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Implicit Kalman filter for position estimation with
visual and inertial sensor fusion

DU Guang-xun1, QUAN Quan1,2, CAI Kai-yuan1

(1. School of Automation Science and Electrical Engineering, Beihang University, Beijing 100191, China;
2. State Key Laboratory of Virtual Reality Technology and Systems, Beihang University, Beijing 100191, China)

Abstract: In mobile robotics, position-sensing is crucial to a robot. We investigate a type of online position estimations
based on visual and inertial sensor fusion. Being different from the traditional state estimation, our position estimation is a
linear state estimation with implicit observation equations. To this end, an implicit Kalman filter is proposed and designed
in details for this position estimation. Furthermore, a state augmentation method is employed in which the accelerometer
bias is taken as a state of the filter to compensate for its effect to the position estimation results. Simulation results show that
the implicit Kalman filter is convergent, and the effect of the accelerometer bias is eliminated from the position estimation.
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2 (Problem formulation)
1 ,

(IMU).
[2] .

1

Fig. 1 Rigid body moving in space

2.1 (Rigid body kinematics)
[2] ,

.
1 : E,

B, B E

R . x ,
xE,

xB,

xB = R(xE − qE), (1)

qE B E ,
.

( ,
), qE

. n ,
nE,

nB,

nB = RnE. (2)

pE(t) = qE, vE(t) =
dqE

dt
aE(t) =

d2qE

dt2
,

⎧⎪⎨
⎪⎩

d
dt

pE(t) = vE(t),

d
dt

vE(t) = aE(t),
(3)

: pE(t) , vE(t)
, aE(t)

.

2.2 (Sensor measurements)
, IMU .

aB(t),

aB(t) = R(aE(t) − gE), (4)

: gE = (0, 0, (−g))T ,
g = 9.8 m/s2. (4)

aE(t) = RTaB(t) + gE. (5)

IMU
aB

m(t), (
,

)

aB
m(t) = aB(t) + δ + ε(t), (6)

: δ , ε(t) .

aB(t) = aB
m(t) − δ − ε(t). (7)

(7) (5),

aE(t) = RTaB
m(t) + gE − RTδ − RTε(t). (8)

r(t) = RTaB
m(t) + gE,
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aE(t) = r(t) − RTδ − RTε(t). (9)

,
( 2 ). OC-xyz .

B (

, ),
R. O-XY

. 1 Li(i = 1, 2, 3) 3
,

[2]( ,
), 3

. 2 , 3 Li(i = 1, 2, 3)
ξE, dE

i .
PI, Li OC

P i
C. (2), dE

i (pE(t)−
ξE) RdE

i R(pE(t) − ξE),
P i

C . P i
C ηi

ηi = (RdE
i ) × (R(pE(t) − ξE)), (10)

× .

2

Fig. 2 Line projected on the image plane

Li li(
).

li dli = (xli, yli)T,
OC-xy , li

dC
li = (xli, yli, 0)T.

li Q = (xu, yv)T,
z ,

f (f ),
QC = (xu, yv, f)T.

, OC QC

qC = (xu, yv, f)T. dC
li qC P i

C

, ηi P i
C , ηi

:

ηi = dC
li × qC. (11)

(11)

, ηi

[2]:

1 ||ηi|| �= 0.

, ||ηi|| = 0 ,
, z

, .
(10)−(11)

[2]:

yi = μi

ηi

||ηi|| = μi

Rρi(t)
||ρi(t)|| , i = 1, 2, 3, (12)

μi ∈ {−1, 1} ,

ρi(t) = dE
i × (pE(t) − ξE), (13)

(pE(t) − ξE) ρi(t) . ,
(12)−(13) yi :

(pE(t) − ξE)TRTyi = 0, i = 1, 2, 3. (14)

2.3 (Position estimation problem)
, (3)(9)

⎧⎪⎨
⎪⎩

d
dt

pE(t) = vE(t),

d
dt

vE(t) = r(t) − RTδ − RTε(t),
(15)

δ .
, ξ , (15)

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

d
dt

(pE(t) − ξE) = vE(t),

d
dt

vE(t) = r(t) + RT(−δ) − RTε(t),

d
dt

(−δ) = 0.

(16)

(14) ,

yT
i R(pE(t) − ξE) = 0, i = 1, 2, 3. (17)

Y1 = (y1, y2, y3)3×3, (17)

Y T
1 R(pE(t) − ξE) = 0. (18)

(18) Y1 , (11)
ηi ,

Y1 M1, :

M1 = Y1 + V1, (19)

V1 ∈ R
3×3 , .

x(t) = [(pE(t) − ξE)T vE(t)T (−δ)T]T,

(16)(18)−(19)
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⎪⎩

ẋ (t) = Ax (t) + Br (t) + FW (t) ,

0 = Y TR̄x(t),
M = Y + V,

(20)

: W (t) = −RTε(t) ∈ R
3 ,⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

A=

⎛
⎜⎝

0 I3 0
0 0 RT

0 0 0

⎞
⎟⎠

9×9

, B=

⎛
⎜⎝

0
I3

0

⎞
⎟⎠

9×3

,

F =

⎛
⎜⎝

0
I3

0

⎞
⎟⎠

9×3

, R̄=

⎛
⎜⎝

R 0 0
0 0 0
0 0 0

⎞
⎟⎠

9×9

,

M =

⎛
⎜⎝

M1

0
0

⎞
⎟⎠

9×3

, Y =

⎛
⎜⎝

Y1

0
0

⎞
⎟⎠

9×3

,

V =

⎛
⎜⎝

V1

0
0

⎞
⎟⎠

9×3

,

(21)

(20)
. ,

, M (
), x, R .

,
. (21) A

0 , [5]
.

.

3 (Implicit Kalman
filter design)

, ,
(20) .

(20) x̂,
M , :

(x̂,M) ,
,

.
3.

3

Fig. 3 Implicit Kalman filter design

3.1 (System discretization)
, (20) .

Ts, ,
,

x(k + 1) = Φ(k + 1, k)x(k) + G(k + 1, k)r(k) +

Γ (k + 1, k)W (k) (22)

⎧⎨
⎩

H(x(k + 1), Y (k + 1)) =
Y T(k + 1)R̄(k + 1)x(k + 1) = 0,

M(k + 1) = Y (k + 1) + V (k + 1),
(23)

:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Φ(k + 1, k) = eA(k+1−k)Ts = eATs =
⎛
⎜⎝

I3 TsI3

1
2
T 2

s RT(k)

0 I3 TsR
T(k)

0 0 I3

⎞
⎟⎠

9×9

,

G(k + 1, k) =

� k+1

k
Φ(k+1, τ)B(τ)dτ =

⎛
⎜⎝

1
2
T 2

s I3

TsI3

0

⎞
⎟⎠

9×3

,

Γ (k + 1, k) =

� k+1

k
Φ(k+1, τ)F (τ)dτ =

⎛
⎜⎝

1
2
T 2

s I3

TsI3

0

⎞
⎟⎠

9×3

.

(24)

3.2 (Equivalent observation equa-
tion)
k x̂(k|k), k +

1

x̂(k + 1|k) = Φ(k+1, k)x̂(k|k)+G(k+1, k)r(k).
(25)

[6] ,
(23) (x̂(k +

1|k),M(k+1)) , , α= x̂(k+
1|k), β = M(k + 1),

H(x(k + 1), Y (k + 1)) =

H(α, β) + C(α, β)(x(k + 1) − α)+

D(α, β)vec(Y (k + 1) − β) + Θ(δ2) = 0, (26)

: vec(·) , Θ(δ2)
,

C(α, β)3×9 = (
∂H

∂x
)|α,β = βTR̄,

D(α, β)3×27 = (
∂vec(H)
∂vec(Y )

)|α,β = I3 ⊗ (R̄α)T,
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δ2 �
{||x(k + 1) − α||2, ||Y (k + 1) − β||2}. (27)

(23)(26),

H(α, β) = − C(α, β) (x (k + 1) − α) +

D(α, β)V̄ (k + 1) , (28)

V̄ (k +1) = vec(V (k +1)) ∈ R
27

. :

Z = HZxZ + VZ, (29)

: Z , HZ, VZ , xZ

. (28) (29) :⎧⎪⎨
⎪⎩

Z = H(α, β),

HZ = −C(α, β),

VZ = D(α, β)V̄ (k + 1).

(30)

,
,

.
.

3.3 (Implicit Kalman filter)
(22) (28),

:
: k x̂ (k|k),

P (k|k),⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

x̂(k + 1|k) =

Φ(k + 1, k)x̂(k|k) + G(k + 1, k)r(k),

P (k + 1|k) =

Φ(k + 1, k)P (k|k)ΦT(k + 1, k)+

Γ (k + 1, k)QkΓ
T(k + 1, k),

(31)

Qk = var(W (k)) ∈
R

3×3.⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

x̂(k + 1|k + 1) = x̂(k + 1|k) + K(k + 1) · Δ,

K(k + 1) =

− P (k + 1|k)CT[CP (k + 1|k)CT + Rk+1]−1,

P (k + 1|k + 1) =

P (k + 1|k) + K(k + 1)CP (k + 1|k),
(32)

: Rk+1 = Dvar(V̄ )DT ∈ R
3×3

, C, D (27) , Δ

, :
Δ = H(x̂(k + 1|k),M) +

(C(x̂(k + 1|k),M)(x̂(k + 1|k) −
x̂(k+1|k))) = H(x̂(k+1|k),M)+0=

MTR̄x̂(k+1|k). (33)

4 (Multirate filter de-
sign)

3 ,
. ,

, ,
,

.
, IMU

Ti, Tv, [13]
, :

(22) , Ts =Ti, IMU , tk =kTi ,⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

x̂(k + 1|k + 1) = x̂(k + 1|k) =

Φ(k + 1, k)x̂(k|k) + G(k + 1, k)r(k),

P (k + 1|k + 1) =

Φ(k + 1, k)P (k|k)ΦT(k + 1, k)+

Γ (k + 1, k)QkΓ
T(k + 1, k).

(34)

4

Fig. 4 Implicit Kalman filter

, tk = kTv ,⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

x̂(k + 1|k) =

Φ(k + 1, k)x̂(k|k) + G(k + 1, k)r(k),

x̂(k + 1|k + 1) = x̂(k + 1|k) + K(k + 1) · Δ,

K(k + 1) =

− P (k + 1|k)CT[CP (k + 1|k)CT + Rk+1]−1,

P (k + 1|k + 1) =

P (k + 1|k) + K(k + 1)CP (k + 1|k),

P (k + 1|k) =

Φ(k + 1, k)P (k|k)ΦT(k + 1, k)+

Γ (k + 1, k)Qk · ΓT(k + 1, k).
(35)
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(34)−(35)
,

4.

5 (Simulation results)

, . :
δ = 0.05 m/s2,

0, q = 0.05 m/s2. (19) V1

0, σ = 0.01 m. (31)−(32)
Qk = q2I3, I3 ∈ R

3×3

. Rk+1 :

Rk+1 = D

⎛
⎜⎝

Rv 0 0
0 Rv 0
0 0 Rv

⎞
⎟⎠ DT,

D ,
(27). rv = σ2I3,

Rv =

⎛
⎜⎝

rv 0 0
0 0 0
0 0 0

⎞
⎟⎠

9×9

.

R , IMU Ti =
0.01 s, Tv = 0.1 s, x̂(0|0) =
0 ∈ R

9, P (0|0) = I9. 3
ξ [0 0 0]T,

[2]:

pE(t) =

⎛
⎜⎝

6.6
6.7
6.6

⎞
⎟⎠ +

⎛
⎜⎜⎜⎜⎜⎝

3 sin(
2π

5
t)

3 sin(
2π

5
t +

π

6
)

3 sin(
2π

5
t +

π

3
)

⎞
⎟⎟⎟⎟⎟⎠

. (36)

:⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

ψ =
π

4
sin(

π

2
t),

θ =
π

4
sin(

π

2
t +

π

4
),

φ =
π

4
sin(

π

2
t +

π

2
).

(37)

R .
5−10 . 5

0.05 m/s2 .
5 : ,

; px, py, pz pE

3 . Ep,
Ep 2– ||Ep||, 6

0.05 m/s2 . 6
,

, : ,
; ,

.

5 0.05 m/s2 ( )
( )

Fig. 5 There is a accelerometer offset of 0.05 m/s2 used
in the simulation: true(solid line) and
estimated(dotted line) camera position

6 0.05 m/s2

Fig. 6 Position estimation error for the case with 0.05 m/s2

accelerometer offset

: ξ

, ; ξ

, . 7
(38) pE

1 (t) ||Ep1||
||Ep|| , 7

pE
1 (t) .

pE
1 (t) =

⎛
⎜⎝

0.6
0.7
0.6

⎞
⎟⎠ +

⎛
⎜⎜⎜⎜⎜⎝

0.3 sin(
2π

5
t)

0.3 sin(
2π

5
t +

π

6
)

0.3 sin(
2π

5
t +

π

3
)

⎞
⎟⎟⎟⎟⎟⎠

. (38)

,
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, 8−10. : std-a ,
offset-a , std-V

. 8−10 ,
,

. , (26)−(27)

M(k + 1).

7 pE(t) pE
1 (t)

||Ep|| ||Ep1||
Fig. 7 Position estimation error ||Ep|| and ||Ep1|| for

pE(t) and pE
1 (t)

8 0.05 m/s2( ) 0.1 m/s2

( ) ‖Ep‖
Fig. 8 ‖Ep‖ for the case with 0.05 m/s2(solid line) and

0.1 m/s2(dotted line) accelerometer noise

9 0.05 m/s2( ) 0.5 m/s2

( ) ‖Ep‖
Fig. 9 ‖Ep‖ for the case with 0.05 m/s2(solid line) and

0.5 m/s2(dotted line) accelerometer offset

10 0.01 m/s2( ) 0.05 m/s2

( ) ‖Ep‖
Fig. 10 ‖Ep‖ for the case with 0.01 m/s2(solid line) and

0.05 m/s2(dotted line) measurement noise

6 (Conclusion)
[2] ,

.
, [6]

,
.

, .
, ,

. , .
, ,

. ,
.
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(Appendix Stability of
the filter)

, ,
: ,

[14].
,

. ,
,

.

x(k + 1) = Φ(k + 1, k)x(k) + G(k + 1, k)r(k) +

Γ (k + 1, k)W (k).

Y T(k + 1)R̄(k + 1)x(k + 1) = 0,

:

Φ(k + 1, k) =

 
I3 TsI3

0 I3

!
6×6

,

G(k + 1, k) =

0
@ 1

2
T 2

s I3

TsI3

1
A

6×3

,

Γ (k + 1, k) =

0
@ 1

2
T 2

s I3

TsI3

1
A

6×3

.

Qi−1 = q2I3,
:

W (k − N + 1, k) =

q2T 2

0
B@(

N3

3
T 2

s − N

12
T 2

s )I3
N2

2
TI3

N2

2
TI3 NI3

1
CA > 0, N > 1.

,
k , .

,
.

B(y(t))x(t) = 0,

[5]
:

M(t0, t) =
� t

t0
eATτB(y(t + τ))TB(y(t + τ))eAτdτ.

B(y(t)) = Y TR̄. [2]
,

: p(t) − ξ(t)

( o-xyz 3
o-xy, o-xz, o-yz) , ,

. , ,
, . ,

,
.
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