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Pseudospectral-based free sampling real-time optimal feedback control
and its application

ZHANG You-an1, WANG Li-ying2, ZHAO Guo-rong1

(1. Department of Control Engineering, Naval Aeronautical and Astronautical University, Yantai Shandong 264001, China;
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Abstract: Owing to fast convergence and high accuracy of Gauss pseudospectral method, we solve nonlinear optimal
control problems subject to constraints by online using the general pseudospectral optimization software (GPOPS). Com-
bining pseudospectral feedback control with nonlinear optimal control, we develop a real-time optimal feedback control
algorithm with free sampling frequency, which continuously generates the open-loop optimal control for closed-loop feed-
back control application. Considering computational errors, model parameter uncertainties and disturbances, and assuming
that the nonlinear vector function in the system state-equation is Lipschitz continuous on states, controls and parameters,
we prove the bounded stability of the closed-loop control systems by using the principle of Bellman optimality. The above
algorithm has been applied to solve reentry guidance problems for hypersonic vehicles. Simulation results show the validity
of the algorithm.
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2
(Real-time optimal feedback control algo-

rithm based on pseudospectral method)
2.1 (Nonlinear

optimal feedback control problems)

ẋ = f(x(t),u(t),p0)

: p0 ; t → x(t) ∈ X ⊂ R
Nx ,

(t, x) → u(t, x) ∈ U ⊂ R
Nu , x , u

, X , U ; f : R
Nx×R

Nu

× R → R
Nx Lipschitz .

Bolza
[12]:

min J [x(·), u(·)] =

E(x(t0), x(tf)) +
� tf

t0
F (x(t),u(t))dt, (1)

s.t.

⎧⎨
⎩

ẋ(t) = f(x(t),u(t),p0),
Φ(x(t0), t0,x(tf), tf) = 0,

C(x(t),u(t), t) � 0,

t ∈ [t0, tf ],

: tf , ; ẋ(·) =
f(·) ; Φ = 0 ; C � 0

.

GPM[12] ,
GPOPS .

, (2) ,

.

ẋ = f(x,u, t; p) + d(t), (2)

: p , p0; d(t)
.

2.2 (Real-time optimal
feedback control algorithm)

GPM GPOPS,
, (2)

,
1 .

1
Fig. 1 The consecutive application of open-loop

optimal control

:
1 N 1 t1,
x0, GPOPS

u∗
0(x(t0), t);

2 [t0, t1] , u∗
0(x(t0),

t) , t1 x1
.=

x(t1), i = 1;
3 [ti, ti+1] ,

u∗
i−1(x(ti−1), t) ; , ti

x(ti), GPOPS
u∗

i (x(ti), t), t ∈ [ti, tf ], Δti ,
ti+1 = ti + Δti;

4 i = i + 1, 3.

u∗
2(x(t2), t) ,
: u∗

2(x(t2), t) t2 x2

xf , GPOPS
, Δt2,

,
u∗

1(x(t1), t), t2 + Δt2 = t3
, u∗

2(x(t2), t) ,
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x3 xf

, .

.

1 t1

u∗
0, t0 x0

.

2 ,

(1) Δti.

3 (Stability analysis)
,

, .
( , L2 ):

1) (2)
, εp > 0 εd > 0, ‖p − p0‖ � εp,

‖d‖L∞ � εd .
2) f(x,u, t; p) Lipschiz

, Lfx > 0, Lfu > 0, Lfp > 0,
:

‖f(x, u; p) − f(y,v; q)‖ �
Lfx‖x − y‖ + Lfu‖u − v‖ + Lfp‖p − q‖.

3) u∗(x1, t) u∗(x2, t) x1 x2(x1 x2

) . L1 > 0,
t ∈ [t0,∞),

‖u∗(x1, t) − u∗(x2, t)‖ � L1‖x1 − x2‖.
4) ui(t), t ∈ [ti, ti+1] 2.2

, ,
ui(t) �= u∗

i−1(t), ,
ε1 > 0, t ∈ [ti, ti+1], ‖ui(t) −

u∗
i−1(t)‖ � ε1 .

5) x(t0)=x0, (1)
u∗(x0, t); ẋ = f(x,u∗(x0,

t), p0), Lyapunov V (x) ∈ C1 ci >

0(i = 1, · · · , 4),

c1‖x‖2 � V (x) � c2‖x‖2,

∂V

∂x
f(x,u∗(x0, t),p0) � −c3‖x‖2,

‖∂V

∂x
‖ � c4‖x‖2.

xR(t) xMi(t) [ti, ti+1] ,
xR(ti) , ui(t)

u∗
i (t) ,

t ∈ [ti, ti+1],

ẋR(t) = f(xR(t),ui(t), p) + d(t),
xR(ti) = xR(ti).

ẋMi(t) = f(xMi(t),u∗
i (t),p0),

xMi(ti) = xR(ti).

1 2.2 ,
Δtmax Δtmin ,
1)−5) , ΔT (

Δtmax � ΔT ), x(t0) = x0,
t ∈ [t0,∞) ,

M0,

lim
t→∞

‖xR(t)‖ � (ε1Lfu + εpLfp + εd) · M0,

M0 =
2c4ΔtmaxeLfxΔtmax

c1 − c1e−c3Δtmin
.

xM(i−1)(ti−1) i − 1
, u∗

i−1(t), t � ti−1 xM(i−1)(ti−1)
, (1) . Bellman

, u∗
i−1(t), t � ti xM(i−1)(ti)

. , t ∈ [ti, ti+1], 3)
4)

‖ui(t) − u∗
i (t)‖ �

‖ui(t) − u∗
i−1(t)‖ + ‖u∗

i−1(t) − u∗
i (t)‖ �

ε1 + L1‖xM(i−1)(ti) − xR(ti)‖. (3)

1)−2) (3)

‖xR(t) − xMi(t)‖ �

Lfx

� t

ti

‖xR(τ) − xMi(τ)‖dτ +

LfuΔti(ε1 + L1‖xM(i−1)(ti) − xR(ti)‖) +

ΔtiLfpεp + Δtiεd. (4)

, Gronwall

‖xR(t) − xMi(t)‖ �
[K1 + LfuL1‖xM(i−1)(ti) − xR(ti)‖]ΔtieLfxΔti ,

K1 = ε1Lfu + εpLfp + εd.
t = ti+1,

‖xR(ti+1) − xMi(ti+1)‖ �
K1ΔtieLfxΔti+
LfuL1ΔtieLfxΔti‖xM(i−1)(ti) − xR(ti)‖.

ΔT :

2LfuL1ΔT eLfxΔT = 1. (5)

, Δtmax � ΔT ,

‖xR(ti+1) − xMi(ti+1)‖ �

K1ΔtmaxeLfxΔtmax +
1
2
‖xR(ti) − xM(i−1)(ti)‖ �

K1ΔtmaxeLfxΔtmax +
1
2
K1ΔtmaxeLfxΔtmax +

1
22

‖xR(ti−1) − xM(i−2)(ti−1)‖ �
...
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i−1∑
k=0

1
2k

K1ΔtmaxeLfxΔtmax +
1
2i
‖xR(t1) − xM0(t1)‖.

2.2 1−2

‖xR(t1) − xM0(t1)‖ � K1ΔtmaxeLfxΔtmax ,

‖xR(ti+1) − xMi(ti+1)‖ � 2K1ΔtmaxeLfxΔtmax .

(6)

, 5) ,
√

V (x)
x Lipschitz , x1,x2 ∈ R

n,
:

|
√

V (x1) −
√

V (x2)| � c4√
c1

‖x1 − x2‖,

√
V (xR(t)) �

c4√
c1

‖xR(t) − xMi(t)‖ +
√

V (xMi(t)). (7)

, 5)

V (x(t)) � e−
c3(t−t0)

c2 V (x(t0)). (8)

(7)−(8) t = ti+1, (6),
:√

V (xR(ti+1)) �
c4√
c1

‖xR(ti+1) − xMi(ti+1)‖ +
√

V (xMi(ti+1)) �
c4√
c1

‖xR(ti+1) − xMi(ti+1)‖+

e−
c3(ti+1−ti)

2c2

√
V (xMi(ti)) �

K1K2 + e−
c3(ti+1−ti)

2c2

√
V (xMi(ti)),

K2 =
2c4√

c1

ΔtmaxeLfxΔtmax .

xMi(t) xR(t)
, xMi(ti) = xR(ti),√

V (xR(ti+1)) �

K1K2 + e−
c3(ti+1−ti)

2c2

√
V (xR(ti)) �

K1K2 + e−
c3(ti+1−ti)

2c2 (K1K2 +

e−
c3(ti−ti−1)

2c2

√
V (xR(ti−1))) �

...
K1K2

1 − e−
Δtminc3

2c2

+ e−
c3ti+1

2c2

√
V (xR(t0)). (9)

5) ‖x‖ �
√

V (x)
c1

, (9),

xR(ti) i = 1, 2, · · · ,
lim
i→∞

‖xR(ti)‖ � (ε1Lfu + εpLfp + εd)M0,

M0 =
2c4ΔtmaxeLfxΔtmax

c1 − c1e−c3Δtmin
.

1 :
1) (5) , ΔT Lipschitz

(Lfx, Lfu) L1 .

2) (6)
.

4 (Application example)
,

.

4.1 (Problems statement of
reentry guidance)

,
:

r=V sin γ, θ̇=
V cos γ sin ψ

r cos φ
, φ̇=

V cos γ cos ψ

r
,

V̇ = −D

m
− g sin γ + Ω2r cos φ sin γ cos φ −

Ω2r cos φ cos γ cos ψ sin φ

γ̇ =
L cos σ

mV
+(

V

r
− g

V
) cos γ + 2Ω cos φ sin ψ+

Ω2r

V
cos φ(cos γ cos φ − sin γ sin φ cos ψ)

ψ̇ =
L sin σ

mV cos γ
+

V

r
cos γ sin ψ tanφ −

Ω(tan γ cos φ cos ψ − sin φ) +
Ω2r

V cos γ
sin φ cos φ sin ψ,

: r, V, Ω, g
; θ, φ, γ, ψ

.

L D :

L =
1
2
ρ(r)V 2CLSref , D =

1
2
ρ(r)V 2CDSref ,

: ρ(r) = ρ0e−β(r−r0), CL(α, M) = a0 + a1α,

CD(α, M) = b0 + b1α + b2α
2, a0, a1, b0, b1, b2

[13] .

, α̇ = u1,

σ̇ = u2, 6 8
, X U

(L , U ):

X = {(r, θ, φ, V, γ, ψ, α, σ)∈R
8 :

xL
i �xi �xU

i , i = 1, · · · , 8},
U = {(u1, u2) ∈ R

2 : uL
i � ui � uU

i , i = 1, 2}.
,

:

Q̇ = k
√

ρ(r)V 3.15 � Q̇max,

n = |L cos α + D sin α| � nZ max,

q =
1
2
ρV 2 � qmax,
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: k = 4.47228 × 10−9, Q̇max = 600 W/cm2,
|nZ max| = 4, qmax = 1000 kPa.

,
:

hf �20 km, Vf �1 km/s, θf =−70.3o, φf =39.5o.

,
, ,

:

Qs =
� tf

t0
Q̇dt.

4.2 (Simulation results and anal-
ysis)

:⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0
−90o

−89o

1 km/s
−89o

−180o

−20o

−80o

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

�

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

h

θ

φ

V

γ

ψ

α

σ

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

�

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

60
90o

89o

6 km/s
89o

180o

20o

80o

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

,

(−3o

−3o

)
�

(
α̇

σ̇

)
�

(
3o

3o

)
.

(
, ±20%) (

200−300 s 91.6m/s
) .

,
.

2
( i , ),

2 ,
4−5 s .

.

2

Fig. 2 The optimization time of open-loop guidance signals

3 .
,

( )
.

3
Fig. 3 Guidance signals

4 . 4
,
, ,

, (
) .

(a)

(b)
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(c)

4
Fig. 4 State trajectory

5 . 5
, (

)
,

.

5
Fig. 5 Ground tracks

5 (Conclusion)

,
,

.

:

1)
,

, ;
,

.

2) ,
.

.
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