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Adaptive backstepping control of wheeled mobile robots with
parameter uncertainties

SUN Di-hua, CUI Ming-yue, LI Yong-fu
(College of Automation, Chongqing University, Chongqing 400044, China)

Abstract: Based on the dynamics model of wheeled mobile robots, an adaptive backstepping method is used to design
the controller for tracking the trajectory of wheeled mobile robots with parameter uncertainties. The adaptive control laws
based on the state feedback are developed with backstepping approach through a step-by-step selection of appropriate
Lyapunov function. The motion stability of the wheeled mobile robot is proved by using the Lyapunov stability theory.
Simulation results show that the proposed method greatly compensates the effects of parameter uncertainties and improves
the system tracking accuracy and robustness, in comparison with traditional PID control laws.
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2 (Dynamic model)
2.1 (Dynamic

model of mobile robots)
XOY ,

1 .
, ,

,
.

, , .
1 ,

[17].

1

Fig. 1 Mobile robot with two independent drive wheels

1
Table 1 Robot variables and parameters of

the symbol definition

Iv kg·m2

M kg
Fl, Fr N
L m
φ rad
v m/s
vl, vr m/s
Iw kg·m2

c kg·m2/s
k Nm/V
r m
θl, θr, rad
ul, ur V

,
,

Ivφ̈ = FrL − FlL. (1)

,

Mv̇ = Fr + Fl. (2)

, :

Iwθ̈r + cθ̇r = kur − rFr, (3)

Iwθ̈l + cθ̇l = kul − rFl, (4)

: r, l , c

, k

, k =
nkm

Ra

( Ra,

n, km), θ
, r , ur, ul .

v =
vr + vl

2
, (5)

Lφ̇ =
vr − vl

2
. (6)

(5)−(6)

vr = rθ̇r = v + Lφ̇, (7)

vl = rθ̇l = v − Lφ̇. (8)

(1)−(8)

v̇=− 2c

Mr2+2Iw

v+
kr

Mr2+2Iw

(ur+ul), (9)

φ̈=− 2cL2

Ivr2+2IwL2
φ̇+

krL

Ivr2+2IwL2
(ur−ul). (10)

x = [v φ φ̇]T, u =
[ur ul]T, y = [v φ]T. (9)−(10),

ẋ = Ax + Bu,

y = Cx,
(11)

:

A=

⎡
⎢⎣a1 0 0

0 0 1
0 0 a2

⎤
⎥⎦ , B=

⎡
⎢⎣b1 b1

0 0
b2 −b2

⎤
⎥⎦ , C =

[
1 0 0
0 1 0

]
,

a1 = − 2c

Mr2 + 2Iw

, a2 = − 2cL2

Ivr2 + 2IwL2
,

b1 =
kr

Mr2 + 2Iw

, b2 =
krL

Ivr2 + 2IwL2
.

,
,

, .
, ,

.

2.2 (Decouple of system)

(11) ,
backstepping ,

, .[
ur

ul

]
=

[
1 −1
0 1

][
u1

u2

]
, (12)
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ur = u1 − u2. (12) (11), (11)
:

v̇ = a1v + b1u1, (13){
φ̇ = ω,

ω̇ = a2ω + b2u1 − 2b2u2.
(14)

(13) (14)
.

3 (Design of controller)
(13)−(14) ,

. ,
(backstepping) , Lyapunov ,

, Lyapunov
,

,
. :

k, c , c > 0, k > 0.

c̃ = ĉ − c, k̃ = k̂ − k,

â1 = − 2ĉ

Mr2 + 2Iw

, b̂1 =
k̂r

Mr2 + 2Iw

,

â2 = − 2ĉL2

Ivr2 + 2IwL2
, b̂2 =

k̂rL

Ivr2 + 2IwL2
,

ã1 = â1 − a1, ã2 = â2 − a2,

b̃1 = b̂1 − b1, b̃2 = b̂2 − b2,

: k̂, ĉ, â1, â2, b̂1, b̂2 k, c, a1, a2, b1, b2

.

1 vd ,
e1 = vd − v,

ė1 = v̇d − v̇ = v̇d − a1v − b1u1. (15)

φd , e2 =
φd − φ,

ė2 = φ̇d − φ̇. (16)

Lyapunov

V1 =
1
2
e2
2. (17)

V1 ,

V̇1 = −k2e
2
2 + e2(k2e2 + φ̇d − φ̇). (18)

V̇1 = −k2e
2
2 < 0, e2

,

ω∗ = k2e2 + φ̇d + k0ζ, (19)

: k0 > 0, k2 > 0 ,

: ζ =
� t

0
e2(τ)dτ ,

,

, [18].
2

e3 = ω∗ − ω = k2e2 + φ̇d + k0ζ − φ̇ =

k2e2 + k0ζ + ė2. (20)

(20)
ė2 = e3 − k2e2 − k0ζ. (21)

(14)(20) (21)

ė3 = (k0 − k2
2)e2 + k2e3 − k0k2ζ +

φ̈d − a2ω − b2u1 + 2b2u2. (22)

Lyapunov

V2 =
1
2
e2
1 +

1
2
e2
2 +

1
2
e2
3 +

k0

2
ζ2 +

1
2λ1

c̃2 +
1

2λ2

k̃2, (23)

(15)(21)−(22) :

V̇2 =

−k1e
2
1 − k2e

2
2 − k3e

2
3 + e1(k1e1 + v̇d −

â1v − b̂1u1) + e3[(k2 + k3)e3 + (k0 − k2
2 +

1)e2 − k0k2ζ + φ̈d − â2ω − b̂2u1 +

2b̂2u2] + c̃(
a1e1v

c
+

a2e3ω

c
+

1
λ1

˙̂c) +

k̃[
b1e1u1

k
+

b2e3(u1 − 2u2)
k

+
1
λ2

˙̂k], (24)

: k0 >0, k1 >0, k2 >0, k3 >0, λ1 >0, λ2 >0
.

:⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

u1 =
1

b̂1

(k1e1 + v̇d − â1v),

u2 =
1

2b̂2

[−(k2 + k3)e3 − (k0 − k2
2+

1)e2 + k0k2ζ − φ̈d + â2ω + b̂2u1],

(25)

ω = φ̇.

˙̂c = −λ1

c
(a1e1v + a2e3ω),

˙̂
k =

λ2

k
[−b1e1u1 + b2e3(2u2 − u1)],

(26)

:

a1 < 0, a2 < 0, b1 > 0, b2 > 0,

a1

c
= − 2

Mr2 + 2Iw

,
a2

c
= − 2L2

Ivr2 + 2IwL2
,

b1

k
=

r

Mr2 + 2Iw

,
b2

k
=

rL

Ivr2 + 2IwL2

.

(25)
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−(26),

V̇2 = −k1e
2
1 − k2e

2
2 − k3e

2
3 � 0. (27)

Lyapunov ,
(25) Lyapunov .

, backstepping
2 .

2 backstepping
Fig. 2 Adaptive backstepping control schematic of

wheeled mobile robots

4 (Analysis of stability)
1(Barbalat [19]) f(x) [0, +∞)

, lim
t→∞

� t

0
f(x)dx

, lim
t→∞

f(t) = 0.

1 (11) (25)
(26) , t → ∞ , e1, e2, e3 .

V̇2 = −k1e
2
1 − k2e

2
2 − k3e

2
3 � −k1e

2
1 � 0, (28)

, V2 t ∈ [0,∞) , V2(t)
� V2(0), ∀t∈ [0,∞). V2 t∈ [0,∞) .

, e1, e2, e3 c̃, k̃ , e1, e2, e3 ∈ L∞.
(28) ,� ∞

0
k1e

2
1dt < −

� ∞

0
V̇2(t)dt =

V2(0) − V2(∞) < ∞, (29)

e1 ∈ L2. e2, e3 ∈ L2 , e1, e2, e3 ∈
L2 ∩ L∞. , vd φd

, (15)(21) (22)
, ė1, ė2, ė3 ∈ L∞. ė1, ė2,

ė3 ∈ L∞, e1, e2, e3 t ∈ [0,∞) .
Barbalat , t → ∞ , e1, e2, e3 → 0,

e1, e2, e3 . .

5 (Input reference sig-
nal processing)

, .
,

,

vd φd . (25)−(26)
,

, [20]
, y(t)

, ŷ(t) y(t) ,
:

ŷ(t) =
2!
T 2

� t

t−T
(3(t − τ) − T )y(τ)dτ . (30)

:

˙̂y(t) = − 3!
T 3

� t

t−T
(2T (t − τ) − T )y(τ)dτ , (31)

[t − T, t] .

6 (Simulations)
k, c

,
Yd = sin(0.2πX) + n(t)( n(t) 0.01,

0 ) ,
MATLAB/Simulink

PID .
(X(0), Y (0)) = (0, 0), φ(0) = 0,
vd = 1 m/s.

2 . ,
:

k0 = 20, k1 = 10.3, k2 = 16,

k3 = 14.5, λ1 = 14.7, λ2 = 2.6.

PID
kp = 3.2, ki = 0.6, kd = 0.36.

2
Table 2 Physical parameters of the robot

M 50 kg
r 0.125 m
c 0.05 kg·m2/s
Iv 10 kg·m2

Iw 0.05 kg·m2

L 50 kg
k 20 Nm/V

6.1 (Trajec-
tory tracking error analysis without parameters
perturbation)
3 (a)−(f)

PID
.
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(a) PID (b)

(c) PID (d)

(e) PID (f)

3

Fig. 3 Tracking error analysis of system without parameters perturbation

3 6 ,
,

PID
.

6.2 (Robot system
adaptive analysis)

,
,

k c

.
, 4 (a)−(d) c, k

PID ,

Yd = sin(0.2πX) + n(t)

, ,
PID 6.1

. c, k :

1) c

0.05 kg·m2/s, t = 10 s 0.1 kg·m2/s.

2) k

20 Nm/V, t = 20 s 15 Nm/V.
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(a) PID

(b)

(c) PID

(d)

4
Fig. 4 Tracking error analysis of system with

parameters perturbation

4 (a) (b) (c) (d)
, k

c , PID
,

PID ,
,

,
,

, ,

, ,

. , ,
c, k

.

5
k c ,
, c, k ,

.

(a) c

(b) k

5

Fig. 5 Unknown parameters estimation

7 (Conclusions)
,
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,
,

. ,
,

,
, PID

.
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