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State estimation for sandwich systems with hysteresis by
non-smooth observer

ZHOU Zu-peng1, TAN Yong-hong2

(1. School of Electronic Engineering, Xidian University, Xi’an Shaanxi 710071, China;
2. College of Information, Mechanical and Electrical Engineering, Shanghai Normal University, Shanghai 200234, China)

Abstract: A novel non-smooth observer is proposed to handle the state estimation for sandwich systems with hysteresis.
Based on the characteristic of the system, a non-smooth state-space model is proposed by using the separation principle.
A non-smooth observer is developed based on the state-space model. The observer is switched among different operating
zones automatically according to the operating conditions. The convergence of the non-smooth observer is discussed.
Simulation results are presented. The comparison between the proposed non-smooth scheme and conventional methods
show that the former has better estimation performance than the others.
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2 (The model of
the sandwich systems with hysteresis)

1 ,
: u y , L1

, L2 , x v

.

1

Fig. 1 The structure of the sandwich systems with hysteresis

2.1 (The submod-
els of the linear systems)

L1

x1(k + 1) = A11x1(k) + B11u(k), (1)

y1(k) = C1x1(k). (2)

L2

x2(k + 1) = A22x2(k) + B22v(k), (3)

y2(k) = C2x2(k), (4)

: xi ∈ R
ni×1, Aii ∈ R

ni×ni , Bii ∈ R
ni×1, yi ∈

R
1×1, Ci ∈ R

1×ni , u ∈ R
1×1, v ∈ R

1×1, i =
1, 2; x1i L1 i , x2i L2

i ; Aii ∈R
ni×ni , Bii ∈

R
ni×1 , yi ∈ R

1×1 , ni i

. u ∈ R
1×1 ,

v ∈ R
1×1 . ,

, L1 , x1n1(k) = x(k); L2

, x2n2(k) = y(k). u(k) y(k)
.

2.2 (Sub-model of
the hysteresis in the sandwich system)

2 , [14–16]
,

. [15]
Backlash . [16]

Prandtl-Ishlinskii(PI) . [17] Backlash
, [18] Backlash

. ,
PI .

PI

zi(k) = Bi(x(k)), i = 1, 2, · · · , n,

v(k) =
n∑

i=1

wiBi(x(k)) =
n∑

i=1

wizi(k), (5)

: zi(k) i , wi i

, Bi(·)
, n .

2

Fig. 2 The model of hysteresis

1 wi ,

. ,

, [19],

,

,

,

, . ,

,

, .

[14, 20–21], i

:
m(k):

mi(k) = m1i + (m2i − m1i)g(k),

g(k) ,

g(k) =

{
0, Δx � 0,

1, Δx < 0.
(6)

Δx(k) = x(k) − x(k − 1).
,

zli(k)
zli(k)=mi(k)(x(k)−D1ig1i(k)+D2ig2i(k)). (7)

(7) i ,
:

g1i(k)=

⎧⎨
⎩1, x(k)>

v(k − 1)
m1

+D1 & Δx(k)>0,

0, ,

g2i(k)=

⎧⎨
⎩1, x(k)<

v(k − 1)
m2

−D2 & Δx(k)<0,

0,

. D1i D2i i (0 < D1i <

∞ 0 < D2i < ∞); m1i m2i i

(0 < m1i < ∞ 0 < m2i < ∞).

zi(k)=(1−g3i(k))zli(k)+g3i(k)zi(k − 1). (8)

(8) i

,

g3i(k) =

{
1, g1i(k) + g2i(k) = 0,

0, g1i(k) + g2i(k) = 1
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. (8)
, g3i(k)=1 , , zi(k)=zi(k−

1); g3i(k) = 0 , , zi(k) =
zli(k). (7) (8),

zi(k) =

(1 − g3i(k))zli(k) + g3i(k)zi(k − 1) =

(1 − g3i(k))mi(k)x(k) −
(1 − g3i(k))mi(k)D1ig1i(k) +

(1−g3i(k))mi(k)D2ig2i(k)+g3i(k)zi(k−1). (9)

(9) (5), x(k) = x1n1(k),

x2(k + 1) =

A22x2(k) + B22v(k) =

A22x2(k)+B22

n∑
i=1

wi(1−g3i(k))mi(k)x1n1(k)−

B22

n∑
i=1

wi[(1 − g3i(k))mi(k)D1ig1i(k) − (1 −
g3i(k))mi(k)D2ig2i(k) − g3i(k)zi(k − 1)]. (10)

2.3
(State space model of the sandwich systems
with hysteresis)

(1)−(4) (10)⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

[
x1(k + 1)
x2(k + 1)

]
=

[
A11 0

A21(k) A22

][
x1(k)
x2(k)

]
+

[
B11

0

]
u(k) +

[
0

θ22(k)

]
,

y(k) = Cx(k),

(11)

:
A21(k) = [β1 β2(k)], β1 = 0 ∈ R

n2×(n2−1),

β2(k) = B22

n∑
i=1

wi(1 − g3i(k))mi(k),

θ22(k) =

−B22

n∑
i=1

wi[(1 − g3i(k))mi(k)D1ig1i(k) −
(1 − g3i(k))mi(k)D2ig2i(k) − g3i(k)zi(k − 1)],

: i ∈ {1, 2, · · · , n}, n .

A(k) =

[
A11 0

A21(k) A22

]
, B =

[
B11

0

]
,

η(k) =

[
0

θ22(k)

]
, x(k) =

[
x1(k)
x2(k)

]
∈ R

(n1+n2)×1,

(11) :

x(k + 1) = A(k)x(k) + Bu(k) + η(k), (12)

A(k) , B , η(k)
.

2 1 , 1

y(k) , C =[0 0 · · · 0 1]

∈ R
1×(n1+n2). , C

: C = [C11 C22], : C11 =

[0 0 · · · 0] ∈ R
1×n1 , C22 = [0 0 · · · 1] ∈ R

1×n2 .

3 (Non-
smooth observer of sandwich systems with
hysteresis)

, :
u(k) y(k) ,

, A21(k)
�= 0 ,

N(k) = [C CA(k) · · · CA(k)n1+n2−1]T

n1+n2. A21(k)=0 ,
n2, L2 ,
L1 . , , x1

, x2 .
.

Lyapunov

, ,
.

3.1 (Non-smooth
observer for sandwich system)

(12),
,

x̂(k + 1) =

Â(k)x̂(k)+Bu(k)+η̂(k)+K(y(k)−ŷ(k)), (13)

: K = [K1 K2]T, K1 ∈R
n1×1, K2 ∈

R
n2×1.

Â(k) =

[
A11 0

Â21(k) A22

]
,

:
Â21(k) = [β1 β̂2(k)], β1 = 0 ∈ R

n2×(n2−1),

β̂2(k) = B22

n∑
i=1

wi(1 − ĝ3i(k))m̂i(k).

η̂(k) =

[
0

θ̂22(k)

]
,

θ̂22(k) =

−B22

n∑
i=1

wi[(1−ĝ3i(k))m̂i(k)D1iĝ1i(k) −
(1 − ĝ3i(k))m̂i(k)D2iĝ2i(k) − ĝ3i(k)ẑi(k − 1)],
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: m̂i(k), ĝ(k), ĝ1i(k), ĝ2i(k), ĝ3i(k)
ẑi(k) :

m̂i(k) = m1i + (m2i − m1i)ĝ(k),

ĝ(k) =

{
0, Δx̂1n1(k) � 0,

1, Δx̂1n1(k) < 0,

ĝ1i(k) =⎧⎨
⎩1, x̂1n1(k) >

ẑi(k − 1)
m1i

+ D1, Δx̂1n1(k) > 0,

0, ,

ĝ2i(k) =⎧⎨
⎩1, x̂1n1(k) <

ẑi(k − 1)
m2i

− D2, Δx̂1n1(k) < 0,

0, ,

ĝ3i(k) =

{
1, ĝ1i(k) + ĝ2i(k) = 0,

0, ĝ1i(k) + ĝ2i(k) = 1,

ẑli(k) = m̂i(k)(x̂(k) − D1iĝ1i(k) + D2iĝ2i(k)),

ẑi(k) = (1 − ĝ3i(k))ẑli(k) + ĝ3i(k)ẑi(k − 1),

: i ∈ (1, 2, · · · , n), n .

(12) (13),
,

e(k + 1) = F (k)e(k) + ΔA(k)x(k) + Δη(k),

(14)

: F (k) = Â(k) − KC , ΔA(k) = A(k) − Â(k),
Δη(k) = η(k)− η̂(k); F (k), ΔA(k), Δη(k)

k ,
.

x1 x2 (14),
, :

e(k + 1) =

(Â(k) − KC)e(k) +

(A(k) − Â(k))x(k) + (η(k) − η̂(k)) ⇒[
e1(k + 1)
e2(k + 1)

]
=

(

[
A11 0

Â21(k) A22

]
−

[
K1

K2

]
[C11 C22])

[
e1(k)
e2(k)

]
+

[
0 0

A21(k) − Â21(k) 0

][
x1(k)
x2(k)

]
+

[
0

θ22(k) − θ̂22(k)

]
=

(

[
A11 0

Â21(k) A22

]
−

[
K1C11 K1C22

K2C11 K2C22

]
) ·

[
e1(k)
e2(k)

]
+

[
0 0

A21(k) − Â21(k) 0

][
x1(k)
x2(k)

]
+

[
0

θ22(k) − θ̂22(k)

]
.

(11) C11 = 0,[
e1(k + 1)
e2(k + 1)

]
=

[
A11 − K1C22

Â21(k) A22 − K2C22

] [
e1(k)
e2(k)

]
+

[
0 0

ΔA21(k) 0

] [
x1(k)
x2(k)

]
+

[
0

Δθ22(k)

]
, (15)

:
e1(k + 1) = A11e1(k) − K1C22e2(k), (16)

e2(k+1)=Â21(k)e1(k)+(A22−K2C22)e2(k)+

ΔA21(k)x1(k) + Δθ22(k), (17)

:
ΔA21(k) = A21(k) − Â21(k),

Δθ22(k) = θ22(k) − θ̂22(k),

e(k) = x(k) − x̂(k), (18)

: x̂(k) , ŷ(k)
, e(k)

.

3 Â(k) η̂(k)

ĝ1i(k), ĝ2i(k), ĝ3i(k), m̂i(k) , ĝ1i(k), ĝ2i(k), ĝ3i(k),

m̂i(k) x̂1n1(k) Δx̂1n1(k) ẑi(k − 1) .

: u(k) y(k) ,

x1n1 , Δx1n1(k), zi(k − 1) ,

x̂1n1 , Δx̂1n1(k), ẑi(k − 1)

.

, ,

, .

. , ,

.

3.2 (Convergence the-
orem of non-smooth observer)

1 (11) :[
x1(k + 1)
x2(k + 1)

]
=

[
A11 0

A21(k) A22

][
x1(k)
x2(k)

]
+

[
B11

0

]
u(k) +

[
0

θ22(k)

]
,

y(k) = Cx(k) = [C11 C22]x(k),

i = 1, 2, 3,
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: 0 , C11 =
[0 · · · 0 0]∈R

1×n1 , C22 = [0 · · · 0 1]∈R
1×n2 .

K =

[
K1

K2

]
, K1 ∈ R

n1×1,

K2 ∈ R
n2×1.

:

1) x1 , ∀k, ‖x1(k)‖m �
xb, xb � 0 ;

2) e1 , ‖e1(1)‖m �
eb, eb � 0 ;

3) x1 A11

K1 = 0;

4) x2 A22

K2 (A22 − K2C22)
, (13)

. .

4 (Simulation)
T = 0.01 s, n = 7
. :

:

wi = 1, m1i = m2i = 1,

D1i = D2i = ci/2, i = 1, 2, · · · , 7;

:

c1 = 0.14, c2 = 0.12, c3 = 0.1,

c4 = 0.08, c5 = 0.06, c6 = 0.04, c7 = 0.02.

(18) .
L1:[

x11(k + 1)
x12(k + 1)

]
=

[
0.8 0
0.01 0.45

][
x11(k)
x12(k)

]
+

[
0.004107

0

]
u(k).

L2:

[
x21(k + 1)
x22(k + 1)

]
=

[
0.8 0
0.01 0.9

][
x21(k)
x22(k)

]
+

[
0.25
0

]
v(k),

:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

H(x12(k)) = v(k) =
7∑

i=1

(1 − g3i(k))x12(k)−
7∑

i=1

[(1 − g3i(k))D1ig1i(k) − (1−

g3i(k))D2ig2i(k) − g3i(k)zi(k − 1)],

y(k) = Cx(k) =

[0 0 0 1][x11 x12 x21 x22]T.

(19)

3
– , 3

.

3 –

Fig. 3 Input and output of the hysteresis

(11) (12) , (19)
(20):

x(k + 1) = A(k)x(k) + Bu(k) + η(k), (20)

:

A(k) =

⎡
⎢⎢⎢⎢⎢⎣

0.8 0 0 0
0.01 0.45 0 0

0 0.25
7∑

i=1
(1 − g3i(k)) 0.8 0

0 0 0.01 0.9

⎤
⎥⎥⎥⎥⎥⎦ , B =

⎡
⎢⎢⎢⎣

0.4107
0
0
0

⎤
⎥⎥⎥⎦ ,

η(k) =

⎡
⎢⎢⎢⎢⎢⎣

0
0

0.25
7∑

i=1
((1 − g3i(k))(

ci

2
g2i(k) − ci

2
g1i(k)) + g3i(k)vi(k − 1))

0

⎤
⎥⎥⎥⎥⎥⎦

T

,

y(k) = Cx(k) = [0 0 0 1]x(k) = [0 0 0 1][x11 x12 x21 x22]T.
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(20), (13) :{
x̂(k + 1) = Â(k)x̂(k) + Bu(k) + η̂(k) + K(y(k) − ŷ(k)),

ŷ(k) = Cx̂(k),
(21)

:

Â(k) =

⎡
⎢⎢⎢⎢⎢⎣

0.8 0 0 0
0.01 0.45 0 0

0 0.25
7∑

i=1
(1 − ĝ3i(k)) 0.8 0

0 0 0.01 0.9

⎤
⎥⎥⎥⎥⎥⎦ , B =

⎡
⎢⎢⎢⎣

0.4107
0
0
0

⎤
⎥⎥⎥⎦ ,

η̂(k) =

⎡
⎢⎢⎢⎢⎢⎣

0
0

0.25
7∑

i=1
((1 − ĝ3i(k))(

ci

2
ĝ2i(k) − ci

2
ĝ1i(k)) + ĝ3i(k)v̂i(k − 1))

0

⎤
⎥⎥⎥⎥⎥⎦

T

.

(20) 2 (21)
: x1 A11 [0.8 0.45]T

, K =[0 0 0.1 0.1]T , K1 =
0, x2 (A22 − K2C2)
[0.8000 + 0.0316i 0.8000 − 0.0316i]T ,

.
x̂(0) = [5 0.2 0.5 0.02]T,

x(0) = [0 0 0 0]T 4 . :
, .

4 ,
. ,

.

4
Fig. 4 The estimate performance of the non-smooth observer

,
,

. :

x̂(k + 1) =

Ax̂(k) + Bu(k) + Kl(y(k) − ŷ(k)), (22)

Kl = [0 0 0.1 0.1]T, [22] ,
. 5
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. 5 ,

. x21, x22

.

5
Fig. 5 The estimation performance of conventional observer

, 6
, :

, .

6

Fig. 6 Estimation error comparison of two kinds of observers
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5 (Conclusion)
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(Appendix Proof of the theo-
rem)

(16) (17), (A1) (A2):

e1(k + 1) = A11e1(k) − K1C22e2(k), (A1)

e2(k + 1) =

A21(k)e1(k) + (A22 − K2C22)e2(k) +

ΔA21(k)x1(k) + Δθ22(k). (A2)

1 1 2) 3) , 1
e1(k) . 3) ρ(A11)

< 1. ρ(·) . 3) (A1)

e1(k + 1) = A11e1(k). (A3)

(A3) ,

e1(k + 1) = Ak
11e1(1). (A4)

[20]

ρ(A11) < 1 ⇒ lim
k→∞

Ak
11 = 0. (A5)

2)

lim
k→∞

‖e1(k + 1)‖m = lim
k→∞

‖e1(1)Ak
11‖m �

eb lim
k→∞

‖Ak
11‖m = 0, (A6)

lim
k→∞

‖e1(k)‖m = 0 ⇒ lim
k→∞

e1(k) = 0 ⇒
lim

k→∞
(x̂1(k) − x1(k)) = 0, (A7)

x̂1(k) x1(k) .

2 1 1)−2) 4) , 2
e2(k) .

, k →
∞ . (A7)

lim
k→∞

(x̂1n1(k) − x1n1(k)) = 0. (A8)

: ε, ε > 0, N1(N1

). k > N1 ,

x1n1(k) − ε < x̂1n1(k) < x1n1(k) + ε, (A9)

x1n1(k+1)−ε<x̂1n1(k+1)<x1n1(k+1)+ε. (A10)

(A10) (A9)

Δx1n1(k) − 2ε < Δx̂1n1(k) < Δx1n1(k) + 2ε. (A11)

ε x1n1(k) Δx1n1(k), ε � x1n1(k), ε �
Δx1n1(k). k>N1 , x̂1n1(k)→x1n1(k) Δx̂1n1(k)→
Δx1n1(k). ,

,

(13) ẑi(k) N2

ẑi(k − 1) → zi(k − 1),

ẑi(k − 1)
k→∞−−−−→ zi(k − 1), (A12)

, k > N1 + N2 , x̂1n1(k) → x1n1(k), Δx̂1n1(k) →
Δx1n1(k), ẑi(k − 1) → zi(k − 1) .

,
k → ∞ . x̂1n1(k), Δx̂1n1(k),

ẑi(k−1) x1n1(k), Δx1n1(k), zi(k−1),
(6)−(8) mi(k), g(k), g1i(k), g2i(k), g3i(k)

(13) m̂i(k), ĝ(k), ĝ1i(k), ĝ2i(k), ĝ3i(k)

8>>>>>>>>>>>>>><
>>>>>>>>>>>>>>:

m̂i(k)
k→∞−−−−→ mi(k),

ĝ(k)
k→∞−−−−→ g(k),

ĝ1i(k)
k→∞−−−−→ g1i(k),

ĝ2i(k)
k→∞−−−−→ g2i(k),

ĝ3i(k)
k→∞−−−−→ g3i(k),

ẑi(k − 1)
k→∞−−−−→ zi(k − 1).

(A13)

, k → ∞ ,
. (17)

ΔA21(k) = A21(k) − Â21(k) = −(Â21(k) − A21(k)).

(11) (13)

ΔA21(k) = −(Â21(k) − A21(k)) =

[0 − (β̂2(k) − β2(k))].

(A13)

− lim
k→∞

(β̂2(k) − β2(k)) =

− lim
k→∞

[B22

nP
i=1

wi(1 − ĝ3i(k))m̂i(k)]+

lim
k→∞

[B22

nP
i=1

wi(1 − g3i(k))mi(k)] = 0 ⇒

lim
k→∞

ΔA21(k) = lim
k→∞

−(Â21(k) − A21(k)) =

[0 − lim
k→∞

(β̂2(k) − β2(k))] = 0. (A14)

(17)
8>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>:

Δθ22(k) = θ22(k) − θ̂22(k) = −(θ̂22(k) − θ22(k)),

lim
k→∞

Δθ22(k) = − lim
k→∞

(θ̂22(k) − θ22(k)) =

B22

nP
i=1

wi lim
k→∞

[(1 − ĝ3i(k))m̂i(k)D1iĝ1i(k)−

(1 − ĝ3i(k))m̂i(k)D2iĝ2i(k) − ĝ3i(k)ẑi(k − 1)],

− B22

nP
i=1

wi lim
k→∞

[(1 − g3i(k))mi(k)D1ig1i(k)−

(1 − g3i(k))mi(k)D2ig2i(k) − g3i(k)zi(k − 1)] = 0.

(A15)

(A14) (A15) : k → ∞ ,
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8>>>><
>>>>:

lim
k→∞

ΔA21(k) = 0,

lim
k→∞

Δθ22(k)=0⇒ lim
k→∞

‖ΔA21(k)‖=0,

lim
k→∞

‖Δθ22(k)‖ = 0.

(A16)

, e2(k) . (A2)
m , ,

,

lim
k→∞

‖e2(k + 1)‖m �

‖A21(k)‖m lim
k→∞

‖e1(k)‖m +

‖(A22 − K2C22)‖m lim
k→∞

‖e2(k)‖m +

lim
k→∞

‖ΔA21(k)‖m lim
k→∞

‖x1(k)‖m +

lim
k→∞

‖Δθ22(k)‖m. (A17)

(A7)(A14) (A16)

lim
k→∞

‖e1(k)‖m = 0,

lim
k→∞

‖ΔA21(k)‖ = 0, lim
k→∞

‖Δθ22(k)‖ = 0,

1) 2), (A17)

lim
k→∞

‖e2(k + 1)‖m �

‖(A22 − K2C22)‖m lim
k→∞

‖e2(k)‖, (A18)

, (A18)

lim
k→∞

‖e2(k+1)‖m

‖e2(k)‖m
�‖(A22−K2C22)‖m <1. (A19)

‖e2(k)‖m , (A19) ,
, .

,
lim

k→∞
‖e2(k)‖m = 0. , x̂2(k) x2(k), .

4 [23] : A ∈
Cn×n, ∀ε > 0, ‖ · ‖m,

A ε, ‖A‖m � ρ(A) + ε. 1 4)
ρ(A22 − K2C22) < 1, 1 − ρ(A22 − K2C22) > 0.
ε 0 < ε < 1 − ρ(A22 − K2C22), :

‖ · ‖m,

‖A22 − K2C22‖m � ρ(A22 − K2C22) + ε.

ε, 0 < ε < 1 − ρ(A22 − K2C22),

0 < ρ(A22 − K2C22) + ε < 1,

, ε ‖ · ‖m, ‖A22 −
K2C22‖m �ρ(A22−K2C22)+ε<1 ⇒ ‖A22−K2C22‖m <1

.
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