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Calculations of the controllability Lie algebra for spin quantum systems
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Abstract: Controllability of dynamical systems is a fundamental problem for both classical control as well as quantum
control. This paper focuses on investigating the controllability Lie algebra of single-spin and two spin quantum systems.
Firstly, based on the equivalent controllability conditions of quantum systems, some general necessary and sufficient con-
ditions related to the basis coefficients are obtained by computing Lie brackets of Hamiltonian operators for single-spin
quantum systems. Secondly, the matrix basis of Lie algebra su(4) is generated by Cartan decomposition. Using the matrix
basis and employing the controllability theorem of quantum system, a calculation method of multiple Lie brackets for the

Hamiltonian operators and a controllability criterion of quantum systems are also put forward in this article.
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EX 1 U%su(2m) & M EEURC ErR ek
FERELL A, /Y

su(2”) ={A] AT+ A=0, AcC**"}, (D)
X ATRRH R AR R

i T Hamiltonian 5 27 H & J K HAF, BNH = HT,
i —iH € su(2).

& SRR oy, 0y, 0, AT B0y
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1 1 1

)\1 = —50')(, AQ = —50'},, )\3 = —iO'Z. (3)
NP AW RR 71

A Ao] = Az, A2, As] = A, [As, ] = Ag, D)

1

ML= 2o = A = 101 (5)

FE1 XSRS IEHE LN[A, B] = AB —
BA; 0 G XN {A, B} := AB + BA.

SO By s AT U T A

(2)

1
{)\m}\j} = 55”'01’ {/\1'701} =2\, (6)
Hrg, 5 =1,2,3.
SIFE 1Y A0 su(4) M BRI it su(4) =0 @

oM, XL, M TR A
1
= Spa‘nii{ax ® o1, Oy & 01,0, @ 01,01 & Ox,

UI®0-y70-I ®Uz}7 (7)

m = span%i{ax ® Oy, 0x ® Oy, 05 @ 0,0, @ Oy,

Oy ® 0y, 0, ®0,,0,R 0x,0, @ 0y,0, 0, }.

)]

o |1 BN M su(4) 25 0] () Cartan /)i, L A2

[6,6] C £, [6, 2] =, [, 0] C L. 9)

I3 20 32T RGO (15)) B AT AR
TR AT A su(2m), &

{sw(2”) =span{A ® 0,, B® o1,il,,,},

(10)
sugm (2") =span{A ® o, B® 0y,1l,x,1l,y},

={z,y,z}; HIXHA B € su(2"1).
W2 H su(2)H EM D su(2") = su(27) &

sugn(2™), H
[sue(27), sue(2™)] C sue(2M),
[sue(27), sug(2")] = sugn(2"), (11)

[sugn (2"), sugm (2™)] C su,(2").
P2 R T ARGHET PR S Ie A R 5] B
SIER 3051 ZERiEAL, - A, By, By
€ su(2), A, ® - ® A, M1B, ® - - - ® B, 5
BEAH NG
[A1®"'®AmBl®'“®Bn] —

1
> F((AI;Bl) ® (A3, By) ® -+ ® (An, By)),
(12)
PRI S S (-, )2
. HL2S K s e
{'v '}7 n— kik,

SRR HE 2 k a8, By vl RECNE ) [, | A0
{-, TG,
3 B ERER T &S K AT 5 P (Controllability
of single-spin quantum systems)
3.1 ETFRGAE M (Controllability of quantum
systems)
7 P AR 40 1) T A M Hilberes 8] 1) 25 %
[ (¢))Fik, & Bl (Rl LA Schrodinger 77 R4

.. 0
iho [¥(0) = HI$(1)). (14)

TR R H AR IS S I OW R e )
A DI, A2l (¢) 183 Hamiltonian 577
H(H = Hy + uH,) Wi fl R0RE. il L B4
e (t)) = X (1)|1(0)), FRIE(14) Ak A FE FE XL A
Epsl;

X(t) = [Ho +u(t)H1] X (t), X (0) = Ignyxan, (15)
XH: Hy = —1Hy, Hy = —1H,, X (t) € U(2"), H
U(2") = {X € C*""?"|XTX = Iynyon}.
E X 2T JHERI L IEHA X (¢) e U@2M),
AR — DNHEVFE S Fu(t), (15 5 T RFEASHN
X(0) = NEALRN X (¢), WIFRIZ RS FAT AR (O
SCH TR B () AT RIS R S AT ).
SIER 451 BT RGS) R E AT 1 R A
e FE B, Ho AR B 2 AR R 1A A5 A T s (2).
Ho, HAERHIEREL Ho, Hifoa & i
span{Ho, H1} = {Ho, H1, ady,H1, ad%OHl,
.. 7ad§107-(17...}7 (16)
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X B adf, Hy = [Ho, [Ho, -
HARGSIEH.

BAR, M {Ho, Hy a5 su(27) 1 4 B R i, &
G5 TN, Hsu(2m) MdEschar — 1
32 HET RSN P 4 1 (Controllability

conditions of single quantum systems)
Yn = 1, BT RG0S5 NHRET RS
X(t) = [Ho +u(t)H] X (1), X(0) = Loxz, (17)
HT A su (2) I ERCR 3, RGE AT 11) m 22251
ZElli dim{Ho, Hl}LA =3. ‘_XI Ho, Hl 52 'I@ 36 5\’% Hﬂ‘(%f
W Ho, Hy £ PE 5 I A5 [Ho, Hy] =0, 4 dim{H,,
Hitoa <2, RGEA W), &L 75 HHo, Ha,
[Ho, ]Eﬁ%ﬁ?@% Hﬂa:{Ah)\z,)m}SU( ) J—H
B, X T RGN I Ho, Hy, AAAE—HESEm,, n,;
e R(i =1,2,3), e ~55L:
Ho = ml)\l + mg)\g + mg)\g, (18)
Hl = ’I’LlAl + ng)\g + n3/\3.
EX 3 ZHm; = (Ho, Ai), miBIRNHIEN,
HUES - 211 /E\'#(Ho, )RR FEH AN, ) AR, 52
SCHR (1618 KRG

515 T2 m, o AR
m; = (Ho, \;) = 2Tr(HoA). (19)
X GIE(Ho, Ai) W8, FEMH, Hy TS L
Ho = (Ho, M)A + (Ho, Aa) Ao + (Ho, A3) A3, (20)
Hy = (Hi, M)A+ (Ha, Aa) e + (Hi, Az)As. (21)

[Ho,Hl”] kE Rk

XTI RIEE (-, >ﬁU~T’$}I END AV
3
(Ho, Ho) = Z m;(Hy, Ha) = >oni,  (22)
=1 =1
3
(Ho, Hy) = > man,. (23)
=1

ST HIBE Ho, Hy 92545 228 [ DR 2t g
RO

[HOv ] [Zm)‘uzmj ] =

(maong — magng) Ay + (m3n1 ming)Ae +

[
(ming — many)Asl,
([Ho, Ha], [Ho, Ha) =
[(man —ming)® +
(myng — maony)?]. (24)
EIE 1 HTRQ0)-h45e FRIERAL:
<H0,Ho><H1,H1> - <H0,H1>2 =
([Ho, Hal, [Ho, Hal). (25)
ST SCHR[17] S BRUAHOR S5 18, A7 LA T s B
E 2 FREsu2) B AT RS € 2k

— m3n2)2 + (mgnl

T RHFEH A H, Ho, Hi 5 [Ho, Hi )T R 7
PR
([Ho, Ha], [Ho, Ha]) # 0. (26)

e HHo, Ha 5 [Ho, Ha | INEETCISMERILIE R
BA B AT A AAE T2, Bl

my N1 MaNg — 1N3Ng
mo Tlg M3Tty — MN1Ng ?é 0.
m3 Nz MiNg — Moy
IR AR A
(maong — mgnz) (msm m1n3)2 +
(m1n2 - m2n1)
H1 Q% ([Ho, Hi), [Ho, 1]) # 0. EEE.

FE 3 HETRAENT) WM RER X
FiHo, Ha, 2
(Ho, Ho)(H1, Hi) — (Ho, H1)?> > 0. (27)
iE 7k e, 240
([Ho, Hal, [Ho, Ha]) # 0,
WM Ho, Hy FA[Ho, Ha |2 PTG, B
dim{Ho, H1}ra = 3.
WENE. HE 25
(Ho, Ho) (H1, Ha) — (Ho, H1)* 2 0
ML RGN IER, dim{Ho, Hijra = 3.

i Ho, HiaE 2 A I, WHAT [Ho, Ha] = 0. Bk
dim{Ho, Hi}ra < 2, X5 RS 0[5 40 7 &, WH,,
H FA[Ho, Ho | R NETCORM. HE B 20

(Ho, Ho) (Hy, Ha) — (Ho, H1)? > 0.

EEE

#iIL1 PETREANDESIEN RS
YRR Slu € R, ¥ L

(Ho + uH1, Ho + uH;) > 0. (28)
iE AR SR EE N € RA

(Ho + wHy, Ho + uH4) =

(Hy, Hi)u® + 2(Ho, Hi)u + (Ho, Ho)? > 0
X B (Ho, Ho) > 0, (Hy, Hy) > 0, H(Ho, Hi) € R.
HAEN T Lhu A ZE)— o 0. Hrp

A = 4({Ho, H1)* — (Ho, Ho) (H1, H1)) < 0
PR, 1R E 3T 4 fF. IFEE.

X HL E%Xﬂfﬂﬂ\:ﬁﬁﬂm , U2 FEREN LM RS

X(t) = [Ho + ur (t)Hy + up(H)Ho] X (), (29)
Honr tE# v 5{ Ho, Ha, Ho }E A ARES 18] 1R 4

B Mo, Hy, HoRAMETERI, AR ILAER N3, K&
(29)2 P A 2R LM EAT G A 5 Ak
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FAORTT A 74050
4 XU H R T F& gt 1 7] 5 P (Controllability

of two spin quantum systems)

M = 20, BT RS AR T R

X(t) = [Ho + u(t)H1] X (t), X(0) = I4n4. (30)
RGN A E T 24EHilbertr 7] Hy,, XU
RN T HA4E ) Hilbert ™ [0 Hy @ HyRKow.
AT SR A (i Hamiltonian 3 £ H 7] B 2(7)—(8)
15N eek R, AR

(0010 00-i0
9121 0001 0221 00 0—i
211000/ 21100 0|’
0100 0i 00
(100 0 0100
03230100 94231000
2100-1 0|’ 210001]"
00 0 -1 0010
[0-10 0 1000
iliooo ilo0-10 0
05 = = 06 == ;
2100 0—i 210010
0010 00 0-1
(0001 00 0—i
9721 0010 08:30010
210100/ 210-i00|’
(1000 i000
(0010 00 0—i
99_1 00 0-1 91021 00—i 0
211000/’ 210i00]|’
0-100 i000
[0 00-1 00-i0
011:30010,122300017
210100 211000
1000 0-i00
(010 0] 0—i00
013_31000 ’142110007
100 -1 2100 0 i
[00-1 0 | 00-i0
(10 0 0]
01523 0-100
210 0-10
00 0 1]

H1 5 | B3 N AR s (4) 2 [MAEZAHE S is 5 i 3 ]
PECLA )7

2 2
a5kl €{x,y,2,1}; 04,05 € K, K= {0,|h
=1,2,---,15}.

T KN su(4) M — 4138, X T 555 Ho, Hy €
su(4), fAAEESHm,, n;, Wi

15 15
i=1 j=1
[H()? Hl] =
i,je{1,2,---,15} 15
i<j k=1
GO IHERRGEHM R (k=1,--- ,15) 4
li = —(m2n3 - m3n2) - (m10n13 - m13n10)—

(m11n1s — magnay) — (Maznas — Masnaa),

Iy = (ming — mgny) + (mznis — mygng)+
(mgniy — myang) + (Monys — mysng),

l§ = _(m1n2 - m2n1) - (m7n10 - m10n7)—
(msnu - mnns) - (m9n12 - m12n9),

I} = —(msng — mgns) — (Mmsng — Mmong)—
(m11n12 - m12n11) - (m14n15 - m15n14),

lé = (mung — mgnag) + (Mmng — monz)+
(Mmigniz — mianig) + (Masnas — Masnas),

lg = —(mans — msny) — (mrng — mgny)—
(mlonu - mllnlo) - (m13n14 - m14n13),

I = —(manyz — myznag) + (manig — migns)—

(m5n9 — mgns) + (mﬁns - m8n6)7

ls = —(manig — muans) + (msniy — ming)+
(mang — mony) — (meny — mrng),

lg = —(manys — mysny) + (Manig — migng)—
(mang — mgny) + (msny — mens),

+
3
(=}
3
|
&
3

N

manyy — m11n4) + (m5n10 — MioNs ),

)

li; = —(muni — migny) + (many — myny)—
(msnis — masns) + (Menia — Miang),

i, = —(many — mang) + (mang — msno )+
(manis — mysng) — (Meniz — Mazng),

li5 = —(mingz — Mmyany) + (Mang — Mgno)—
)

(Mmanis — magng) + (Msniz — migns).

Ve
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H 5 P40 T 2R G0 0 A P a0 R S
Hamiltonian 54 4 il 1) AR [\ 1 4 5. #E20(32)
Hiden, = 11, MBI GHTHE A 15 [Ho, [Ho, Ha]]{E
FEICTF M REUZ; 140, = 12, W — DR H T 15

Fladg, Hi(ERIC T 1 REL XA —HAN 25, 4,
=1, Tﬁ:adﬁl ERECTF RS ), i
Elaiizﬁiiﬁfrﬁﬁiﬂﬁ’]?io,ngij‘%ﬁf%/\ﬁé
IR BRI 2R G0 (30) I mTHasTE

Fr LA — A m x nfiBE, W LEK e X L2tk
TERMH AT ) AN T2, Kl &n) 2
FTEONFNECH TCBR TS . 0 HAT AT B4 () S 1)
A X,

X ={(z",2% )2’ e R} (35)
& SIERETRE
(x17x27"')T+(y17y27"')T =

({171+y1,1:2—|-y2,”')T,

’y(xlax2a"')T: (7x1a7x2a"')T' (36)
J:J&)JH/%&*DX&*’JEBZ*A@ET R IE). AT RN

B3 A BRI ARBEL, WA K A2 (AT A) T RN X
HH ) ) A RS ) E

FEX 48 TERRBIAT)HRE LRk A 4L
1) 471) i) e 2 I 2 ) 2 A5 R B 2 VT RE AR )
(AN, 1002 LR AFAE T BRAN 2 M JE O 1 1) N e S
FERE LIIRR A TEIT R, JY

rankL = sup{k|z,,, Tpn,, - ,n, € X}, (37)

K2, @y, T, EERIETC R,

TR e SO TFATECE R AIEOE R, BT
PR ZECE BRI RERE RIFE R TG . T2, 5 LINAT
BB ECA R, W LFFAE .

EE 4 WARETRZCOFSF MR ELA
& HeHamiltonian 5 17 %N 2 B4 G518 51 (1) 5%
RBUEFEL AT {Bﬁﬂi[@l’] JXE%EIELjJ

mi Ny l lj
Mo MNo ll lj

I = . . . :‘ ‘ 38
my mg L U (38)
|5 s U - s

?é&%EB?ELE’J%BEATUﬁi{X}W ))& TR
AR, RS L2 ATk i, WX LA S A
—EAAEIS N TE IR I 1) SR T AT A 1) R R
ILH, ﬁﬁﬁ(ﬁi&dlm{?’fo, HI}LA = 15, EI]

{Ho, Hl}LA = su(4),

HI5 [ BEASIR L (30) 42 nT ).

PAE S Rt A A8 s (2) s (4) 23 R
K7 Hamiltonian 54T (12 G S5, JFdt—2
HESHH R A E ER 7 RGN Hn >
21, RGES) A EVEDIUNE TSI A EE%?%
GERRT P LK, 7T 15 BE27 Cartan 7) g 43

R Hrsu(20) 25 ) (1 FE{0, )4 71 % T R 4 E’JHamll
tonian &£ Ho, Hy € su(2"), /- £ SEZ Hm;,n; €
R, Jii 2
4n-1 4m—1
Ho= > mibi, Hi= . n;0;, (39)
i=1 j=1
[HOaHl] -
ije{1,2,--,4" —1} an_1
Z (nimj — njmi) [0“03] = Z li@k
1<j k=1

(40)

T 5 500) T 2= 510, 0;], 1 R B S m,,
n; IR RS [P, Sn, = 1, il m,, n KGR
IS [Ho, [Ho, Ha)J7E2E N B R B2, B 4n, =12,
XRE— MR % Ba, WA A 2, Hy
ZEPFETE AL T RBUEREHPRAT . JEBR A1)
KHE RGAS) T FEtE.

5 /N5 (Conclusion)

AFET ZEHHES E’Jiﬁﬁ&ﬁﬁ%T H g &1
RGN PEPER L. A2 3CHR (17 A DG S5 R i BEA -, ai
T EZARECE M I 4515 21 T E JEE T HIER
BRI DG R G 45 10 7o 2454 (R I R FH 2A 8
[F)Cartan) fift 75 7%, #3E T X(%) H e i T & SiHa-
miltonian F A A B I 2R AR [A) (P FE R 2, JFRE—20
TR T RA e T RS 3 REE BEAH I

AT, TR (5, 91 AT 28 P RE AR i B B
T4
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