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Optimal control for continuous bauxite grinding process in ball-mill

MA Tian-yu, GUI Wei-hua
(School of Information Science and Engineering, Central South University, Hunan Changsha 410083, China)

Abstract: Considering the reduction of power consumption of ball-mill, we propose a multi-objective multi-model
predictive control for the continuous grinding process of bauxite with bauxite ores coming from different mine sources
and with different qualities. In this method, we first build the state-space concentration-predictive model and the fineness-
prediction model based on the weighted multi-model of size-mass balance; and then, we develop an optimal multi-model
predictive control scheme for optimizing multiple objectives including the interval control of concentration and fineness of
the discharged ore pulp from the ball-mill, along with economic indices. The local optimal control law of the controller is
obtained by minimizing a multiplier penalty function. The simulation and the field test results show the effectiveness of
this method.

Key words: mineral grinding process; multiple model predictive control ; multiple objective optimization; interval
control; multiplier penalty function
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2 (Continuous mineral grind-
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Fig. 1 Continuous ball milling process
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3 (Ball mill optimizing con-
trol)

3.1 (Control target)
1) , (−200

)
: 70%∼80%, 22%∼28%.

2) :
,

, .

3.2 (Optimization control frame)
,

, , MPC
.

2 . ,

: 3 .
,

, ,
,
,

, ,
. yr(k + i) (

) , u(k + i) MPC
, y(k + i)

, ym(k + i) ,
e(k + i) , yp(k + i)

, α1, α2, · · · , αn

.

2

Fig. 2 The scheme of optimization control for ball-mill
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(0.32 ∼ 0.4) ,
, ,

C

. RCosNa3 Rm

Rwin 3 (MVS).
Cbm, Fbm (CVS).

, (MD)
(UD),

.

4 (Predictive model)
4.1 (Concentration predictive mo-

del)

, ,
3 3 1

(CSTR) . :
Rwin(t), Rm(t)

RCosNa3(t); Cbm(t)
Rbm(t). ,
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3
Fig. 3 The relationship between ball-mill concentration

and operation variables

V ,
:

dV (t)
dt

= Rm(t) + Rwin(t) + RCosNa3(t) − Rbm(t).

(1)

, 1,
0, (1) ,

:
d
dt

[Cbm(t)V (t)] = Rm(t) − Cbm(t)Rbm(t). (2)

,

V (t) = L ∗ S(t), (3)

L . 4 .

4

Fig. 4 The cross section of ball mill

S

S(t) = πr2(
α

360
) − (r − h) ∗ r sin

α

2
, (4)

: α , r , h

, S(t) BCD ,
πr2(

α

360
) ABCD , (r−h) ∗ r sin

α

2
ABC .

:

Rbm(t)=k
√

S(t) = k

√
V (t)
L

. (5)

(5) (1)–(2)

dV (t)
dt

=Rm(t)+Rwin(t)+RCosNa3(t)−k

√
V (t)
L

,

(6)

d
dt

[Cbm(t)V (t)] = Rm(t) − Cbm(t)k

√
V (t)
L

. (7)

Rwin(t)=R0
win, Rm(t)=R0

m, Cbm(t)
= C0

bm, RCosNa3(t) = R0
CosNa3,

(8)–(9):

0 = R0
m + R0

win + R0
CosNa3 − R0

bm, (8)

0 = R0
m − C0

bmR0
bm. (9)

R0
win, R0

m, R0
CosNa3, C0

bm,
(8)–(9) R0

bm, C0
bm V 0.

:⎧⎪⎨
⎪⎩

Rwin(t) = R0
win + μ1(t),

Rm(t) = R0
m + μ2(t),

RCosNa3(t) = R0
CosNa3 + μ3(t),

(10)

μ1(t), μ2(t) μ3(t) ,

R0
bm = k

√
V 0

S
. (11)

:{
V (t) = V 0 + ξ1(t),
Cbm(t) = C0

bm + ξ2(t),
(12)

ξ1(t), ξ2(t) .

μ1(t), μ2(t) μ3(t)
, ξ1(t) ξ2(t) , (6)–(7)

.

ξ1(t) = μ1(t) + μ2(t) + μ3(t) − k

2V 0

√
V 0

L
ξ1(t),

(13)
.

ξ2(t) V 0 + C0
bm

.

ξ1(t) =

μ1(t) − C0
bm

k

2V 0

√
V 0

L
ξ1(t) − k

√
V 0

L
ξ2(t). (14)

(11) :
.

ξ1(t)=μ1(t)+μ2(t)+μ3(t)− 1
2

R0
bm

V 0
ξ1(t), (15)

.

ξ2(t) V 0 + C0
bm

.

ξ1(t) =

μ1(t) − C0
bm

1
2

R0
bm

V 0
ξ1(t) − R0

bmξ2(t), (16)

R0
bm

V 0
= τ

. (15) (16)
.

ξ2(t) V 0 = −μ2(t) − μ3(t) − R0
bmξ2(t). (17)

x(t) = col[ξ1(t) ξ2(t)],
u(t) = col[μ1(t) μ2(t) μ3(t)], (15)(17)



1342 29

:
.

x(t) =⎛
⎝−1

2
τ 0

0 −τ

⎞
⎠ x(t)+

⎛
⎝1 1 1

0 − 1
V 0

− 1
V 0

⎞
⎠ u(t). (18)

η1(t) = Cbm(t) − C0
bm � ξ2(t),

MC :

y(t) = η1(t) =

(
0 0
0 1

)
x(t). (19)

4.2 (Fineness predictive model)
4.2.1 PB (Introduction of population bal-

ance model)
PB [12],

,
. : =

- , ,
:

dwi(t)
dt

=
i−1∑
j=1
i>1

bijSjwj(t) − Siwi(t). (20)

n , : wi(t) i

, bij(t) ,
j

i ; Sj ,
, .

( ) ,
t .

, [13]:

wi(t) =
i∑

j=1

αije
−Sjt, n � i � 1, (21)

αij =

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

0, i < j,

wi(0) −
i−1∑
k=1
i>1

αik, i = j,

i−1∑
k=j

1
Si − Sj

i−1∑
k=j

Skbikαkj, i > j,

(22)

: wi(0) i

, wi(t) t i

.

,

,
, AUSTIN [14]

[12]:

pi =
i∑

j=1

dijfj, n >= i >= 1, (23)

:

e =
� T

0
e−SjtE(t)dt,

dij =

⎧⎨
⎩

ej, i = j,
i−1∑
k=j

cikcjk(ek − ei), i > j,
(24)

cij =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

−
j−1∑
k=i

cikcjk, i < j,

1, i = j,
1

si − sj

i−1∑
k=j

Skbikckj, i > j,

Si =
a(xi)

α

(1 + (xi/μ)Λ)
, (25)⎧⎨

⎩Bi,j = b1(
1
xj

)b4(
xi

xj

)b2 + (1 − b1(
1
xj

)b4)(
xi

xj

)b3 ,

bij = Bi−1,j − Bi,j.

(26)

(23) pi dij fi , dij

, , pi fi

i .

, .

3 : Si,
bij , E(t).

4.2.2 PB (Population balance model of
bauxite)

[15–16]:

1) ,
.

,
.

2) ,
, ,

(21)(26) .

3) ,
.

4) .

5) a, α, μ, Λ, (23)
, (25)
a, α, μ, Λ.

6) ,
C, RCosNa3, Rm,
Rwin a, α, μ, Λ

, .

,
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PB ;
3 ; ,

,
; .

Yp = f(Rm, Rwin, C, RCosNa3) ⇒
Yp = MbmU, (27)

: Yp , Mbm

, U = (Rm, Rwin, C, RCosNa3)
4 .

4.2.3
(A fineness predictive model of ball-mill

discharging for continuous ball milling pro-
cess of bauxite)

,
,

.
,

, 4.2.2 ,
Ω ={Mbmi|i=1, 2, · · · , n},

: Ω Mbmi , Mbmi

. ,
, ,

,
.

:

min
α1,λ,···αn

e(k) = ‖yr(k) − yp(k)‖2, (28)

s.t.

⎧⎪⎪⎨
⎪⎪⎩

α1 + λ + · · · + αn = 1,

λ = 0.6,

yp(k) = λypx
(k) +

n∑
i=1,i �=x

αiypi
(k),

: yr(k) , yp(k)
, ypx(k)

Mbmx , ypi(k) Ω

, α1, λ, · · · , αn

. (28)
α1, λ, · · · , αn,

MF:

MF = λMbmx +
n∑

i=1,i �=x

αiMbmi. (29)

(19)(29)
.

5 (Multi-objective optimization)
5.1 (Control objective)

,

, . ,
:

min
Um,δ1,δ2

J = ‖δ1‖2
Q1

+ ‖δ2‖2
Q2

+‖ΔUM‖2
R +

‖Rm−R+
m‖2

ρ+‖yPMF−y+
PMF‖2

λ +

Mmin[0, (y+
PMC−yPMC)]2, (30)

s.t.

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ΔU−
M � ΔUM � ΔU+

M,

U−
M � UM � U+

M,

αc − δ1 � yPMC(k + 1|k) � βc+δ1,

αf − δ2 � yPMF(k + 1|k) � βf+δ2,

YPMF = MFUM,

YPMC = MCUM,

δ1, δ2 � 0.

(31)

3 :

1) ‖δ1‖2
Q1

+ ‖δ2‖2
Q2

.

2)
:

‖Rm − R+
m‖2

ρ , R+
m

(90 t/h);

‖yPMF − y+
PMF‖2

λ ,
y+

PMF .

3) Mmin[0, (y+
PMC−yPMC)]2

, y+
PMC . :

Q1, Q2, ρ, λ, R ,
, ,

. (30) Q1 >Q2 >

ρ>>λ>R. M ,
, M =1000. δ1, δ2

, ‖δ1‖2
Q1

+‖δ2‖2
Q2

= 0,
‖δ1‖2

Q1
+ ‖δ2‖2

Q2
�= 0.

(31) , −ΔU+
M, ΔU+

M

, U−
M, U+

M

, yPMC(k + 1|k), yPMF(k + 1|k)
, YPMF = MFUM, YPMC =

MCUM , [αc, βc],
[αf , βf ] .

5.2 (optimizing algorithms)

.
,

; ,
. ,

4 :

1
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, (32)
, (33) , . J = 0,

,
, 2 . J �= 0, 3 .

cur .

min
UM,δ1,δ2

J = ‖δ1‖2
Q1

+ ‖δ2‖2
Q2

, (32)

s.t.

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ΔU−
M � ΔUM � ΔU+

M,

U−
M � UM � U+

M,

C = Ccur,

αc − δ1 � yPMC(k + 1|k) � βc+δ1,

αf − δ2 � yPMF(k + 1|k) � βf+δ2,

YPMF = MFUM,

YPMC = MCUM,

δ1, δ2 � 0.

(33)

2 (30) , (33) ,
,

4 .

3
, (34) , (32) ,

J = 0 Copt.

s.t.

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Rm = Rm cur,

Rwin = Rwin cur,

RCosNa3 = RCosNa3 cur

Ccur � C � Cmax,

αc − δ1 � yPMC(k + 1|k) � βc+δ1,

αf − δ2 � yPMF(k + 1|k) � βf+δ2,

YPMF = MFUM,

YPMC = MCUM,

δ1, δ2 � 0.

(34)

4 (34) Ccur Copt, (30)
, ,

.

,
. MPC ,

, QP
KKT , .

,

, PSO+POWELL
.

:

1)

min
X

J(X),

s.t. gj(X) � 0, j = 1, 2, · · · , (35)

X=[δ1 δ2 UM]. (31)

, gj(X):

g1(X)
g2(X)
g3(X)
g4(X)
g5(X)
g6(X)
g7(X)
g8(X)

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 −I

0 0 I

I 0 MC

−I 0 −MC

0 I MF

0 −I MF

0 0 I

0 0 −I

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎣ σ1

σ2

UM(k)

⎤
⎥⎦ �

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−U+
M

U−
M

αc

−βc

αf

−βf

ΔU−
M+UM(k − 1)

−ΔU+
M − UM(k − 1)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (36)

I . (33)–(34)
(36) , .

2)
:

min
X,γj

ϕ(X, γ, M) =

J(X)+
1

2N

l∑
j=1

{[max (0, γj−Ngj(X))2]−γ2
j}, (37)

: γj , N = 500 .

3) X0 γk, N = 500,
σ, ω(δ > 1, ω ∈ (0, 1)), ε > 0,

k − 1.

4) Xk−1 , PSO+POWELL
(37) .

5) γk−γk−1| < ε, ,
, , .

6)
||γk||
||γk−1|| � ω, N = σN ,

.

7) γj
k+1= max(0, γk

j −Mgj(xk)), k = k +1,
4) . ,

.

6 (Analysis of the results)
6.1 (Simulation results)

,
72∼85 A .

,
,

, .
, 75∼95 m3/h .
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, 85 t/h,
,

85∼95 t/h. pH
,

pH , ,
20∼45 m3/h . ,

(38) :{
85<Rm <95, 75<Rwin <95,

72<C <85, 20 < RCosNa3 <45.
(38)

,
70%∼80% 22%∼28%

,
:

1) (32) ,
. J = 0,

, 2 , 3 .

2) , (30) ,

, .
.

,
5–6 . ,

, .

5
Fig. 5 Fineness adjustment curve caused by

process disturbance

6

Fig. 6 Adjustment curve of operation variables when grinding capacity is sufficient

3) , ,
7 , ,

.
8 ,

. 9 ,
,
,

.
C Lbm

Rbm. 2∼3
, 2

,
. , ,

.
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7

Fig. 7 Fineness decrease curve caused by process disturbance

8

Fig. 8 Adjustment curve of ball-mill current

9

Fig. 9 Adjustment curve of operation variables when grinding capacity is insufficient

6.2 (Simulation results)

,
,

. ,
.

,
.

10 .
10 , 90%

∼95% ,
.

11 ,
,

,
, .

10
Fig. 10 Contrast curve of the second overflow before

and after control
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11
Fig. 11 Contrast curve of the ball-mil current before

and after control

,

. ,

,
.

7 (Conclusions)
, ,

.

1) .
,

.

2)
, ,

,
.

3)

4) ,
;

,
. ,

, PSO+POWELL
.

4 ,
.

.
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