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Synchronization distance determination and synchronization
controller design for hybrid Petri nets

FANG Huan1,2, LU Yang1, HUANG Zhen-jin1, YANG Juan1

(1. School of Computer and Information, Heifei Univerisity of Technology, Hefei Anhui 230009, China;
2. College of Science, Anhui Univerisity of Science and Technology, Huainan Anhui 232001, China)

Abstract: There are rare conclusions so far in studies of transition fairness and synchronization distance for general
hybrid Petri nets. On the basis of the definition of general hybrid Petri nets, we formally define the transition fairness and
the synchronization distance, and propose the method for determining the synchronization distance by using the pruned
invariant behavior (IB) evolution graph. Sufficient and necessary conditions for fairness determination are developed, and
the relationships among the fairness, synchronization and pruned IB evolution graph are confirmed. The proposed method
not only gives existing results in simple Petri nets, but also extends the application scope in the determination of the
synchronization distance. A synchronization controller is designed on the basis of the synchronization distance for a hybrid
transportation control system, the performance of which demonstrates the valid application of the synchronization distance
to the realization of the synchronization control

Key words: general hybrid Petri nets; fairness relationship of transitions; synchronization distance; synchronization
controller; properties determination
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HPN
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, Petri
[13–14]. , Petri

[15–21] , [18]

[15, 17, 19, 21] [16, 20]

, [22]

. , Petri
Petri

.

Petri ,
,

, ;
Petri ,

, ,
;

,
.

2 Petri (General hybrid Petri nets)
2.1 Petri (General hybrid

Petri net and system)
1 Petri [11]

GHPN = (P, T, F, W, St, Sdc, Sf), :

1) P = Pd ∪ Pc, Pd, Pc

, Pd ∩ Pc = ∅.
, .

2) T = Td ∪Tc, : Td = TI ∪TD ∪TE ∪TT

, Tc (

). 4 :
TI ( ), TD

( ), TE

( ),
TT (

).

3) F ⊆ (P ×T )∪ (T ×P ) Petri
.

4) W Petri , (P ×Td)∪
(Td × P ) → Z

+(Z+ ) (P × Tc) ∪ (Tc ×
P ) → R

+(R+ ).

5) St : TT → (R+ ∪ {0}) × (R+ ∪ {0})
;

6) Sdc : TD\TE → R
+ .

∀ti ∈ TD, δi = Sdc(ti); ∀ti ∈ TE,
λi = Sdc(ti).

7) Sf : Tc → (R+ ∪ {0}) × (R+ ∪ {0})
, ∀ti ∈ Tc, Sf(ti) = (V min

i ,

V max
i ), V min

i � V max
i

.

1 , V min
i , V max

i

:
V min

i = V max
i = Const,

Petri (constant continuous Petri nets,
CCPN)[13] ; V min

i < V max
i ,

Petri (interval speed continuous
Petri nets, ICPN)[23] . ,

Petri (variable continuous Petri nets,
VCPN)[14] ICPN [23]. 1
GHPN Petri ,

.

tj tj tj ;
, pi pi pi ;
t ( ) ( )

(d)t((c)t), t(d)(t(c)) .

2 N Petri , m :{
Pd → N,

Pc → R
+ ∪ {0} τ ,

< N, m(τ) > < N, m > τ m

Petri .

2.2 (Enable conditions
and firing of transition)

3 ( [8, 11]) < N, m >

Petri , t ∈ Td. ∀p ∈ t m(p) �
W (p, t), t .

4 ( [11])
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< N, m > Petri , t ∈ Td. t

enable-time(t), firing-
time(t), [enable-time(t), firing-time(t)]

t . 4
:

1) t∈TI, firing-time(t) = enable-time(t);

2) t ∈ TD ∪ TE, firing-time(t) = enable-
time(t)+Sdc(t);

3) t∈TT, firing-time(t)=enable-time(t)+
ζ, ζ ∈ St(t).

5 ( [8, 11]) < N, m >

Petri , t ∈ Tc. ∀p ∈(d) t m(p) �
W (p, t), ∀p ∈(c) t m(p) � 0, t

.

6 ( [11]) t ,{
m′(p) = m(p) − W (p, t), ∀p ∈ t − t ,

m′(p) = m(p) + W (t, p), ∀p ∈ t − t.

t v ,⎧⎪⎪⎪⎨
⎪⎪⎪⎩

m′(p) = m(p) − W (p, t), ∀p ∈ ( t − t ) ∩ Pd,

m′(p) = m(p) + W (t, p), ∀p ∈ (t − t) ∩ Pd,

m′(p) = m(p) − v · Δ, ∀p ∈ ( t − t ) ∩ Pc,

m′(p) = m(p) + v · Δ, ∀p ∈ (t − t) ∩ Pd,

: Δ t , v ∈
[V min

i , V max
i ].

: fire(t) = {t, [ζ1, ζ2]} t

, ζ1 = enable–time(t), ζ2 = firing–time(t);
fire(t) = {t, v, [ζ1, ζ2]} t , ζ1, ζ2

t ,
v t .

7 < N, m > Petri ,
σ={fire(ti1), fire(ti2), · · · , fire(tij),

· · · , fire(tik)}(k � 1) τk−1 ,
m′, m(τ0)[σ > m′(τk−1), �(tij/σ)

tij σ .

, t,
fire(t) = {t, v1, [ζ1, ζ2]} fire(t) = {t, v2, [ζ3, ζ4]}

((ζ2 = ζ3) ∨ (ζ1 = ζ4)) ∧ (v1 = v2),
fire(t) = {t, v1, [ζ1, ζ4]}

fire(t) = {t, v1, [ζ3, ζ2]}. σ

{t, v1, [ζ1, ζ2]} {t, v2, [ζ3, ζ4]} ((ζ2 = ζ3) ∨ (ζ1

= ζ4)) ∧ (v1 = v2), t

, �(t, σ) = 1.

8 <N, m> Petri , |T |
= p. X = [x1, x2, · · · , xp] < N, m >

, τ (m(τ)[ti >

⇔xi =1) ∧ ((¬m(τ)[t >)⇔xi =0), i∈ [1, p].

3 ( ) (Fairness rela-
tionship between transitions (or transition
sets))

3.1 (Definitions of fair-
ness and synchronization distance)

Petri ,
( )

, [1–3],
Petri , ,

( ),
Petri

, Petri ( )
.

9 < N, m > Petri ,
T1 ⊆ T , T2⊆T T1∩T2 =∅. ∀σ : m(τl−1)[σ

> m′(τk−1), σ={fire(ti1), fire(ti2),· · ·, fire(tij),
· · · , fire(tik)}( k � 1) tij /∈ T2(j ∈ [1, k]),
∀tl : m′(τk−1)[tl >⇒ tl ∈ T2, T1

T2, k1 = min
σ

∑
α

�(tij/σ), : α : j ∈
[1, k], tij ∈ T1.

10 < N, m > Petri ,
T1 ⊆ T, T2 ⊆ T T1 ∩ T2 = ∅. T1

T2, T2 T1, T1 T2

.

11 < N, m > Petri ,
tl ∈ Tc : m(τi−1)[tl > m(τi), NS(tl, τi−1, τi)

=
� τi

τi−1

v(tl)dt tl [τi−1, τi]

, v(tl) tl .

12 < N, m > Petri ,
T1 ⊆ T , T2 ⊆ T T1 ∩ T2 = ∅,

T1 T2 sd(T1, T2):

1) sd(T1, T2) = ∞, T1 T2

;

2) sd(T1, T2) = max{k1, k2}, : k1

T1 T2 , k2 T2 T1

.

3.2 (De-
termination of fairness and computation algo-
rithm of synchronization distance)

T1 T2 sd(T1, T2),
(invariant behavior, IB)

.
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IB , [7, 11]
, IB .

13 < N, m > Petri ,
T1, T2 , T1 ∩ T2 = ∅.

∀t ∈ T2 IB T2

IB .

Petri .

: Petri < N, m >,
T1 ⊆ T , T2 ⊆ T T1 ∩ T2 = ∅.

: sd(T1, T2).

:
Step 1 [7] IB < N,

m > ,
fire(t) = {t, [ζ1, ζ2]}( t ),

fire(t) = {t, v, [ζ1, ζ2]}( t ) ,
IB E;

Step 2 ∀t ∈ T2 , T2

IB E1;

Step 3 ∀t ∈ T1 , T1

IB E2;

Step 4 , E1

T1 σ1, E2 T2

σ2;

Step 5 sd(T1, T2) = max{|σ1|, |σ2|}, |·|
· ;

Step 6 .

14 < N, m > Petri ,
T1 ⊆ T , T2 ⊆ T T1 ∩ T2 = ∅. T2

IB τk−1 m(τk−1)
¬∃t ∈ T −T2 : m(τk−1)[t >, m(τk−1)

.

15 < N, m > Petri ,
T1 ⊆ T , T2 ⊆ T T1 ∩ T2 = ∅, T2

IB IB m(τk−1) m(τi−1)
, 3 :

1) m(τk−1)( T1) = m(τi−1)( T1);

2) TX = T −T1−T2 τk−1 τi−1

XTX(τk−1) = XTX(τi−1);

3) T1

τk−1 τi−1 , v(τk−1) = v(τi−1).

1 < N, m > Petri ,
T2 IB IB m(τk−1)

m(τi−1) , < N, m > T2

IB .

2 < N, m > Petri ,
T2 IB ,

IB m(τk−1) m(τi−1) .

1 2 14 15
, .

16 < N, m > Petri ,
T1 ⊆ T , T2 ⊆ T T1 ∩ T2 = ∅, T2

IB IB m(τk−1) m(τi−1)
, m(τk−1) .

17 < N, m > Petri ,
T1 ⊆ T , T2 ⊆ T T1 ∩ T2 = ∅, T2

IB τk−1 m(τk−1)
, , m(τk−1)

.

3 < N, m > Petri ,
T1 ⊆ T , T2 ⊆ T T1 ∩ T2 = ∅, T2

IB
.

4 < N, m > Petri ,
T1 ⊆ T , T2 ⊆ T T1 ∩ T2 = ∅, T2

IB E1 T1 IB E2

, sd(T1, T2) = �max{state(E1),
state(E2)}/2�, state(Ei)(i = 1, 2) Ei

t ∈ Ti , sd(T1, T2) = ∞.

, T2 IB E1

T1 IB E2 ,
9 14 , T1 T2 E1 t ∈

T1 , T2 T1 E2

t ∈ T2 , ,
, 12 ,

sd(T1, T2) =
�max{state(E1), state(E2)}/2�.

,
, sd(T1, T2) < ∞.

, T2 IB E1 T1

IB E2 ,
:

1) E1 E2 ,
, . E1

, E2 . 14, 16 17 ,
T1 T2, T2 T1, sd(T1, T2) = ∞;

2) E1 E2 ,
16 17 , T1 T2, T2

T1, sd(T1, T2) = ∞. .

4
, Petri

[7, 11–14] ,
.
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5 < N, m > Petri ,
T1 ⊆ T , T2 ⊆ T T1 ∩ T2 = ∅. T1

T2 , sd(T1, T2) < ∞.

10 3 ,
.

4 (Discu-
ssion about the application scope of synchro-
nization distance)

Petri Petri
, 1 ,

Petri P-time Petri T-time
Petri Petri Petri .

, ,
Petri ,

Petri .

6[1] Σ = (S, T, F ; M0) Petri ,
t1, t2 ∈ T , t1 t2 sd(t1, t2)

:

1) sd(t1, t2) = ∞, t1 t2 Σ

;

2) sd(t1, t2) = max{�(tj/σ) | ∃M ∈ R(M0) :
M [σ > ∧(�(ti/σ) = 0) ∧ (i, j ∈ {1, 2})}(i �= j),

t1 t2 Σ ;

6 , :
,

. ,
T1 T2 :

7 Σ = (S, T, F ; M0) Petri ,
T1 ⊆ T , T2 ⊆ T T1 ∩ T2 = ∅, T1 T2

sd(T1, T2) :

1) sd(T1, T2) = ∞, T1 T2 Σ
;

2) sd(T1, T2)=max{�(tk/σ)tk∈Tj
|∃M ∈R(M0):

M [σ > ∧(�(tm/σ)tm∈Ti
= 0) ∧ (i, j ∈ {1, 2})}(i �=

j), T1 T2 Σ ;

, Petri , T1

T2 Σ , k, ∀M

∈ R(M0) σ ∈ T ∗ : M [σ > (1) :∑
t∈Ti

�(t/σ) = 0 → ∑
t∈Tj

�(t/σ) � k,

i, j ∈ {1, 2} ∧ i �= j, (1)

, T1 T2 Σ , .

, T1 T2 Σ ,
k, ∃M ∈ R(M0) σ ∈ T ∗ : M [σ >

∑
t∈Ti

�(t/σ) = 0 → ∑
t∈Tj

�(t/σ) > k, i, j ∈
{1, 2}∧i �= j. k ,

, ,
Ti ,∑

t∈Tj

�(t/σ) > k, sd(t1, t2) = ∞.

, .

8 7 4 .

, 4 Petri
GHPN(general hybrid Petri net), 7

Petri SPN(simple Petri net), 1,
GHPN TI,

Pd, 1, GHPN
SPN.

4 , T2

IB E1 T1 IB E2

, T1 T2 :
k, ∀M ∈R(M0) σ ∈ T ∗: M [σ >∑

t∈Ti

�(t/σ)=0→ ∑
t∈Tj

�(t/σ)�k, i, j∈{1, 2}∧ i �= j

, , 4
7 ( (2) (3) ) Ti

, Tj ,
.

sd(T1, T2) = �max{state(E1), state(E2)}/2�, (2)

sd(T1, T2) = max{�(tk/σ)tk∈Tj
| ∃M ∈ R(M0) :

M [σ > ∧(�(tm/σ)tm∈Ti
= 0) ∧

(i, j ∈ {1, 2})}(i �= j). (3)

, T2 IB E1 T1

IB E2 , E1

, IB (
13), k, ∃M ∈ R(M0) σ ∈

T ∗: M [σ >
∑

t∈Ti

�(t/σ) = 0→ ∑
t∈Tj

�(t/σ)>k,

i, j ∈ {1, 2} ∧ i �= j. T1 T2

, sd(t1, t2) = ∞, 4 7
.

, .

(a) Σ
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(b) IB (c) t3 IB (d) t2 IB

1 SPN Σ IB

Fig. 1 A simple Petri net system and its pruned IB evolution graph

1[1] SPN Σ 13
IB , , t2 t3

( t2 t3 IB
), 4, sd(t2, t3)=�max{5, 2}/2�=

2, [1]
.

, 6 7 4 ,
GHPN SPN

, Petri
,

,
Petri .

5 (Case
study and the design of synchronization con-
troller)

5.1 (Example of
synchronization distance solving for hybrid sys-
tem)

[12] Petri
( 2(a) ), IB

2(b). 1,
,

sd(ti, tj) = 1, sd(tc, tj) = ∞,

i, j ∈ {1, 2, 3} ∧ i �= j.

(a) [12] Petri

(b) IB

2 [12] Petri IB
Fig. 2 A hybird Petri net system in [12] and its IB

evolution graph
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5.2 (Case study of syn-
chronization controller design)

,

. 3 ,
1−9 , CH1 ,

CH2, CH3 , X1, X2, X3, X4, X5
. ,

: 1) ,
?

2) ,
?

3

Fig. 3 A simple transportation route graph

c1,
,

, v = [vmin, vmax]
. , 4(a)

, s1−s16 ∈ Pd ,
sbi, smi(i = 1, 2)

; tij ∈ TE(i ∈ [1, 8]∧j ∈ [1, 4]∧i, j ∈
Z

+) i, mine1, mine2

; fi(i ∈ {1, 2, 3})
( ) .

(a) Petri

(b)
4 Petri

Fig. 4 Logic hybrid Petri net model of transportation

dispatching and its simplified macro model

4(a) ,
, ( 4(b)),

λi(i ∈ {1, 2, 3, 4})
( ),

λi(i ∈ {5, 6}) 1, 2
,

, .

1) ,
.

4(b) 1 ,
tt1 ,

mine1 . ss1 sm1

m(ss1) m(sm1) ( 0),
,

sd(tt1, mine1) = max{1, m(ss1)}, 1
( mine1

, m(sm1) = 0), Δt

m(sm1)−
� t+Δt

t
vdt = 0(t ),

.

,
, , [Lmin,

Lmax]( ).
4(b) Petri 5
, coni(i ∈ {1, 2, 3, 4}) ,

( ) , 5
sd(tt1, mine1) = 1, ,

.

2)
.

,
,

,
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N(N ∈ Z
+) .

4(b) , sd(tt1, tt3) = ∞.
sd(tt1, tt3) =

N , 6 , coni(i ∈ {5, 6}),
N . sd(tt1, tt3) = N ,

.

5 Petri
Fig. 5 Petri net model realizing synchronic control between

transporting and mining behaviors

6
Petri

Fig. 6 Petri net model realizing synchronic transporting times

control between different locomotives

6 (Conclusions)
Petri

,
Petri , ( )

,
. , IB ,

Petri
,

Petri .
,

,
,

. Petri
, Petri

, Petri
,

,
.
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