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Approximate optimal control with e-error bound

LIN Xiao-feng, HUANG Yuan-jun, SONG Chun-ning
(School of Electrical Engineering, Guangxi University, Nanning Guangxi 530004, China)

Abstract: In applying the approximate dynamic programming algorithm to determine the optimal control law for non-
linear systems, we need an infinite number of iterations to obtain the result. To deal with this problem, we propose an
algorithm for obtaining an approximate optimal control law. Based on the given value of the e-error bound, the approx-
imation optimal control law will approach the solution of Hamilton-Jacobi-Bellman(HJB) equation through self-adaptive
iteration. By applying neural networks, we can obtain the e-approximation control law in a finite number of iterations.

Simulation validates the efficacy of the above algorithm.
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1 5|E (Introduction)

1T A RV 22 WE 90 & H 3k AR 7 75 ok v v 458 4l
fel=2 ) g Ik AR R AR e A LR M R G AR
AR A 2. ARG R G 404 R H Gtk
bR, A2 DA 25036 A2 T 2R A A UL R Rk
T ZR G (1) s U o ) i, e SR T ] SR A A 2k v
1] 5 %55 =4 ] bb— D1 /K 2 (Hamilton-Jacobi-Bellman
equation, HIB) /5 ¢, JULARMNT SR — M ANAAALE.

1T Bl 3l Z& # &l (approximate dynamic program-
ming, ADP)ifll i [ i W ik AX A B 18 IrHIB 7 72 15
BT, il AR S Ve R G0 1) B s ) ) it 2 {1t
T AT R 7 B0 SCHRIS1H Landeliu ] 9 2% %A%
ADPH VR ARLQR(linear quadratic regulator) [ @, JF:
WEB T RIS, g5 AR R IXAN RS EEN T
X Riccatif CEL T FE SR MR, SCHR[6]4E H FH D 2R 154K
ADPH SR fift 85 B0t R HIB 7 #2, UE W T 25 6 R
A A BB SAAT 1) dae D02 T B0 S o 45 1l 8
BT, AT 2 AT BRI, SCRR[7IRH T eint 2 R
IEAREEIE . (H LA FT I A2 AT BN ) S 042 ol 1) L.
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WeAe H H3: 2011—01—10; Yef& ek H #5: 2011—-04—18.
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2 [\ B A (Problem formulation)

2.1 a5 5t (Problem background)
ASCWFFER T — 2R B EUN (] AR 2 R &
z(k+1) = F(z(k),u(k)), k=0,1,2,---, (1)

Ho: 2(k) € R, u(k) € 02, %V (k)uk), B% %

GiF (x(k), w(k))EALE 5 AR Q2L 7y i 48

(Lipschitz) /] #, HA7F(0,0). Haz = 01

R BF AR S ) 1) /A 46 31— A s e il A
u(k), fETEREFa bR R 2 () B /ML,
J((k), ul-)) = i UG(i),u(@), @

Horr: U (i), w(2)) 2 R0 e, () XN AR o 45
HPFIu() = (u(k), u(k + 1), ), u(k) =u(z(k)).
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J(z(k),u()) =

Hgg)l{U(x(k), u(k)) + J*(F(z(k+ 1))} =

%ﬁWﬂ@m%»+fG@%MM%H($
WL R AL R (2):

u'(z) = arg rrgg)l{U(x(k% u(k)) + J"(z(k + 1))}
“

A N @) il B P REFR AR bR BT (2(K), u(+)),

AT S A A ().

2.2 ERADPH L (Iterative ADP algorithm)

H T 5 EhA R RS AT A, Rk AR Ak
FHIPEREFR PR RS RV (2(k)) = J(x(k), u(-)), 1
FRZ AR s H, 6 B 4 AR S R ().

AL AR,

EREIEMVILRE V() = 0FF 46, AR a4 X (5)
THE O Y 1 3D i i g ()

vo(z(k)) =
arg %I)l{U(x(k), u(k)+Vo(z(k+1))}, )

HpVy(x(k + 1)) = OFFARFE X (6) VA B 5L

Vi(z(k)) = U(z(k), vo(z(k)))- (6)
i =1,2, -, EAEEAE
vi(z(k)) =

arg rﬁ}cr)l{U(m(k),u(k)) + Vi(z(k+ 1)} (D)

F
Vi (z(k)) =
arg Iﬁ}fl)l{U(.r(k), uw(k)) + Vi(z(k+1))} (8)

AR, etk + 1) = F(a(k), v(z(k))). R
(T F LR E (@) T 5 1k

Vit (z(k)) =U(2(k), vi(z(k)))+Vi(z(k+1)), 9)
Horpa(k + 1) = Fak), vi(z(k))). A AL
¥ AU AE (TN 3(9) 2 18] S S IEAC T FrACA ki
BT A ViR SR 51 {v; )

EE 1 X®)H & AR i B A
{Vi}, B Vo() = 0, B2 {V; } & —DHET 751, /I
Viri(z(k)) = Vi(z(k)), #i — ooltfV;(z(k))Hsk
TRALPEREHRRER 50 (o(k)). B, lim Vi(x(k)) =
J*(x(k)), JF W2 ¥ 0 A A lim v;(x(k)) =
u(z(k)).

SCHERI6TUE B T 5 #1, R kAP 4 — ool
Bt bR B B R, () = w* (). TS PRk

A A PR, JEARER 25 T (2(k)) =
Vi(x(k)), WOGVEDRIE RE W% £ 21 (1) S A0 il o, (¢
= u*(x).
3 e-EARADPH 1 (c-iterative ADP algorithm)
e B OR Tn) R, A8 35 ARADPEL IRV (z(k)) A
J*(x(k)) 5] Ae, Hﬂiﬁlﬁ}gg Vi(z) = J*(x),
BREFR B AN T (2(k)) — Vi(z(k))| < eflior.
Bt - |7 (x(k)) — Vi(z(k))| < e} # ¢, TS
HIEAOP R (2 (k) [ 5E 3L
EX 1 Aa(k) € I, Hr: DRy #ik
&, e > OMER/DNIIEE, WK, (x(k))ESCH
Ke(x(k)) =
min{i : |J*(x(k)) — Vi(z(k))| <e}.  (10)

EX2 La(k) € Iy, e NEH, EX
I ={0},i=o0, (11)
I = {x(k) € I'o : K. (x(k)) < i},
i=1,2,--. (12)
FR 4 SCHR 7] 7] 453

1) z(k) € I'Y of HAE
Vi(z(k)) < J*(z(k)) + &

2) 'Y C I

3) 1Y C Iy

4HUn? =ru;

5) Wife > 6 >0, War® or®.
3.1  e-Ht ] (e-optimal control)

tiz(k) € Do MATRE T, 4 AT 32/ IE $e,
FEFEd A, (2 (k) VE T N AR eR B0l 2 | T (2 (R)) —
Vi(z(k))| < &, BRIXAEEIHE A e Dl e i i A,
Hpz (z(k))Fow
pz(z(k)) = vi(z(k)) =
arg I&}CI)I{U(CL’(k), u(k))+Viei (F(2(k), u(z(k))))}

(13)
IS 1 MR SCike7), A3 B 4 sl

(i (z (k) e TR (k) € I, sR14) T
|J* (2" (k) = V(2" (k)| < e. (14)

M1, AR S FEDD W iTa ks
KRAF B A B IO g AR
w(k) € Ik fde— R BB A (x(k)), 73
I [ XA B AT BOIR A (k) € T R4 %%
(). AR MR T 1A ADPELVE 5

S Fe A ADPELIE () B A M M2 T ( () ) —
Vi(x(k))| < &, T BEFR b B8 B0 S A0 5 2 o 4
(. AT LA B |V (2 (k) — Vi (2 (k)| < eidk
TR
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3.2 e—EREVERIFE (c-iterative algorithm flow- x(k+1) = F(x(k),u(k)), (15)
chart) Hrp
F(xz(k k))=
—0.2z2(k) — 0.5u(k)
o DR e sin(u(k) — 21(k)) + 0.5z2(k)u(k))
V(x(k))=0, K.(x(k))=0 NN e s s

@ i Sl BRI ] — VR i o Al

() =argmin {UGR.u(B) V(1)) J(@(k),u(-) =3 2(i)*Qu(i)+u(i)T Ru(i), (16)
u(k i=k
f P Q, R % I iK1 A
| Vi) =Ux(), vo(k)) | 41 A [H e i ¥l P B8(Controller performance
— with different ¢)
IR . . S a4 N 2
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Fig. 1 e-iterative algorithm flowchart

3.3 - EARADPHE VL I Pl 4 M 2% S BR (c-iterative
ADP algorithms using neural network)
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Ao (). ZNVEM L FIPENT 9 24 1%:2-8— 113 /2 BPHI £
W 2% ). T2 PP SRR IR VB, e Se e 9 A
H5 HARMEZ TR HIBRZE. R 23R s MR A0 158 72 1 4 ol
2o 2% BUE. 2350 F B Fi Sk Ron I RS
BEAVEAT 2% e 2] b i (Utility)

U(z(k),u(k)) = 2(k)"Qz(k) + u(k)" Ru(k).
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Fig. 2 The structure diagram of the iterative ADP algorithm

using neural-network approximate V;(z) and v;(x)

4 i K525 (Simulation)
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Table 1 The parameter values with different €

€ Ke(x(k)) T/s HEE(ATYSs

0.1 21 1.203 -

0.01 23 1.508 0.305
0.0001 47 1.857 0.654
0.00001 51 2215 1.012
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06¢ L us:g.(ln > K£:23
0.4 § —— Uy 001> K,=47 1
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Fig. 3 Control trajectory with different e-control lawpuz (x(k))
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Fig. 4 State x; trajectory with different e-control
law g2 (w(k))
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Fig. 5 State x trajectory with different e-control law
pe (z(k))

HHR ] 5, B/, iEREUE P EK, (2 (k)
5B AT N TRV THBAE AW 4 0. A7 35 25 S 45 il e
(Z BE3) 5 6 N R A B (= I K4, S)rT 4,
£ = 0.1(K.(z(k)) = 21)Fe = 0.0001(K.(z(k)) =
A7) R I A 2 T At DRI SR 1R ) 184

=X, MK EEe < 0.00011), e = 0.00015e =
0.00001 5% M. 48 thll B 42230 A (A I3 71%), RIS 6,
PERERI GE O . Wi R F ko he, KA
Z (W TH S 1R] DALk, AR S B v #5016 e 1 ik 1k %
ARAF 21 1) 42 T a5 ARG B 20 0 A 1 e 0 4 il 4
w*(x), AT AR S A IR
4.2 i L5 tb(Comparison simulation)

g HE— 0 U VR S, e = 0.0001,
P ATe-1% FRADPH. 7%, Meik AR 2T (x(k)) —
Vi(z(k))| < elf, BRIK_ (x(k)) = 47, M H#E Tk
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Fig. 6 The convergence process of cost function
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Fig. 7 The control trajectory us and u
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Fig. 8 The state trajectories z.1 and x1
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Fig. 9 The state trajectories z¢2 and x2

5 4Z5i&(Conclusion)

AR e ARl D42 ) 7 7%, A TE B DA a6 AR
ADPHLVEAE A B LA N 15 B 1 U A 45 il JF
T I BLSERG A3AT T e X PR eI 3 . e-ADPI%
REVEAR Y 45 ek 22 I, R K. (z(k)) 81k %
A 12422 RS AP 7 B o = G @ S X [ B Ui
ABL A2 S el B A 00 I TR A s ) ) e, LA
M fE R br 5 e P e AR AR AR R RS | T (2(K)) —
Vi(z(k))| < eW.
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