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Directed control for fractal growth with environmental disturbance
ZHANG Li, LIU Shu-tang

(College of Control Science and Engineering, Shandong University, Jinan Shandong 250061, China)

Abstract: For a complex and disordered system of real fractal growth, the control model of the directed growth of
the fractal growth with environmental disturbance is studied. Being different from the past studies on directed growth
of the fractal growth based on their experiments, this work is concerned with the directed growth of the fractal growth
theoretically. By the norm theory, we obtain a quantitative method for controlling the growing particles to aggregate
in different regions when the environmental disturbance is a generalized function. The directed growth problem with
the environmental disturbance in a more general functional form is solved by using the above obtained control method.
Two examples of disturbances in quadratic polynomial and sinusoidal function are given, respectively. Simulation results
illustrate that the growing particles will aggregate into the controlled regions when the corresponding controlled methods
for associated growth regions are applied.
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1 (Introduction)
,

[1].
, ,

.
.

DLA(diffusion limited aggre-
gation) [2] DBM(dielectric breakdown model)

[3] .

[4∼7].
, ,

, , ,

[8∼11],
, .

,

,

. .

2 (Directed control
for the fractal growth)

2.1 (Problem description)

,
[12]:

∇2φ(x, y) = f(φ(x, y),
∂φ(x, y)

∂t
) + u(x, y), (1)

: φ(x, y) ( ); f(φ(x, y),
∂φ(x, y)

∂t
) + u(x, y) ,

, , u(x, y) .

, ,
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f(φ(x, y),
∂φ(x, y)

∂t
) + u(x, y)

K .

(1),
,

,
(1) ( )

(1) φ(x, y) f(φ(x, y),
∂φ(x, y)

∂t
) + u(x, y) .

2.2 (Quantitative rela-
tionship of the directed control)

L2 = {g(x, y)|
�

Ω
g2(x, y)ds < ∞}

g(x, y)
‖g(x, y)‖L2

= (
�

Ω
g2(x, y)ds)

1
2 .

Sobolev Hk(Ω) φ(x, y)
‖φ(x, y)‖Hk(Ω) = (

�
Ω

∑
k�1

|∇φ(x, y)|2ds) 1
2 .

1 f(φ(x, y),
∂φ(x, y)

∂t
)

:�
Ω

f(φ(x, y),
∂φ(x, y)

∂t
)φ(x, y)ds � −‖φ(x, y)

γ
‖

L2
,

‖φ(x, y)‖L2 � γ‖u(x, y)‖L2
,

: γ > 0, Ω .

V (φ),
Hamilton-Jacobi [13]:⎧⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

∂V (φ)
∂φ

�
Ω

f(φ,
∂φ

∂t
)φds+

1
2γ2

(
∂V (φ)

∂φ
)2 +

1
2
φ2(x, y) = 0,

V (φ) = 0,

(2)

φ ∈ K V (φ) > 0 .

S =
∂V (φ)

∂φ
,

S
�

Ω
f(φ,

∂φ

∂t
)φds +

1
2γ2

S2 +
1
2
φ2 = 0,

S1 =−γ2
�

Ω
f(φ,

∂φ

∂t
)φds +

|γ|
√

γ2(
�

Ω
f(φ,

∂φ

∂t
)φds)2 − φ2,

S2 =−γ2
�

Ω
f(φ,

∂φ

∂t
)φds −

|γ|
√

γ2(
�

Ω
f(φ,

∂φ

∂t
)φds)2 − φ2.

V1(φ) =
�

Ω
[−γ2

�
Ω

f(φ,
∂φ

∂t
)φds +

|γ|
√

γ2(
�

Ω
f(φ,

∂φ

∂t
)φds)2 − φ2]ds,

V2(φ) =
�

Ω
[−γ2

�
Ω

f(φ,
∂φ

∂t
)φds −

|γ|
√

γ2(
�

Ω
f(φ,

∂φ

∂t
)φds)2 − φ2]ds.

�
Ω

f(φ,
∂φ

∂t
)φds < 0,

:

−γ2
�

Ω
f(φ,

∂φ

∂t
)φds +

|γ|
√

γ2(
�

Ω
f(φ,

∂φ

∂t
)φds)2 − φ2 > 0.

, φ

∈ K V1(φ) > 0.

‖φ‖L2
� γ‖u‖L2

.

W (φ,
∂φ

∂t
)=

∂V1(φ)
∂φ

(
�

Ω
f(φ,

∂φ

∂t
)φds)+

∂V1(φ)
∂φ

u,

Hamilton-Jacobi (2),

W (φ,
∂φ

∂t
) =

(−1
2
φ2) − 1

2γ2
(
∂V1(φ)

∂φ
)2 +

∂V1(φ)
∂φ

u − 1
2
γ2u2 +

1
2
γ2u2 =

(−1
2
φ2) +

1
2
γ2u2 −

1
2γ2

(
∂V1(φ)

∂φ
)2(−1

2
γ2u2) +

∂V1(φ)
∂φ

u.

,�
Ω

W (φ,
∂φ

∂t
)ds =

�
Ω
[−1

2
φ2 +

1
2
γ2u2 −

1
2γ2

(
∂V1(φ)

∂φ
)2 − 1

2
γ2u2 +

∂V1(φ)
∂φ

u]ds =

1
2
(γ2‖u‖2

L2
− ‖φ(x, y)‖2

L2
) −

γ2

2
‖u − 1

γ2

∂V1(φ)
∂φ

‖
2

L2
.

−γ2

2
‖u − 1

γ2

∂V1(φ)
∂φ

‖
2

L2

� 0,

�
Ω

W (φ,
∂φ

∂t
)ds � 1

2
(γ2‖u‖2

L2
− ‖φ‖2

L2
).

, S1

∂V1(φ)
φ
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Ω

f(φ,
∂φ

∂t
)φds < −‖φ

γ
‖

L2
,

∂V1(φ)
∂φ

(
�

Ω
f(φ,

∂φ

∂t
)φds) +

∂V1(φ)
∂φ

u > 0.

�
Ω
[
∂V1(φ)

∂φ
(
�

Ω
f(φ,

∂φ

∂t
)φds) +

∂V1(φ)
∂φ

u]ds > 0

,
1
2
[γ2‖u‖2

L2
− ‖φ‖2

L2
] � 0,

‖φ‖L2
� γ‖u‖L2

. (3)

.
[14],

:

2 φ(x, y) (1) , Ω

Ω′, φ(x, y) ∈ H2(Ω′),

‖φ‖H2(Ω′) � C‖φ‖H1(Ω) +
C

γ
+ C‖u‖L2(Ω),

C dist(Ω′, ∂Ω) .

φ (1) ,�
Ω
(−∇φ∇ϕ)ds =

�
Ω
(f + u)ϕds, (4)

∀ϕ∈H1
0 (Ω). τh x , τhφ(x) =

φ(x + he1), Δh =
τh − I

h
. v ∈ H1

0 (Ω),

v spt v Ω . h <
dist(spt v, ∂Ω)

2
,

ϕ = Δ−hv, (4) ,�
Ω

Δh(−∇φ)∇vds = −
�

Ω
(f + u)Δ−hvds.

Δh(−∇φ) = τh(−Δh∇φ) + ∇φΔh − 1,�
Ω

τh(−∇Δhφ∇v)ds =

−
�

Ω
(Δh(−∇φ)∇v) + (f + u)Δ−hvds �

C(‖φ‖H1(Ω) + ‖f‖L2(Ω) + ‖u‖L2(Ω))‖∇v‖L2(Ω).

η ∈ C∞
0 (Ω), x ∈ Ω′ , η(x) = 1. v =

η2Δhφ,�
Ω

η2τh(−∇Δhφ∇Δhφ)ds �

−2
�

Ω
ητh(−∇Δhφ(∇η)ΔhφdsC(‖φ‖H1(Ω) +

‖f‖L2(Ω) + ‖u‖L2(Ω))(‖η∇Δhφ‖L2(Ω) +

2‖Δhφ∇η‖L2(Ω)).

Cauchy ,�
Ω
|ηΔh∇φ|2ds �

C
�

Ω
|∇η|2|Δhφ|2ds +

C(‖φ‖2

H1(Ω) + ‖f‖2

L2(Ω) + ‖u‖2

L2(Ω)).

‖ηΔh∇φ‖2

L2(Ω) � C(‖φ‖2

H1(Ω) +

‖f‖2

L2(Ω) + ‖u‖2

L2(Ω)).

η, , φ ∈
H2(Ω′), :

‖φ‖H2(Ω′) �
C(‖φ‖H1(Ω) + ‖f‖L2(Ω) + ‖u‖L2(Ω)). (5)

, f(x, y) :�
Ω

f(φ,
∂φ

∂t
)φds < −‖φ

γ
‖

L2(Ω)
,

|
�

Ω
f(φ,

∂φ

∂t
)φ(x, y)ds| < ‖φ(x, y)

γ
‖

L2(Ω)
.

Hölder ,

|
�

Ω
f(φ,

∂φ

∂t
)φ(x, y)ds| �

(
�

Ω
|f(φ,

∂φ

∂t
)|2ds)

1
2 (

�
Ω
|φ|2ds)

1
2 =

‖f‖L2(Ω)‖φ‖L2(Ω).

‖f‖L2(Ω) � 1
γ

, (5) .

.

, y y0 , φ(x, y)
φ(x, y0), ,

:

1 f(φ(x, y0),
dφ(x, y0)

dt
)

:�
Ω

f(φ(x, y0),
dφ(x, y0)

dt
)φ(x, y0)dx �

−|
√�

Ω
φ2(x, y0)dx

γ
|,

|φ(x, y0)| � γ|u(x, y0)|, : γ > 0, Ω

.

2 φ(x, y0) :

dφ(x, y0)
dx

= f(φ(x, y0),
dφ(x, y0)

dt
) + u(x, y0)

, Ω Ω′,√�
Ω′

(
dφ(x, y0)

dx
)2dx �

C

√�
Ω
(
dφ(x, y0)

dx
)2dx + C

√�
Ω

u2(x, y0)dx +
C

γ
,

C dist(Ω′, ∂Ω) ,
dφ(x, y0)

dx
: �

Ω
φ(x, y0)

dv

dx
dx = −

�
Ω

v
dφ(x, y0)

dx
dx,

v .
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3 (Implementation of di-
rected growth)

(3) ,�
Ω

f(φ(x, y),
∂φ(x, y)

∂t
)φ(x, y)ds �

−‖φ(x, y)
γ

‖
L2(Ω)

, u(x, y) f(φ(x, y),
∂φ(x, y)

∂t
)

,
,

.

:

f(φ(x, y),
∂φ(x, y)

∂t
) = aφ2(x, y),

f(φ(x, y),
∂φ(x, y)

∂t
) = b sin(φ(x, y)),

u(x, y) Γ

, u(x, y) k ,
[12] 1∼3

4 ,
,

.

5 Sandbox [15]

D ,
Γ = {(r, θ)|r , 0 � θ <

2
π
}, Γ =

Γ1 ∪ Γ2, : Γ1 ={(r, θ)|r �15, 0� θ <
π

2
}, Γ2 =

{(r, θ)|r ∈ R, θ = i
π

4
, i = 1, 2, · · · }. 5

,

, ,
( ),
, ,

, .

(a)
π

2
< θ � π (b) π < θ � 2π

1 Γ r , θ

Fig. 1 The fractal growth variation when r is real and θ

changes, where (r, θ) ∈ Γ

θ =
π

2
θ =

3π

4
θ =

5π

4
θ =

π

4
, θ = π θ =

7π

4

2 Γ r , θ

Fig. 2 The fractal growth variation when r is real and θ changes, where (r, θ) ∈ Γ

(a) r � 20 (b) r � 30 (c) r � 15, θ =
3π

4
3 Γ r , 0 � θ < 2π

Fig. 3 The fractal growth variation when r changes and 0 � θ < 2π, where (r, θ) ∈ Γ
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4
Fig. 4 The fractal growth variation without environmental

disturbance

5

Fig. 5 The comparison between the dimensions of the fractal
growth with round region and that of the growth with

piecewise region

4 (Conclusion)
,

,
,

.
,

. ,
,

.
,

, ,
.
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