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Discrete-time modeling for multirobot formation and stability of
formation control algorithm

WU Jin'f, ZHANG Guo-liang', ZENG Jing?, XU Jun'
(1. 301 Teaching and Research Section, The Second Artillery Engineering University, Xi’an Shaanxi 710025, China;
2. Mathematics Teaching and Research Section, The Second Artillery Engineering University, Xi’an Shaanxi 710025, China)
Abstract: For the distributed multirobot formation with revolving round, a discrete-time kinematic model for the for-
mation center is developed, and is applied to keep the desired front-end to turn towards the moving direction. A kind of
communication topology graph is defined by which the robots converge to the desired geometry formation with desired
motion rules. Then, a distributed discrete coordination control algorithm is proposed based on that graph. A sufficient and
necessary condition of asymptotic stability of the formation system and the convergence region of feedback control param-
eter are given. It is proved that the formation can converge to the desired geometry formation with desired motion rules
under this sufficient and necessary condition. Simulation results validate the efficacy of the control algorithm in achieving
these goals.
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(LM 2 (1) B Sl A 37 B S A6 1R B 2 1. 2R T
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PRER T TAE: 1) RS S0 i A H Oz g 15 L F 1
LA NG B\ 2 A, il T 9w AAEIz B i A2
U AR DA TR 391 B2 Wiy s A 4t A 117 D77 1o ) i) R
2) XA X BEAE B RS E PEREAT T 37, A
TPV AT 2 BA RS A B it s i o) 2 B0 ) s B L, HL
o 28 DI SIE T G A PR B 9B A B K P E
EFE B HEE.

2 Z ML/ AN R G S BB R (Discrete-time

model of multi-robots system)

HIBIHNA TR AP AR = 1,2, N)
MRS Z Pl NG BN, 7E2 R ARKE Rxo00yo I, BEAS
*R%%ARi E‘J#jﬁ?‘&ﬂgXoi = («Toz‘, Yoi, Hoi)T7 Voi= (vxoiv
Vyois Woi ) |3 FERATEHUL B R — O L2 A R, FRAR
/jéx(‘j"le = (xe)yev ee)T7 Ve = (Uxeavymwe)T' X‘T/I\
ML N8 H T B sy

Xoi(k+1) = Xoi(k) + Vou(B)T,

{Voi(k + 1) = Voi(k) + Uoi(K)T,

AT > 0N RFEIITR]. SR, 2 BAEis T i R £
B 5 008 s I, Hlwe 2 B TR K1) eR A, SRS HLAS A
R AN R 5, HAE B g i & s . 12 H
AL 23 10 5% WA S5UAE 22 B8 N 4 A %) B AR 2R A 3
(). ASCIERAZIG LT 4 A 2 SR A e it id
).
2.1 ApR¥FEH(Coordinate transforming relation)

PA(Ze, Yo) M I KL 0c, BAH OIS AR IETT 18] K 2,
o, WA AT TR0 ST BATE O AR R R coeye, WP
(oA FAHNT 2 SR AR IR TE e 11 R 0. (B 1T 7).

Y,

)]

Bl 1 A JrAbbn gty AR R

Fig. 1 World coordinates and center coordinates

M B T 2 5 15 21 R A SRy AL A 21 L AR B R 1)
KRN
e = (x5 — xe) cO8 b + (Yo — Ye) Sin b,
{yC = —(xo — o) sinb + (Yo — Ye) o8 0., =

0. =0, — 0.,

Uxe = (Uxo — Uxe) €COS O + (Vyo — Vye) SIN O —
(To — Xe)we SIN O + (Yo — Yo )We COS O,

Vyo = —(Uxo — Uxe) SINGe + (Vyo — Vye) COS B —
(‘To - xe)we Ccos ge - (yo - ye)we sin 9e7

We = Wo — We.

RN
A O

B A (qo_qc)7 (2)

qc =

qo = [xo Yo 90 Uxo Vyo wo]Ta
qe = [xe Ye ee Uxe Uye we]T

T
q. = [‘TC Ye 00 (O Uyc de] )

)

cosf, sinf. 0O
A= |—sinf, cosb, 0],
0 0 1
[ —wesinf, wecosb, 0
B=|—-w.co80, —w,sinf, 0
0 0 0

TE4 R AR AR &R, RGN T (X, Vo, Us),
R &
Xo = (X¢?17X¢?27 T 7X§N)T7
Vo= (V:)Th ‘/ogv T 7‘/(3\{)1‘-
EOABRFR R T, RGBS T (X, Ve, Ue), Ho

Xe = (X;E,ch;, 7X<;FN)T7
Vo= (‘/cr{avzga T 7V£V)T'

ML AT
{XazAaa—&x
Vei = A(Voi = Vo) + B(Xoi — Xo).
TR N2 N RS
{dew®mx—xm
Ve=Iy@ AV, - V) + Iy ® B(X, — X7),
“4)
o InAHEBN AL & X =1y @ X, V=
1y @ Vo, InER(1,1,- -+, )TN ) .
2.2 B ARG E AR (Discrete model in each sys-
tem)

TEHLDARKR R ARG, (MBS AL

X (k+1)=X.(k) + V.(k)T,
Ve(k +1) = Vo(k) + Uc(k)T,

Hooh: T > 0% & 45 5% B 1 0, UL (k) = UL(X.(k),
Vo(k) W rRuDAER B T sl AL, 7E 4R AL R
R BN LB AT R R
Xi(k+1) = X2 (k) + V2 (k)T,
Vo(k+1) = Vi(k) + U ()T,
Horp: U (k) = 1y @ Ua(k), Ua (k)% G BA b0 g 21
B NI AR 04 1 HL A S\ 045300
SIS ) 105 SR, 40 A P2 5 0

3)

(&)

(6)
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KOk, %
An(k) = In ® A(k),
A, =[Iy @ Ak + 1] Iy @ A(K)],
A = [Iv ®@ A(k + 1) [Ix ® B(k)],
Apy = [In @ A(k+1)] Iy ® B(k+1)].

R AR ) T ARG 5 F R 0
WA 2T
Xo(k+1)
Vo(k+1)
X.(k) x:0)] [ Owa
Y vy TR v | loer |
( | A+ AT AT
VY= ds A, + Agy Ay — A AT |
Ina Tlya
H(k) = —w(k), 8
(k) Ona Ina (k) )
Us(k) = —Ap2 A T[ X, (k) — X (k)] +
{ Ay (k:+1) o(k)+ U (k),
HrAU, (k) = Uy (X, (k), Vo (k) WA JRAsbR R R 10
IS
SN L B AR 1
FAIA X, Xy Xy, WEKP = (X7, XT,
XTI L JEPX, € RY. n A BLEE A

m&%%&%%&%%ﬂﬁﬁﬁﬁﬂaﬁﬁ¢®%
1E/]?/g\]jilﬁ‘)(cz_Avaz:07 VYm:O, Z:1,2’ 7N

X=X, — P, V=V, M i KS)%n L,
Vo RS R ARG T 10 B RS A ) 5 FE

Xkt 1) = X VIWT,
VI(k+1) = Ve(k) + UL (R)T,
Fh U (k) = U= (X2 (), Vi (k) St R G0 o
QTN

3 ZmBAEEHIER ¥ T (Design of formation con-
trol)
3.1 #E{E#$E(Communication graph)

TEZ AR N RGN, BN I o487 9 25
TR 3 Do) 29 A 475 T K 1A R D 286 B T
S PRDE TR . R A STk IR 9 268 4 S A R 1
B, REEAE R BT R R AL s
NBIERE Pk Hir i E TH, JEHE E R FMRFAE
B T T REAR e MEAT AT P PR AN, 3 AT R AR e
(IR IR B A iR filgs, 5 Yo iz il 2t
A,

s ARAREEEIHINEG = (V(G), E(G)) T

(T v, WA LA A R, BINLES A R, IR (5 R
LEAE, WHAT (v;,v;) € B(G), BIRW R; & R; 48 JH.
h T AR Z ML A\ G B RECSIE I EEBATE, 22K 4 BA
SO I A B, BOE AL ARy A ARLHL 2%
N, HHH A g BA O B UL N, T2 AT 55 R R 45
Hil oL N shi:. Al BV A Ry AUk
RAAE B S 4 20 fa, SN 20 BA oA L 2% 42161
e ) TR RAT, AHIFATRAGR SRS Bl Jf
KA A RS B T A Sz a5, VR, A
2 A HABLES N RIAR i A2 A5 M2 Hh, R HLaS
ARG B AR m TG, SR HRESE R, B
IRASCR I 221 ﬁi.ﬁ%ﬂ*@, HEERER Ry AR
Lt AL 518 T 155 0 1 P 322 30 P 00 ) P T 2 S
XA
EX 2 KHG = (V(Q),E(G)) & M
WE, H(v,v) ¢ B(G), i=2,3,---, N, %G Hv,
W LA S ) EOAGE = (VH(GY), E*(GY)),
3B (GY) = {(v ;) € E(G)lon, vy € V(G
VHG*) = {vg,v3, - o} BHGONE XA K,
WIFRE G R 22K E. B9 s B2 JE 1228
K.

Kl 2 LA 22K
Fig. 2 A few {2 graphs
AR SCHR A A #a 4 Bt e 2261, HL

X R IR 5|2

I 1 G e N, Mok K GHLaplacianff [ L
R, RN — 1R A4 4 1IE 5L

iE HEIG € QBRG] IRILAR R M
K739 4

[0 0 0 - 0]
az1 0 axs -+ asn

A=|an azx 0 - an|,
LAN1 AN2 aN3 c 0 i
[0 0 0 0]
0 dy O 0

D=10 0 d3 --- 0
SR 0
100 0 dn |
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HFEG = (V*(G*), E*(G*))h ¥ 38 i X0 B 40
Qrs :am“(2 <r< N, 2<s<N, 7’3& s). G =

(V(@), E(G))HLaplacianff 54
[0 0 0 - 0 |
—a21 dy —Q23 © —Aaan
L=D—-A=| —as —asx ds © —agy
| —aN1 —aN2 —aN3 dn ]
A SN RRFE R Lo A
dy —Q23 © —agN
—a32 ds ttr —asn
L2 = . . . . )
—anz —anz -+ dy
JUEE)
A 0 0 0
az A —ds Q23 T Qa2N
IN—L|=|as1 a2 A—ds -+ @y |=
an1  AN2 ans - A—dy
A — L| = [\||M — Lyl

A HME LI IEESE A AN (L), HiFE Ly R IE S A
HA(Ly), th Exn
ML) = A(Lq) + {0} .

AR R B 18 50 T REAEAEAS VI AH DG AR, A R
GIEE R

SIER 2 SO RRHAFERRAE R A 2 S A

F 5 B2 SNRE B Lo (RRFAE A A AL SEE, A (L)
S T AT AIN (L)t S A, RE B L) R AR A
LS.

I3 HLeRVYNEANMKEG=
E(GQ))MLaplacian’fi B, 15 = (1,1,---,1)T
WG4~ 4518

(@),

€ RV,

1) LEDH—ADOREE, 1y = (1,1,--- ,1)T&
FOM MR &, BIL1 v = O;
2) WERGE S A A, 84052 LIK) - —Fp LA,

HARN — VSR HA IE .
4 §]fEfS@T%HOiE@GEI’JLapIaman%E FiLEI’Jﬁ

1E.
3.2 B RGP EHIE (Control law in each sys-

tems)
TEIEAE M2, FEAPLE A S B R8s 3T
TAE, AR R L, FERG L, Wi
T S

uL =y, wl(Xc*j - X5+ 2 w2(‘/c§ - Vi),

JEN; JEN;
(11)

Hrp N WL N R AR RS, MERGE L, T

ZHBANRGAH

Ulk) = —w (Le1a) X[ (k) — wa(L @ 1)V (k),
(12)

Horhdhy X 0 4e 4, N d = 3; T 4EEC i)

. ), PR RS LRETTFEA

Xo(k+1) =X (k) + V& (R)T,
Ve(k+1) = 03
Ve (k) —wi(L & L)TX (k)
wa(L ® 1) TV (k).
¥X:=X.—P,V:=VANU: (k), "T1FHHREKT.
N
Uc(k) = —w1 (L ® 13)[X (k) — P] —
wy(L @ I;)V.(k), (14)
WA RG T ARESTTFEA
Xc(k+1)=X.(k) + V.(k)T,
Vo(k+1
E )—3)1(L®Id)[ X.(k) — PIT— (15)
wa (L @ I;)Ve(k)T.
X AHRNK (@) 15
Us(k) =
wi[LRA(k + 1) P+U (k) — [App A T +

w1 (L®1g)Aatwa(LR14) A [(Xo— X)) —
wo(L ® 14)Aa(Vo — V).

as = wo(L @ I;)A
CL3—(A)1L®A (k’+1)]

WHT ARG, ARSI R S A= IR
Uo(k) = —a1[Xo(k) = XZ(K)] = as[Vo(K) —

/?\
{ AbQAb1T+wl (L ® Id)A +w2(L®Id)Ab1,

Ve (k)] + asP + UL (). (16)
/?\
Us(k) = —an[Xo(k) = XZ(K)] =
as[Vo(k) = Vi (K)] + as P,
WU, (k) = Ue(k) + Uz (k). Us(k) A BAEAR AL

L, ARG S s IR U (k) A ZmBA bty
SRS B I HIAY, AT S5 R SUh Las A
g, SRRt R AN AR . LR R
2 TSE RN U (), 57T LAORAIE 2 BARE A4 42T
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WRALIZ B)) HARSF B 01 52 iy S s 2% 5145 20 A i 2F
(5 1],

T RAET EHRGEL LML RT), REAL.
TR, AV B e e L AT BN, MRG T R
WM RATAGE, R AT RIN RE T HIES
JE.

4  HEFExe 5Pt (Formation control algori-
thm stability analysis)
4.1 FHKEHE i (Correlative theory)

AL =L® Iy, ARG HPIRE T FE TS

LIS

X:(k+1) X:(k)
= ,an
Vo(k+1) Ve (k)
o_| v Tl

—wlL*T INd - LUQL*T ’

I T g R YEHCR N dif) 57 ) . IR RS AR
TE HEHGRTRE B ORFEAE I A TS 0. 58, TIAPIAS
RTHERE L* R A S A ) [ 34
SIEE4 WA, Ao, - AN RAERE LRORFIEAE, W)
FEREL* IR IEE AR & L (A1) ay (A2)ay -+ 5 (AN)ats
Horp () a B Te Rz AN, DA TS, BRI )g
= D di Ak
UE N R BE LT = — AR, py ok HEXT
MY AT 55— AR ) &, WA Lp; = \ipy. AT
FARTEE R, FCRFIEAEI N 1, Wik, o SRR,
(AT —NREAE ) 2, AT Tqs = i B BRI PE
CIESS
(Lpi) ® (1agi) = (L ® 1a)(pi ® ¢;) = L*(pi @ 1),
WAL (pi ® @) = (Lpi) @ (1ags) = Ni(pi @ i)
DRI P 2RI N A2 R B L B AE AL, e L PR AIE
HEGHF, BFE = {(A)a, (X2)a, -+ s (An)at, WA
ECF. XHTHESGE, FIUENH ZEN, W5
HIF = E. 2, 5 BL4FHIE.
FH 5 [ R4 B LR AR A o, mT AT i 1 4
1w
IS 1 FEREL R R DU N
1) L5 DA — DRI, 1ya=(1,1,---,1)7
€ RNEFX W —AMRFE R, Bl L*1yq = 0;
2) XTHMEG, £ GRS, 202K
L dERFEE, R (N — 1)d/ MR E I BAT 15
s
3) XMTFEMEG, #GRIERBR, 2025 L
(M dEREE, AR (N — 1)dMFIEE N R4
4) FEBE LA RREAEAL T— AN BA Ny + JON

L0, N A AR IR A G N a2 LG T RS,
B2 40,

5) XFG € 2K, M0EHFEL* 1) d 5 fEAH,
HAR(N = 1)dNREEI R RS, HACh d R AR,

it 2 FHHMED* =D 1M EES N
{A)as A2)as -+ (An)ats WIFE B D i) R 4 H A
{>\17)\27 T aAN}

SIS HEUEHPESIHIRFIEE.

W R 1R HERE @ R, Hop = (pT, pT)™
(p1, Pl YRR N dI1 ) ) ) A HEAH Y (R —ANRFAIE
), WAy

Pp=p< (- Ly)p=0<

INd TINd
iy —0e
{ [—wlL*T Ing — wo LT aNa}P
o) TI
Nd Nd _ 0 PN

—wlTL* —(,(}QTL* p

{Tp2 =0 -
wiTL*p; +w,TL*py =0

L*p; = 0(wy # 0,T # 0).
FAER L ST, #5 M py = klng, fEWT15L*p, =0,
FH A R BT

F4E Lyapunovis e e, 4 THUEHIN RS,
DA ZUASE R A R AR AR AP A 521 I ) A7 [ A, DR 4
R e

W3 MRS I R0 A A &
M

4.2 1S Hr(Stability analysis)

EHAFETR 30, BT Il A AL 1 B I R T e A
SE K SR I SRR (w1, wa, T) PR
(R (R AR R VA2 S =t 2 daa g/l NveB L1k

EI 1 WL RN Anax, WA RS
T A e I 78 70 b AT R B H (wr, wo, TN T
XIERA.

R = (wr,wa)|[{wz > 0, wy < wy/T,
Wy > 2w/ T — M Amax T,

0 <T < 2/wiAmax}
U I SERANEG € 2 AT T
HUERN A dy, da, - -, v, WRIFEDIRIIZE Y
T.(®) = Nd + T;[Ina — w2 L] =

N

i=1

H1 AR B 1A T A R AL A A AE SR I Y, WO BRI
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B E A RIS A(@) < 2Nd, ) T (P) = 3 A (D) 7
wy > 0. By IR D HER AL, WA

(’7 - 1)INd —TIng _
wlTL* (’}/ — 1)INd + C{JQTL*

iy =105 gl #5450, LN R AR XL =
IT(L*) = 0, {1 Bt B (wy, wo) B {38 AR2, iy #1
I, AT H)AHIEFAT AR AT

(’y—l)INd _TINd )
ONd (”y—l)INdﬁ-wQTL*‘i‘uz’lyzif) =0=
e G O _
1L wT(y—1)+ wlTQINd| =0=
(.UQT(’}/ — 1) + w1T2 < )\(L )’
s —— Y L
woT(y—1) 4w T? ’

FHAETS 1 (P TS) ] 002 50 B L* 1) d B FAEAE,
HR(N — 1) dNFEESE R EH, HAS R d R R,
AR, %

(v = 1)?/[woT(y = 1) + i T%] = N,
WAR YN =00, Hy=1. &y=a;+jb;, a;,b; € (-1,
1), RN B
(a; +jb; — 1)? _
woT(a; +jb; — 1) + w T2
P & S IR A 545
2(a; — D[woT(a; — 1) +w, T?] =
2 2

(a5 — 1)2 — BunT = % - W
Ha; <1, wy >0, T>00 LA Ew; >0, 4\ >0
i,

[woT'(y — 1)+ T\ + (=12 =0 =
—woTA; £ /(W TA;)2 — 4w, T2\,

5 .

7

y=1+
(18)
NIREK || v]| < 1, 73 LU ARG SR8
Bl
WIA? — 4w\ > 0 = wy < wiN/4,
P RS, HE -1 <y < 1, B
Il =
wyp > QWQ/T — 4/A1T2,
Wy < 4/)\2T
FH LA
(w1, ws, T) € RNy,

§Ri1 = (wl,wg,T)|{w1 > 0, 0<wy < 4/>\1T,
wy > 2wo/T — 4INT?,
HIESRSH (w1, wo, T) AL TIXIRR, .
T2 FHwi\? — 4w\ <0=w; > wiAi/4, Ik
Iy S, K|y || < 1, B
7]l =
[12—woTA; &/ (waTA)2—4w T2\ |12 < 1 =
(2 — LUQT/\Z')2 — (WQT)\Z)Z =+ 4W1T2)\Z‘ < 4 =
wy < CUQ/T,
DRI m) BAFS 2]
(wla Wa, T) € §R2'27
Rio = (w1, w2, T)[{wr > 0, wy >0,
W1 <WQ/T, wyi > (A)§>\1/4},
R B (w1, wa, TR FIR R 5.
%g%ﬂmj"j%%,mu H wy <4/)\iT5w1 <
w%)\zlll, Ef%ﬂﬂl\?ﬁﬁwlx\lTQ < 4 ﬁlfﬂg%zzmyﬂ%ﬁ%
WA w N2 < 4. B DLLAMESL2 1) 45 50,
TR RN A (w1, we, T) € Rig URip. H
A

Fin URip =
(wl,CL)Q,T)HWQ > 0, wyp < U.)Q/T,
wy > 2WQ/T — 4/)\1T27

0<T< 2/\/6&)1)\2'}.
H s BE2J0, RE R L* AP AR AR S R R LA ), s
BHEEE LR AR R AT A

i=N-—-1

(wl,wg, T) c ﬂ (%ll U %12) = §R,
=1

Rl (wy,ws, T) € R. EPEIFIE.

7o bE. 6 RA8), YN =0, Hy=1; 24\, >
OWf, T (w1, ws, T) € R, Zi 37|l < 1, BIA Y4 (w,,
wy, T) € REF, IR R LA E 1. b7 o
PEAFIE.

VE 1 SCPERSE T ARG WL RS I e 5 2 B
S, (B 75 Z T S Laplacian P LT i KEFIE(E Amax. HT7E
NS AT RE D, JEAEI N T AE 2 AR 75 Z AT U, %+
A IR RGN, Amax A BESEI R, AR 1h =X
B FTHI, Amax < 2Nmax, 263 Nmax PTG BL LS A1)
SEBRIEA e A3 3. SOk T TG S A o A 2
B, AT Ninax CERT I Amax fFEIR*, BTN C R.

VE 2 SO e BB AR AR QS T I LA 1R I ),
AFUR ) B ATAT 5 Az st iR BB A5 4 0 [ o, E 5
1AL
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4.3  WSIE M (Convergence analysis)

AN B IR R G Wi A i R B4 IR AN
ReUt B Z A Las N RGN T I EE BATE I 4% 3 S R
iz, X, — X, =0,V,; =0. 5L b, HFF
KT PRGOS e 2.

EE 2 MHARGRERHAH RS 80l
SHITE o A6 AF.

E WHFESIRH RS I (n)as (V2)as -
(Yan)a}s Ho () IR TR R yi, DM THES,
N-1
(wi,ws, T) € () (Riy U Rio) A ORIRF AL A

=1

VI <L Fyoy g =vn=1[ul<1,i=1,
2, 2N — 2. %

Iy TIn
—(.leL IN —(.UQTL

WA = &y @ Iy, ALK D, IR AL AR &

452 — c R2N><2N

Y

F{y1, Yo, 0 s Yon Jo AR BE VR A0 AT A, AFAE TR
AR H, D, v LIS pln s Jordan 2
o 1 A O 4
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Fig. 3 The multi-robot formation and the communication

topological graph
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