u1,

u2, u3)T ∈ R
3 , ω× q×

; q ∈ R
3

[12].

y = (q1, q2, q3)T

y = (q0
1, q

0
2, q

0
3)

T.

(m = 1),
(1) .

q0
1 = q0

2 = q0
3 = 0, q0 = 1. , q1 =

q̄1 + q0
1, q2 = q̄2 + q0

2, q3 = q̄3 + q0
3 , (27)

y = [0 0 0]T . :

x = [q0 q1 q2 q3 η η̇ ω1 ω2 ω3 ]T,

ū = u + Td, q0 = q̄0 + 1,

A1 =

⎡
⎢⎢⎢⎢⎢⎣

1 O1×3 0 O1×1 O1×3

O3×1 I3 O3×1 O3×1 O3×3

0 O1×3 1 0 O1×3

0 O1×3 0 1 CT
1×3

O3×1 O3×3 O3×1 C3×1 J3×3

⎤
⎥⎥⎥⎥⎥⎦ ,

A2(x)=

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

−1
2
qTω

1
2
(q× + (q̄0 + 1)I3)ω

η̇

−2ξΛη̇ − Λ2η

−ω×Jω

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

, B1 =

⎡
⎢⎢⎢⎢⎢⎣

O1×3

O3×3

O1×3

O1×3

I3

⎤
⎥⎥⎥⎥⎥⎦ ,

: Oi×j i×j , In n .
(27)

A1ẋ = A2(x) + B1ū.

: A(x) = A−1
1 A2(x), B = A−1

1 B1, Ai(x)
A(x) i(i = 1, 2, · · · , 9) , B1, B2, B3

B 1, 2, 3 ,

ẋ = A(x) + B1ū1 + B2ū2 + B3ū3. (28)
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:

x =
3∑

j=1

(ad2A, Bj) · tj +

3∑
j=1

(ad A, Bj) · tj+3 +
3∑

j=1

Bjtj+6,

: ti(i=1, 2, · · · , 9) , (ad A, Bj), (ad2A,

Bj) Lie [13].

t1, t2, t3, :

T11 = t1, T12 = t2, T13 = t3.

T21 = LAT11, T22 = LAT12, T23 = LAT13,

T31 = LAT21, T32 = LAT22, T33 = LAT23,

:

LAT1j =
∂T1j

∂x1

A1 +
∂T1j

∂x2

A2 + · · · + ∂T1j

∂x9

A9,

LAT2j =
∂T2j

∂x1

A1 +
∂T2j

∂x2

A2 + · · · + ∂T2j

∂x9

A9,

j = 1, 2, 3.

:

T1(x) =

⎛
⎜⎝T11

T12

T13

⎞
⎟⎠ , T2(x) =

⎛
⎜⎝T21

T22

T23

⎞
⎟⎠ ,

T3(x) =

⎛
⎜⎝T31

T32

T33

⎞
⎟⎠ , T (x) =

⎛
⎜⎝T1(x)

T2(x)
T3(x)

⎞
⎟⎠ ,

[13] ( ), :

x∗ =

⎛
⎜⎝x∗

1

x∗
2

x∗
3

⎞
⎟⎠ = T (x), x∗

i =

⎛
⎜⎝x∗

i1

x∗
i2

x∗
i3

⎞
⎟⎠ = Ti(x),

(28) (27)⎛
⎜⎝ ẋ∗

1

ẋ∗
2

ẋ∗
3

⎞
⎟⎠ =

⎛
⎜⎝ x∗

2

x∗
3

f(x∗)

⎞
⎟⎠ +

⎛
⎜⎝O3×3

O3×3

I3

⎞
⎟⎠ ū, (29)

f(x∗) =
∂T3

∂x
· A(x). (29)

...
x∗

1 = f(x∗) + ū = f(x∗
1, ẋ

∗
1, ẍ

∗
1) + ū.

ẋ∗
1 = ẋ∗

1 −
...
x∗

1 + f(x∗
1, ẋ

∗
1, ẍ

∗
1) + ū.

F (x∗
1, ẋ

∗
1, ẍ

∗
1,

...
x∗

1, ū) = ẋ∗
1−

...
x∗

1+f(x∗
1, ẋ

∗
1, ẍ

∗
1)+ū,

(28) (27) (1) .

A(0) = 0, F (0, 0, 0, 0, 0) = 0, x∗
1

[0 0 0]T , q1 = q2 = q3 = 0,
.

, Td =A0(3 cos(ω0t)+1, 1.5 sin(ω0t)
+ 3 cos(ω0t), 3 sin(ω0t) + 1)T, A0 = 0.001, ω0

[12].

y = (q1, q2, q3)T (0.0345, 0.54422,
0.4853)T( 35◦, 60◦,
50◦)[12].

( 8 ),
yi(k), yi(k − 1), uj(k − 1)(i =

1, 2, 3, j = 1, 2, 3) ,
[14]: ȳi(k) =

yi(k)
|yi(k)| + 1

, yi(k)

ȳi(k) ∈ (−1, 1); yi(k − 1), uj(k − 1)
. ȳi(k), ȳi(k − 1), ūj(k − 1)

3 , zi−1,j(i = 2,

· · · , 8) [0, 1][10], 4
, Gauss .

N = 2, Λ0 = diag{1, 1, 1}, S = 1,
L0(z) = 1, L1(z) = z, z = k/(1 + |k|),

αij = 0.01, βj = 0.1, Mθij = 1.5, Mabj = 6,
θij(0), θij(1) 0, θabj(0),

θabj(1) [−1, 1] .
50%

,
50% , 1.

[12] , PID ,
−2 ∼ 2 mm ,

210 s; [12]
1.

(a)

(b)
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(c)

(d)
1

Fig. 1 The change curves of attitude angle and mode

coordinate

1
Table 1 Comparison of simulation results

/s /s

[12] 110 200
1 10

, [12] ,
. ,

, ,
.

[12] , PID .

,
,
,

.
: ,

19683 , 8 ,
93 , 99% .

5 (Conclusion)
MIMO

,
, ,

Diophantine ,
. ,

,
. ,

, ,
[15] 3 3

, .

.

!
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(28) (1) (Appendix
Proof of transforming Equation(28) to (1))

(28) (29) .

ẋ∗ = Ṫ (x) =

0
B@

Ṫ1(x)

Ṫ2(x)

Ṫ3(x)

1
CA =

∂T

∂x
· ẋ =

∂T

∂x
· (A(x) + Bū),

∂T

∂x
A(x) =

0
B@

x∗
2

x∗
3

f(x∗)

1
CA ,

∂T

∂x
B =

0
B@

O3×3

O3×3

I3

1
CA

. , f(x∗) =
∂T3

∂x
A(x).

∂T1

∂x
A(x) = x∗

2,
∂T2

∂x
A(x) = x∗

3 (A1)

∂T1

∂x
B = O3×3,

∂T2

∂x
B = O3×3,

∂T3

∂x
B = I3. (A2)

1) (A1) .

∂T1

∂x
A(x) =

2
66666664

∂T11

∂x1

∂T11

∂x2
· · · ∂T11

∂x9

∂T12

∂x1

∂T12

∂x2
· · · ∂T12

∂x9

∂T13

∂x1

∂T13

∂x2
· · · ∂T13

∂x9

3
77777775

2
66664

A1(x)

A2(x)
...

A3(x)

3
77775

=

2
64

LAT11(x)

LAT12(x)

LAT13(x)

3
75 ,

T2j x∗
2

∂T1

∂x
A(x) =

2
64

T21(x)

T22(x)

T23(x)

3
75 = x∗

2.

,
∂T2

∂x
A(x) = x∗

3. (A1) .

2) (A2) .

∂T1

∂x
B1 =

2
66666664

∂T11

∂x1

∂T11

∂x2
· · · ∂T11

∂x9

∂T12

∂x1

∂T12

∂x2
· · · ∂T12

∂x9

∂T13

∂x1

∂T13

∂x2
· · · ∂T13

∂x9

3
77777775

B1,

t1, t2, , t3 t7, t8, t9 , (A2)
1 .

[13] Lie Leibnitz :

∂T2

∂x
B =

∂T1

∂x
· [(ad A, B1) (ad A, B2) (ad A, B3)].

t1, t2, t3 t4, t5, t6 , (A2)
2 .

, (A2) 3 . .

:
(1962—), , , ,

, E-mail: sun duoqing@126.com.
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