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Theoretical analysis of learning dynamics near
the opposite singularities in multilayer perceptrons
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Abstract: Owing to the existence of singularities in the parameter space, multilayer perceptrons (MLPs) may behave
extremely slowly in learning or even be trapped in plateaus. When weights of two hidden units are nearly mutually opposite,
the learning process will encounter difficulties because of the permutation symmetry. We investigate the learning dynamics
of MLPs near opposite singularities, and derive the analytical expressions for averaged learning equations. Then, we obtain
the theoretical learning trajectories near the opposite singularities. Furthermore, real learning trajectories near the opposite
singularities are also calculated by using numerical methods. In simulations, we study the averaged learning dynamics, the
batch mode learning dynamics and the online learning dynamics, respectively.

Key words: multilayer perceptrons; neural networks; learning dynamics; singularity; opposite

1 5|5 (Introduction) — R HE 72 BIC(WBIC)#E.

SEFR A SIWLAEE NI I Fisherfs BV A 0.008 ' ' l
AR, e SRR LA S AT S ). BF R
PR A28 100 268 76 A 1R LT A 1R 25 ST LB 3 0.006 ¢ 1
AN 75 2 RGN A ek Ak rh, B T Fisher s *§
S, XEBBE BV 3 SRR T [ AR R = M 1
LSRR 77 0], 27 ) i R Cramér-Rao & FEAN P 000 |
S ST R A R R AT, '
S WA SRR N A, 4TI ) T REAS ARG, 2T o | | |
X LG 15100, 5275 S PRI SRR s, SR 0 500 1000 1500 2000
JEL T T (ATC) s DL -39 £ 5 #E UI(BIC)  de /b 4t 3 I -
J&£ (MIDL) 45 452 714 1ok 6 74 J0) -t AN PR 28 SCR [11-12] B 1 2SR AT K

T ﬁj‘%‘f’ilXﬁEBayesi’%lﬂfﬁ HE R, R T Fig. 1 Plateau phenomenon occurred in the learning process

Wk H3Y: 2013 —06—18; s HM: 2013—10—10.

T35 /E% . E-mail: hkwei@seu.edu.cn.

ST H : E 5K ANRRE B F ORI H VR BT H (11190015); 524 AE R LR L TRHIERE4: 7 I3 H (20100092110020); 5 SRR 44
Pt BhI0 H (61374006).




2

FRARALEE: 2 RN B S A e M Dy 2] shaS i B A 141

o BB PRI IS ZE Y 2%
k

f(wae) = zwi¢(waJi)7 (1)
i=1

Horp T 05N 2 B B3R IAUE, w, o B B 2
FIBUAE. Hw,; (55| J;]]) = OB, w;p(, J;) = 0, th i}
T || J; || (8w IHAEL AT, X f (a2, O) HEA I R RS
MW, U7 28 DX 9% P 2 ) S R g e VR IR || T ] (B
wy). TEN, UME M ST, = £J;, wd(x,
Ji) +wid(x, J;) = (w; £ w;)p(x, J;), KRBT
RO LVEEREA T = J; = £J,Mw = w; £ w, )
—NBETT AL BRI R G L BEHE U AN S B )
MEE ) w; £+ wj, (HAEES A3 HE i w, Flw;. By LLHT
TP P45 TR A7 AE PR AT Sk DX A 113141

1) w||Ji|| = 0, (2)

2) J, = +J,. 3)

Z J2 A 4% ph 22 M 4% (multilayer perceptrons,
MLPs)F14% 5] % b % (radial basis function, RBF)® £%
HB A PR £ X 4%, RSB h &R IRA T2 )
M. W5 R BHRBEA 48 [ 28 v HUAE e 5 7y e Pk
(J; = JFH £ 87 7k (w; = 0)IX W 2K %5 7 1k X
W SCHR[1ST0 53 J2 W 24 (1) B 45 77 e P IX k(T =
;)BT () 27 2] B as A 7w F I Ee: o A, 458 T
B AT S PR DI B A ()38 2 ) BhE. g R STk (15
[R5k, SCHR[16]753) T RBEMZS I F-I4)24 2 T RE, 43
BT T G A DT (1) 27 2 Bhas, JFR T A
P DX 3B T - 3 X 5 O AR B LA SCRR (1713 18
T toy i Y A AT S kX B T A ) B,
1% toy AR Y Y AN BT R 22 AR AR 2 o) — AN Bty AT
BT, IF BT S84 soE 1. L ERFS
JSC SRS A DU 7 S P DX 3 A T2 SR 00 B2 T Y
MLPs [¥] 0I5 BR300t XUHK P ok 8 B (e, —JT) =
— (e, ), ARHE AT 73477, MLPs[#) 2501 (a0 A7
G B RFT R IEXIRR = {0|J; = —J;}.

LEARTC R, EHH [EMLPs 25025 () (1) B 75 7+
PEX 5k

R ={0]J; = —J;}. S

T G RAFMLPs [ P442% 2 5 R b s . W
FHARRRAR e, 1921 H i 77 54 DX I EUT (00 2 20 3
T, GBS 2 S P AR FUS R 43 AT
MLPs (1) P12 3] 37 fHAb PR S S A RIHE 227 )
B, FEXR T ELAs AT b
2 [BHEA (Problem statement)

SCHR [16]H X RBFI 2% [1AF 77 45 R & WA 78 AT
PIAN BT S5 AR CLe 0, BT AAS SC BT A
PIANEET KU MLPs:

f(x,0) = wo(x, J1) + wep(x, J3), 6]
Horr: () R XURNE RO B 5, o (e, J)) = o(J T x)
(1=1,2)2& 5 MR A HH, 0 = {w,w,, Ji,
I} RN RS SH.
I 3R g AT AN BETT s MLPs:
y=folx) = f(x,00) + ¢ =
U1¢($,t1) +U2¢($,t2) +57 (6)
o e IR ANOFIAEL i 0 2 A B B I 75 51 2k
ZIKIBK?FE%, 90 = {Ul, Vg, tl; b}?@ﬁ?ﬂfﬁ H/‘Jﬁﬁﬁ%%
K. M HUT R BN BE HMLPs 7R IN, f (a2, 00)BE N
MLPs IR .
AR, BsEi A\ IR WIS R ORI 7 22 g
PR L, W =3 o0 AT
2
@) = (Vam) e (- 1A0) )
AR AR RN
1
y.z,0) = 5(y = f(=.,0))". (8)
MHEL S 2 TE, —IRINZR—NFEAR, MIAEERT %),
FIWNGHREARR (ys, ), ZH0, HFIER AN
81(%; T, 015)

01 =6,—1n 00, ) )]
Hrpt i 2%,
al(ytamtyet) —
Tﬂﬂ%mjﬂ
8l(yt7 L, et) _ 81(%: L, 0t)
8015 - < aat > + 6157 (]0)
Forre () Fos B, FHIN B0 53 A1 R Ko (y, ) M

polt@) = ale) = exp (~5 (0= fo(a))"). AD
O KA -0, BHEI O IBENL .
XA B2 ST, N 212500, 1R A 2
1 X Ol(y;, @i, 6:)

0. —g _pLOlly 60 12
41 t nN; 00, (12)
x5 )RR (12), ASCHFFTIN R B 7
ol 0
0, =0, Wb,

00,
244 AN (20, ye ) 3 DI, 3C(2) )5 DS TR
e, B

6= OL(6)

)= TR (14)

ol(y, x,0)
00
HHLO) = ((y,z,0)).
PR, N BRI, 20(12) ] LU LA fir T 20
(13). AT LA A AT B BAE L2 2] (e, T
LS WAL A BE 2 S Rk SfE AR S BT 9y 2



142 EC

i

5 N H 531 4%

TTRE(14). PR PR ELL(0) 72 20 ek R 2 A

PR Rz AR 22

3 P35 3] U5 R B R ik A (Analytical
expression of averaged learning equations)
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(Analytical trajectories near opposite singu-
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Fig. 2 Theoretical learning trajectories near R*
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Table 1 The learning process trapped in the opposite

0.0

singularities
R Wikhw 4T Rw
K551 (0.40,0.10) —0.12 (0.2901, —0.1457) —0.1152
B2 (—0.50,0.35) —1.08 (—0.3309, 0.1667) —0.9129
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Table 2 Plateau occurred in the learning process
affected by singularities

vigeg  lkhw AT A w
B a1 (0.40,0.10) —0.12  (0.6672,0.3947)  0.3199
B2 (—0.50,0.35) —0.90 (—0.1811,0.4943) —0.5179
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Fig. 5 Batch mode dynamics of learning
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Fig. 6 Online dynamics of learning
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