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Abstract: A linear consensus protocol for heterogeneous multi-agent systems composed of first-order and second-order
agents is proposed. Graph theory and matrix theory are used to establish the convergence value expression of heterogeneous
multi-agent systems. Based on the expression, the convergence interval is deduced. Then, the system can converge to
arbitrary expected value in this interval via setting the parameters. Finally, in the simulation example, the rendezvous of
multi-robot systems is implemented on expected position. Simulation result is provided to demonstrate the correctness of
the theoretical results.
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1 ÚÚÚóóó(Introduction)
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±þïÄÑ´�Ñ
��5�ÆÂñ�Ä�^�,
�Ò´¤k�UNG�´ÄªÓ�¯K.�´¢S¥
  I��UNG�Âñ���Ï"�.'X3Da
ì�ä©Ùª&EKÜ¥���5ÈÅ�{Ò�¦

�ä¥¤k!:��lÿþ&E�²þ�[16],�Ò´
Ó�XÚ¥ïÄ�õ�²þ��5,= lim

t→∞
xi(t)

=
n∑

j=1

xj(0)/n. �´éuÉ�XÚdu�NmG��

3�É,J±���O���{±��²þ��5.

d	, Feng�[17]ïÄ
k�ãe����·ÜÉ

�XÚ���5¯K,�Ñ
XÚ¼���5�^�
Ú�½ÿÀe���5�.�´,©z[17]¥¤JÑ�
�ÆLu�¡,©ÛL§¥?1
�E�Cþ��,
ÒÃ�ãó,T©z�©Û�{��
ëê���
��,¿�vk?�Ú©ÛÚ�ã¼���5���
^Ú¿Â.�©�Ì��z3uæ^
�«{'��
�5�Æ,ÄuãØÚÝ
©Û��{©ÛÑ
XÚ
Ý
�A��á5,?�Ú©Û�Ñ
Âñ��L�
ª,¿�Ñ
Âñ«m!Ã�ãe,�©�Ñ
�©z
[17]���ëê����.éXÚëê?1`z,Ò�
±¦XÚÂñ�T«mS?¿�½�Ï"�.ïÄÄ
�g´Xã1¤«.

ã 1 ïÄg´

Fig. 1 The study clue
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5[15],�UN �G�ªÓ,��Ýªu0. ¤±3é���

N?1��5�Æ�O�=�Äg��Ý�K�",Ø�Ä

�Nm��Ý&E�p,��Ün.

2 ¯̄̄KKK£££ããã(Problem formulation)
2.1 ãããØØØ���£££(Graph theory)

��ãG(V, E ,A)d��º:8V={1, 2, · · · ,

n},��>8E ⊆V×V ,��Ý
A=[aij]∈Rn×n,
aij > 0|¤. eij∈EL«G¥i�j�k�>,L«!
:j�±¼�!:i�&E.b�éu¤k�i ∈ {1, 2,

· · · , n},eeij ∈ E ,Kaji > 0. XJ��Ý
÷vaij

=aji,@oãG´Ã��. !:i��Ø8L«�Ni

= {j ∈ V : eji ∈ E}. ã.Ê.dÝ
½Â�L =

D − A = [lij] ∈ Rn×n, D = diag{
n∑

j=1

aij, i = 1,

· · · , n}´ÝÝ
. 3��Ã�ã¥,XJØ�3�á
!:,@o¡TÃ�ã´ëÏ�.

2.2 ÉÉÉ���õõõ���UUUNNNXXXÚÚÚ(Heterogeneous multi-agent
systems)
e¡é�©ïÄ�É�õ�UNXÚ?1£ã,

¿�Ñ��5�½Â.

b�É�õ�UNXÚdn��UN|¤,cm

(m < n)��UN���,{e�(n−m)��UN
���.

z�����UNäkXe�.:{
ẋi = vi,

v̇i = ui, i = 1, · · · ,m,
(1)

xi ∈ R, vi ∈ R, ui ∈ R©OL«�UNi� �,�
ÝÚ��Ñ\. �Ø8£ã�Ni = N s

i ∪N sf
i ,L«

����ØÚ���Ø�¿8. z�����UN�
.£ãXe:

ẋi = ui, i ∈ {m + 1, · · · , n}, (2)

xi ∈ R, ui ∈ R©OL«�UNi� �Ú��Ñ\.
�Ø8£ã�Ni = N f

i ∪ N fs
i ,L«����Ø

Ú���Ø�¿8. ��XÚ�Ð©^��:

x(0) = [x1(0) x2(0) · · · xn(0)]T,

v(0) = [v1(0) v2(0) · · · vm(0)]T.

½½½ÂÂÂ 1 XJÉ��UNXÚ(1)–(2)éu?¿
Ð©^�U
÷v±e�¦,K¡XÚ��
��
5[15]:

lim
t→∞

‖xi(t)− xj(t)‖ = 0, i, j ∈ {1, · · · , n},
lim
t→∞

‖vi(t)− vj(t)‖ = 0, i, j ∈ {1, · · · ,m}.
�5��5�Æ2�A^uõ�UNXÚ¥,é

uÉ�õ�UNXÚ(1)–(2)æ^Xe�5��5�
Æ[15]:

ui(t)=





n∑
j=1

aij(xj−xi)−k1vi, i=1, · · · ,m,

k2

n∑
j=1

aij(xj−xi), i=m+1, · · · , n,

(3)

k1, k2��"OÃ,�����0<k1 6K1, 0<k2 6
K2, K1, K2�~�,�����¢ê.

½Â:

y(t) = [xs(t)T vs(t)T xf(t)T]T,

xs(t) = [x1(t) · · · xm(t)]T,

vs(t) = [v1(t) · · · vm(t)]T,

xf(t) = [xm+1(t) · · · xn(t)]T.

æ^Ý
©ÛÚãØ�g��Æ(3)�±�¤:

ẏ(t) = Γy(t), (4)

Ù¥
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Γ =




0 Im 0
−(Ls+Dfs) −k1Im Afs

k2Afs 0l −k2(Lf +Dfs)


 ,

LsL«m����UNmÏ&ÿÀ�.Ê.dÝ


; LfL«(n−m)����UNmÏ&ÿÀ�.Ê
.dÝ
; Dfs = diag{ ∑

j∈N fs
i

aij, i = 1, · · · ,m}; Afs

L«���UN����UN���'X; Dfs

= diag{ ∑
j∈N fs

i

aij, i = m + 1, · · · , n}; AfsL«��

�UN����UN���'X.K�¹n��UN

ã�.Ê.dÝ
L«�

L =

[
Ls + Dfs −Afs

−Afs Lf + Dfs

]
.

ÏL±þ=�ÒòÉ�XÚ��5¯K�©Û=

z�éÝ
Γ5��©Û.ÏL���Æò¢y¤k
�UN3 �G�þ���,���UN3�ÝG�
þ���.

555 2 �©�
�B©Û,b��UN�¤kG��

Iþ. æ^Kronecker�Èóä9Ù5�,�©�Ñ�(ØÓ

�·^uG���þ��¹.

3 ������555���ÆÆÆ©©©ÛÛÛ(Consensus protocol analy-
sis)
�Ü©Ì�3®knØÚ(J�Ä:þ,æ^Ý


©Û�{Ú½5nØé¤JÑ�É�õ�UN

XÚ���5�Æ?1©Û.

ÚÚÚnnn 1 L ∈ Rn×n´Ã�ãG�.Ê.dÝ
,
XJãG´ëÏ�,@o0´L�ü�A��,Ù{
n− 1�A��þ��ê. �Ý
L���rank(L) =
n− 1[3].

ÚÚÚnnn 2 éu�5½~XÚẋ=Ax, x(0)=x0,
t > 0k,XÚ�z��²ï�´3oäÊìÅ¿Âe
½�¿©7�^�´, A�¤kA��þäk�

�(K½")¢Ü,äk"¢Ü�A���A��õ�

ª�ü�[18].

½½½nnn 1 Ï&�äG´Ã�ëÏ�,=aij =aji,

i, j ∈ {1, · · · , n},ÏL�Æ(3)¦�É�õ�UNX
Ú����5[15].

ÚÚÚnnn 3 ãGÃ�ëÏ,KÝ
Γ=k��"A

��,��"A��þäkK¢Ü.

yyy d½n1��ÏL�Æ(3)�±¦XÚ���
�5. �XÚ¥��.Úëê�½�,ª(4)L«�X
Ú����5½~XÚ,XJΓ�3�¢ÜA��,d
Ún2��XÚòØ½,KXÚ7Ø�U��.¤±,
Γ=äk��(K½")¢ÜA��.�

Γ̂ = 0In+m − Γ =


0 −Im 0
(Ls+Dfs) k1Im −Afs

−k2Afs 0 k2(Lf + Dfs)


 , k1, k2 6= 0,

éΓ̂�Ð��1�C���

Γ̂→



−Im 0 0

0 (Ls + Dfs) −Afs

0 −Afs (Lf + Dfs)


→

[
−Im 0

0 L

]
.

ãGÃ�ëÏ,Krank(L) = n− 1. Ð�C�Ø
UCÝ
��,Krank(Γ̂ ) = m + rank(L) = m + n

− 1. ��ÑΓ=k��A��λ = 0,��êEÝ
�1. Ún�y.

ÏL±þ©Û�Ñ
Ý
Γ=k��"A��,
��"A��þäkK¢Ü.

½½½nnn 2 XJãGÃ�ëÏ,K�Æ(3)ìC��
��.äN/,





xi(t) →
k1k2

m∑
j=1

xj(0)+k2

m∑
j=1

vj(0)+
n∑

l=m+1

xl(0)

(k1k2 − 1)m + n
,

i=1, · · · , n,

vi(t) → 0, i=1, · · · ,m.

(5)

yyy dÚn3��,ãGÃ�ëÏ�,Ý
Γ=k

��"A��,�"A��þäkK¢Ü.

òÝ
Γ��Jordan5�.,äkXe/ª:

Γ = PJP−1 =

[w1 · · ·wm+n]

[
0 01×(m+n−1)

0(m+n−1)×1 J ′

]


vT
1

...
vT

m+n


,

wj ∈ Rm+n, j = 1, · · · ,m + n,�Ý
Γ�mA��

þÚ2ÂmA��þ. vT
j
∈Rm+n, j =1, · · · ,m + n,

�Ý
Γ��A��þÚ2Â�A��þ. J ′´Γ�

"A���'�Jordan¬.

Ø���5,ÀJw1 = [1T
m 0T

m 1T
n−m]T,�±

�yw1´Ý
ΓA��0éA���A��þ. du
ãG�Ã�ã, L�¢é¡Ý
,KN´�yvT

1 =
[αk1k21T

m αk21T
m α1T

n−m]�Ý
Γ�A��0éA
����A��þ. w1��_C�Ý
P���þ,
vT

1�P−1�1�þ,dP−1P =I ,�±�ÑvT
1 w1 =

1. =

(k1k2m+n−m)α=1 ⇒ α=
1

(k1k2−1)m+n
,

K
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vT
1 =

[ k1k2

(k1k2 − 1)m + n
1T

m

k2

(k1k2 − 1)m + n
1T

m

1
(k1k2 − 1)m + n

1T
n−m

]
.

XÚ(4)G��§�)�



xs(t)
vs(t)
xf(t)


 = eΓt




xs(0)
vs(0)
xf(0)


 ,

eΓt = P eJtP−1 = P

[
1 0
0 eJ′t

]
P−1,

lim
t→∞

eΓt = P

[
1 01×(n+m−1)

0(n+m−1)×1 lim
t→∞

eJ′t

]
P−1.

eÝ
Γ�"A��þäkK¢Ü,K lim
t→∞

eJ′t

= [0](m+n−1)×(m+n−1),�±�Ñ

lim
t→∞




xs(t)
vs(t)
xf(t)


 → w1v

T
1




xs(0)
vs(0)
xf(0)


 ,

w1v
T
1 =



k1k21m1T
m

(k1k2−1)m+n

k21m1T
m

(k1k2−1)m+n

1m1T
n−m

(k1k2−1)m+n

0m×m 0m×m 0m×(n−m)

k1k21n−m1T
m

(k1k2−1)m+n

k21n−m1T
m

(k1k2−1)m+n

1n−m1T
n−m

(k1k2−1)m+n




.

���Ñ



xi(t) →
k1k2

m∑
j=1

xj(0)+k2

m∑
j=1

vj(0)+
n∑

l=m+1

xl(0)

(k1k2 − 1)m + n
,

i = 1, · · · , n,

vi(t) → 0, i = 1, · · · ,m.

ÏL©Ûuy�Æ(3)¦�¤k�UN �G��
�Âñ�ª(5),����UN��ÝG�Âñ�0. ½
n�y.

ÏL±þ©Û�Ñ
É�õ�UNXÚ��5Â

ñ��L�ª,�±wÑ�ªÂñ��Ð©�ÚXÚ
ëêk'.

4 XXXÚÚÚëëëêêê`̀̀zzz(Parameter optimization)
±þ©Û�Ñ
XÚ�ªÂñ��L�ª,�±

wÑ3�äÿÀÚXÚÐ©G�&E(½�^�e,
ª(5)���±��ëêk1, k2�gCþ���¼ê.
éuëêk1, k2�����,�©lK�"��Ý¿
(Üó§¢S,��0 < k1 6 K1, 0 < k2 6 K2, K1,
K2�~�,�����¢ê.

-
m∑

j=1

xj(0) = a,
m∑

j=1

vj(0) = b,
n∑

l=m+1

xl(0) = c,

K¼ê�±L«�

f(k1, k2) =
ak1k2 + bk2 + c

mk1k2 + n−m
. (6)

3¼ê�½Â�D = {(k1, k2)|0 < k1 6 K1, 0
< k2 6 K2}S�±(½Ñ¼ê���.�b > 0�,
¼ê���(min{c/(n−m), (K1K2a + K2b + c)/
(mK1K2 +n−m)}, (bK2+c)/(n−m));�b < 0�,
¼ê���((bK2 + c)/(n−m),max{c/(n−m),
(K1K2a + K2b + c)/(mK1K2 + n−m)}). Ï�¼
ê3½Â�S´ëY�,KÏLëê`zÒ�±¦X
ÚÂñ�T«mS?¿�½�Ï"�.

3Ï"��½�^�e,�½Ü·Ú�,ÏLN�
ëêk1, k2,�±¦Âñ�±�½�°Ý�Ï"�%
C.��öØ��u������½��,ÑÑë
êk1, k2�.��òÙ�"����Æ(3). ù�Ò�±
¦XÚÂñ�TÏ"�.Ä�6§Xã2¤«.

`zL§¥�Ð©��|¢Ú�!°Ý�±�â

¢S�¹À�.

ã 2 XÚëê`z6§

Fig. 2 The flow chart of parameter optimization

5 ���ýýýïïïÄÄÄ(Simulation study)
�Ü©Ì�é�©¼��nØ(J?1�ý�y.

ÏLæ^¤�Ñ�(Ø,¢yÉ�õÅì<XÚ3�
½ ��à8.

�Ä��4�Åì<|¤�õÅì<XÚ,Ï&ÿ
ÀXã3¤«. G�Ã�ëÏã,!:1, 2����.,
3, 4����.,XJ(ej, ei) ∈ E ,Kaij =1, i, j∈ {1,
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2, 3, 4},Åì<Ri� ��xi = [xix yiy θi]T, i = 1,

2, 3, 4,��Åì<��ÝL«vi =[vix viy ωi]T, i=
1, 2,Ù¥xix, xiy, θiL«Åì<x, y��þ� £Ú

���, vix, viy, ωi����Nx, y��þ��ÝÚ

=Ä�Ý.�

x1(0) = [1 2 1]T,x2(0) = [1 − 1 3]T,

x3(0) = [1 2 − 1]T,x4(0) = [2 1 − 1]T,

v1(0) = [1 1 2]T,v2(0) = [1 1 − 1]T.

�K1 = K2 = 100,�±�Ñx��þ £Âñ

«m�(1.01, 101.5), y��þ £Âñ«m�(0.5,

101.5),����Âñ«m�(−1.01, 49). À�TÅ
ì<XÚà8�:(1.2, 1, 0.5). k10 = k20 = 0, ∆k1

= ∆k2 = 0.0001, ε = 0.0001,�âã2�ëê`z
6§�Ñë��

k1 = [5.2813 2.4138 0.8417]T,

k2 = [5.2813 2.4138 0.8417]T.

ã 3 Ï&ÿÀ

Fig. 3 Communication topology

e¡�â�Ñ�ëê,éXÚ(4)?1�ý,(J
Xã4−6¤«. ã4w«
¤kÅì< �&E��
Âñ�¹;ã5w«
��Åì<�Ý&E��Âñ
�¹;lã4¥�±wÑXÚ¥¤kÅì<3x, y��

þ� £Ú���þÑ��Âñ�
Ï"�.��
Åì<�¤k�Ý&EK��Âñ�0,��©�Ñ
�(J��.ã6w«
¤kÅì<$Ä;,,�±w
Ñ¤kÅì<�ªà8�
Ï" �.

ã 4 XÚG�&E

Fig. 4 Positions of all robots

ã 5 Åì<��Ý&E

Fig. 5 Velocities of second-order robots

ã 6 Åì<;,

Fig. 6 The trajectory of all robots

6 (((ØØØ(Conclusions)
�©ïÄ
d��Ú���.|¤�É�õ�U
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NXÚ���5¯K.3TÉ�XÚ��5¯KïÄ
¥)û�==´G�´Ä���¯K,�¢SA^¥
�UI��UNG�Âñ���Ï"�.Äu±þ�
Ä,�©æ^ãØÚÝ
©Û�{éÉ�XÚ��5
�Æ�Âñ5?1
ïÄ,�Ñ
XÚ�ªÂñ�Ú
�AL�ª,¿©ÛÑ
Âñ«m. 3dÄ:þ,éX
Úëê?1`z,Ò�±¦XÚÂñ�T«mS?¿
�½�Ï"�.��(ÜõÅì<�à8¯K,é¤
�Ñ�nØ(J?1
�y,ÏLëê`z¢y
õ
Åì<XÚ3Ï" �þ�à8,�ý(J�nØ©
Û��.�©�Ñ�(Ø´ÄuÃ�ã�,e�Úò
�Ä3k�ã�^�e?1�'ïÄ.
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