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Backstepping-based controller for three-dimensional trajectory
tracking of underactuated unmanned underwater vehicles

XU Jian, WANG Man†, QIAO Lei
(College of Automation, Harbin Engineering University, Harbin Heilongjiang 150001, China)

Abstract: To deal with the three-dimensional trajectory-tracking control problem for underactuated unmanned underwa-
ter vehicles (UUVs), an approach based on defining virtual velocity error dynamics is proposed in the paper. In comparison
with the attitude error dynamics based on the line-of-sight (LOS) guidance in the traditional backstepping, the proposed
method can effectively avoid the singularity problem and simplify the calculations. The controller for an underactuated
UUV in the presence of constant environmental disturbances is designed and the system kinematic error dynamics are
given. Lyapunov stability theorem is used to prove the robustness and stability of the proposed controller. Numerical
simulation results illustrate the effectiveness and good performance of the proposed method.
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1 ÚÚÚóóó(Introduction)
Ã<YeÊ1ì (unmanned underwater vehicles,

UUV)�Ê,°(�lUå´¢yYet&!ÍM!
YeA«���?Ö�EâÄ:[1–2]. �´,du
UUVÏ~äkj°Ä!\�ÝØ�È�����å�
A5[3–4],Ød�	, UUV�$ÄÆ�ÄåÆ�.�
äkpÝ���5ÚÍÜ5[5],Ïd, UUV�;,�
l��¯KäkAk�J:.

8c,j°ÄUUVÊ,�l��ïÄÌ�8¥u
Ê,:�l!́ »�l�;,�l�3«8I�l�
��ª. Ù¥,;,�l�¦��ÆU
�ÚUUV�
l�^äk�CA5�ë�;,,é�m^�äkr
�å,Ïd�Ê,:�l!́ »�l���',;,�
l���\J±¢y. 'uj°ÄUUVÊ,�l��

��{,'�~��k ²�ä[6–8]!w���[9–11]!

�Ú��[12–16]�,±þ�«���{�kA:ÚÛ�
5.

'uj°ÄUUV� ²�ä���{,©z[6–7]
JÑ
Äu2ÂÄ��
 ²�ä�UUV��g·
A���{,��ÏL3�g·A�{�ïUUV�_
ÄåÆ�.,¿3k.	.Z6Ú ²�ä%CØ�
�cJe,y²
UUV��XÚ��lØ���­½
k.. ©z[8]JÑ
�«ÄuL2Z6³��°� 
²�ä���{,ÏL�O ²�ä��ì5Ö��
�5YÄå{ZÚ	.�°6Z6,l
¢yUUVn
�Ê,°(�l. ±þ ²�ä���{�`:3
uØI���UUV�.�O(ëêÚ ²�ä�(
�;�´,dug·AÆSL§I�Ñ^�½��m,
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UUV��XÚ�¢�5É�K�,�U�ÑE,�ú
C°6Z6.

'uj°ÄUUV�w����{,©z[9–11]J
Ñæ^J[��{ïáUUV�m$ÄØ��§,¿Ä
u48w�g��O��5w���ì,T�{�`
:3uÃIéUUV�.ëêØ(½Ü©Ú°6Z6
?1�O,~�
û�Ë�y�9­�Ø���N¯
K;�T�{�´ü$Ë��ÌÝ,¿ØUl��þ
)ûw����Ë�¯K,ù�´UUV�1Å�¤Ø
UN=�.

�Ú���´8cj°ÄUUVÊ,�l���~
��{. ©z[12]JÑ
�«�éj°ÄUUV�°�
g·A´»�l���{,T��ìæ^Lyapunov�
�{Ú�ÚEâ,�éUUVXÚ�.�ëêØ(½�
¹,æ^LipschitzëYN��{?1�O,l
¦´
»�lØ�?¿�. ©z[13]�éj°ÄUUV?1

²¡;,5y��l���O,�Ñ
UUV�²w�
�ë�;,,y²
T�{�Âñ5,�T�{Ú\
p���ÝØ�þ,¦��OL§'��¡,��Æ
�L�/ª�éE,. ©z[14]JÑ
�«3��
°6e¢yj°ÄUUVY²¡ ��l����{,
 ��l��ì9°6*ÿì©O|^�Ú{Ú

Lyapunov­½5nØ?1¢y,�´�éÊ��l�
�?1©Û.©z[15]|^g·A�Ú{�O
ëY
�C�Ê,:�l��ì,¢y
j°ÄUUV�n�
Ê,:�l,�T�{�©Û
Ê,:� ��l,
��Ä�C;,éUUV^�9�Ý���K�.©
z[16]æ^�"OÃ�Ú{�OÊ,�l��ì,�
DÚ�Ú{�O�'{z
J[þ�/ª,�¤�O
���ì�U�é©ãëY���Ê,�l��,¿
ØU�l?¿�^n��C;,.

�©±M�Tó§�Æ/BSA0UUV�ïÄé
�,�éTj°ÄUUVn�;,�l��¥� �!
^�!�Ý��ëY�C�¦,kOuDÚ�Ú{¥
ÄuÀ�{�O^��Ø�Cþ�g´,JÑ
�«
½ÂJ[�ÝØ�Cþ��Ú��ì�O�{;�O

Tj°ÄUUV�n�;,�l��ì,�Ñ
XÚ
�Ø��§,¿ÄuLyapunov­½5nØy²
XÚ
3½~	.6Äe�°�5Ú­½5;ÏLnØ©Û
é'?Ø
DÚ�Ú{��©�`":,U
k�;
�DÚ�Ú{��Æ�O��3�ÛÉ�¯K,{z

DÚ�Ú{E,�O�L§;�ý(JL²�©J
Ñ�UUVn�;,�l�Ú���{Âñ!k�,U

¢yj°ÄUUVé�C;,�°(�l��.

2 jjj°°°ÄÄÄUUV$$$ÄÄÄïïï���(Underactuated UUV
modeling)
M�Tó§�Æ/BSA0UUV��1Å���X

e: í?ì3UUVÓÜé¡Ù�,^u¢yéUUV
p��Ý���;R�û^u¢yéUUVÕ����
�;Y²û^u¢yéUUV�Ý�p����.Ïd
TUUV��m$Ääkj°ÄA5,Ù�m$Ä�I
XXã1¤«,¿3EN�IXe�êÆ�.�L«
� {

η̇ = J(η)v,

Mv̇ = τ −C(v)v −D(v)v − g(η),

(1)

Ù¥: η=(x, y, z, θ, ψ)T∈R5L«UUV3/¡�I
Xe� ��^��þ; v = (u, v, w, q, r)T ∈ R5L

«UUV3EN�IXe��Ý�þ; M�.5Ý
,
�)N\�þ; J(η)�=�Ý
, C(v)��%åÚ
�¼åÝ
,�)N\�þ�)��%åÚ�¼å;
D(v)�YÄå{åÚ,ååÝ; g(η)�¡EåÚå
Ý�þ; τ = (τu, τq, τr)T ∈ R3L«�^3UUVEN
�IXe���Ñ\�þ. EN�IXe,j°Ä
UUVÄåÆ�.äkXeA5: M =MT >0, Ṁ

= 0, C(v) = −CT(v), D(v) > 0.

�Ñp���5YÄå{Z�Úî~$Äé

TUUVn��m$Ä�K�,ïáXeTj°Ä
UUV�5gdÝ$ÄÆ�ÄåÆ�.[17]:

1) UUV�$ÄÆ�.:



ẋ = u cos ψ cos θ−v sinψ+w sin θ cos ψ,

ẏ = u sinψ cos θ+v cos ψ+w sin θ sinψ,

ż = −u sin θ + w cos θ,

θ̇ = q,

ψ̇ =
r

cos θ
;

(2)

2) UUV�ÄåÆ�.:



u̇=
m22

m11

vr − m33

m11

wq − d11

m11

u +
τu

m11

,

v̇=−m11

m22

ur − d22

m22

v,

ẇ=
m11

m33

uq − d33

m33

w,

q̇=
m33−m11

m55

uw− d55

m55

q−ρg∇GML sin θ+τq

m55

,

ṙ=
m11 −m22

m66

uv − d66

m66

r +
τr

m66

.

(3)

3 ������ììì������OOO(Controller design)
3.1 ���III===���(Coordinate transformation)
�
�B��ì��O,�©ÏL|^�I=�

��3�Ø�Cþxe, ye, ze,¿�Ï"Ê��Úp��
��dÏ";,��,£ãXe:
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ψd =arctan
ẏd

ẋd

, θd =− arctan
żd√

ẋ2
d+ẏ2

d

. (4)

ã 1 UUV�IX

Fig. 1 Reference frames of UUV

½Âvt =
√

ẋ2
d + ẏ2

d, vp =
√

ẋ2
d + ẏ2

d + ż2
d,� �Ú

^�Ø�Cþ�


xe

ye

ze

θe

ψe




= R(η)




x− xd

y − yd

z − zd

θ − θd

ψ − ψd




, (5)

Ù¥:

R(η)=




cos ψ cos θ sinψ cos θ − sin θ 0 0
− sinψ cos ψ 0 0 0

sin θ cos ψ sin θ sinψ cos θ 0 0
0 0 0 1 0
0 0 0 0 1




,

(xd, yd, zd, ψd, θd)©OL«3/¡�IXe�Ï"
;,, (xe, ye, ze, ψe, θe)©OL«3EN�IXe�
 ��^�Ø�.

(Üª(2),ª(4)−(5),é �Ø�Cþ¦���



ẋe=u + rye − qze − vp sin θd sin θ−
vp cos θd cos θ cos ψe,

ẏe=v−rxe−zer tan θ+vp cos θd sinψe,

że=w+qxe+yer tan θ+vp sin θd cos θ−
vp cos θd sin θ cos ψe.

(6)

555 1 �ÄUUV¢Só§A^�, UUV4�Ñyç�
G�,�Ê1�Ýäk�½�«m��,JÑXeb�^�:

1) j°ÄUUV�p��θ,÷vé∀t > 0,k|θ(t)| <
π/2;

2) Ï"�;,Cþud, rd, qd9Ù�êu̇d, ṙd, q̇dk..

3.2 ������ììì���OOO(Controller design)
Step 1 Äk�ELyapunov¼ê�

V1 =
1
2
(x2

e + y2
e + z2

e ). (7)

éª(7)ü>¦�,¿òª(6)�\��

V̇1 = xe(u− vp cos θd cos θ cos ψe −

vp sin θd sin θ) + ye(vp cos θd sinψe +

v) + ze(w − vp cos θd sin θ(cos ψe −
1)− vp sin θe). (8)

DÚ�Ú{��Og´´ÀJψeÚθe�©O	½

î�Ø�yeÚp�Ø�ze,�©ÏL½ÂXª(9)¤«
�J[�ÝØ�Cþ,òª(8)¥k'ψeÚθe�$�?

1�NO�,�k�;�Ð©G��åÚå�ÛÉ�
¯K:

α1 = vp cos θd sinψe, α2 = vp sin θe. (9)

�
¦V̇1�K,ru, α1, α2��J[��Cþ,§
��Ï"�ud, α1d, α2dÀ��




ud =vp cos θd cos θ cos ψe+

vp sin θd sin θ− k1xe

e
,

α1d =−v − k2ye

e
,

α2d =w−vp cos θd sin θ(cosψe−1)+
k3ze

e
,

(10)

Ù¥: k1, k2, k3��~ê, e=
√

1 + x2
e + y2

e + z2
e . �

Ä�ud, α1d, α2d¿Ø´ý¢���Cþ,u´½ÂØ
�Cþ

ue =u−ud, α1e =α1−α1d, α2e =α2−α2d. (11)

(Üª(8)−(11),��

V̇1 =−(k1x
2
e + k2y

2
e + k3z

2
e )

e
+ xeue +

yeα1e − zeα2e. (12)

Step 2 (Üª(7),�ELyapunov¼ê

V2 = V1 +
1
2
u2

e . (13)

éª(13)ü>¦�,��

V̇2 =−(k1x
2
e + k2y

2
e + k3z

2
e )

e
+ ue(xe +

u̇e) + yeα1e − zeα2e. (14)

��Ñ\τuÀ��

τu = m11(−xe + u̇d − k4ue)−m22vr +

m33wq + d11u, (15)

Ù¥k4��~ê,¿òþª�\UUVÄåÆ�.ª
(3)¥,��

V̇2 =−(k1x
2
e + k2y

2
e + k3z

2
e )

e
− k4u

2
e +

yeα1e − zeα2e. (16)

Step 3 �ELyapunov¼ê

V3 = V2 +
1
2
α2

1e. (17)

(Üª(10)−(11),��
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α̇1e = v̇t sinψe + vt cos ψe(
r

cos θ
− ψ̇d)− α̇1d.

(18)

�
¦V̇3�K,½Âr̄ = r cos ψe,Ï"�r̄d = rd

+ ψ̇d cos θ(cos ψe − 1),À�r�Ï"��

rd = ψ̇d cos θ +
(−ye−v̇t sinψe+α̇1d−k5α1e) cos θ

vt

, (19)

Ù¥k5��~ê. �Ä�rd¿Ø´ý¢���Cþ,
u´½ÂØ�Cþ

re = r − rd, r̄e = r̄ − r̄d, (20)

�âþã½Â,��

r̄e = re cos ψe + δ1, (21)

Ù¥δ1 = (rd − ψ̇d cos θ)(cos ψe − 1). (Üª(18)−
(21),éª(17)¦���

V̇3 =−(k1x
2
e + k2y

2
e + k3z

2
e )

e
− k4u

2
e − k5α

2
1e−

zeα2e +
α1evt

cos θ
(re cos ψe + δ1). (22)

Step 4 �ELyapunov¼ê

V4 = V3 +
1
2
r2
e . (23)

éþªü>¦�,��

V̇4 =−(k1x
2
e + k2y

2
e + k3z

2
e )

e
− k4u

2
e −

k5α
2
1e − zeα2e + (

α1evt cos ψe

cos θ
+

ṙe)re +
α1evtδ1

cos θ
. (24)

��Ñ\τrÀ��

τr =−(m11 −m22)uv + d66r + m66(ṙd −
α1evt cos ψe

cos θ
− k6re), (25)

Ù¥k6��~ê,¿òþª�\UUVÄåÆ�.ª
(3)¥,(Üª(24)��

V̇4 =−(k1x
2
e + k2y

2
e + k3z

2
e )

e
− k4u

2
e −

k5α
2
1e − zeα2e − k6r

2
e +

α1evtδ1

cos θ
. (26)

Step 5 �ELyapunov¼ê

V5 = V4 +
1
2
α2

2e. (27)

Ó�,(Üª(10)−(11)��

α̇2e = v̇p sin θe+vp cos θe(q−θ̇d)−α̇2d. (28)

�
¦V̇5�K,½Âq̄=q cos θe,Ï"�q̄d = qd

+θ̇d(cos θe − 1),À�q�Ï"��

qd = θ̇d+
(ze−v̇p sin θe+α̇2d−k7α2e)

vp

, (29)

Ù¥k7��~ê. �Ä�qd�¿Ø´ý¢���Cþ,
u´½ÂØ�Cþ

qe = q − qd, q̄e = q̄ − q̄d, (30)

�âþã½Â,��

q̄e = qe cos θe + δ2, (31)

Ù¥δ2 = (qd− θ̇d)(cos θe− 1). (Üª(28)−(31),é
ª(27)¦���

V̇5 =−(k1x
2
e + k2y

2
e + k3z

2
e )

e
− k4u

2
e −

k5α
2
1e − k6r

2
e − k7α

2
2e + qeα2evp cos θe +

α1evtδ1

cos θ
+ α2evpδ2. (32)

Step 6 �ELyapunov¼ê

V6 = V5 +
1
2
q2
e . (33)

éþªü>¦�,��

V̇6 =−(k1x
2
e + k2y

2
e + k3z

2
e )

e
− k4u

2
e −

k5α
2
1e − k6r

2
e − k7α

2
2e + qe(α2evp cos θe +

q̇e) +
α1evtδ1

cos θ
+ α2evpδ2. (34)

��Ñ\τqÀ��

τq =−(m33 −m11)uw + d66q + m55(q̇d −
α2evp cos θe − k8qe), (35)

Ù¥k8��~ê,¿òþª�\UUVÄåÆ�.ª
(3)¥,(Üª(34)��

V̇6 =−(k1x
2
e + k2y

2
e + k3z

2
e )

e
− k4u

2
e − k5α

2
1e −

k6r
2
e−k7α

2
2e−k8q

2
e +

α1evtδ1

cos θ
+α2evpδ2. (36)

�ª��XÚ�Ø��§�



ẋe =ue − k1xe

e
+ rye − qze,

ẏe =α1e − k2ye

e
− rxe − zer tan θ,

że =−α2e − k3ze

e
+ qxe + yer tan θ,

u̇e =−xe − k4ue,

α̇1e =−k5α1e−ye+
revt cos ψe

cos θ
+

vtδ1

cos θ
,

ṙe =−k6re − α1evt cos ψe

cos θ
,

α̇2e =−k7α2e + ze + qevp cos θe + vpδ2,

q̇e =−k8qe − α2evp cos θe.

(37)
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3.3 ­­­½½½555©©©ÛÛÛ(Stability analysis)
�
�yj°ÄUUV�m;,�l��ì3k.

&ÒÑ\±9	.�¸6Äe�­½5,òª(3)¤«
�UUVÄåÆ�.\\	.6Äå�,Xª(38)¤«,
¿ÄuLyapunov­½5nØ?1­½5©Û:





u̇ =
m22

m11

vr − m33

m11

wq − d11

m11

u +
τu

m11

+w1,

q̇ =
m33 −m11

m55

uw − d55

m55

q−
ρg∇GML sin θ

m55

+
τq

m55

+ w2,

ṙ =
m11 −m22

m66

uv − d66

m66

r +
τr

m66

+ w3,

(38)

Ù¥w1, w2, w3�k.½~�¸6Ä.éA�,\\�
¸6Ä��UUVn�;,�l��ì�eª¤«:



τu = m11(−xe + u̇d − k4ue − ŵ1)−m22vr+
m33wq + d11u,

τr =−(m11 −m22)uv + d66r + m66(ṙd−
α1evt cos ψe

cos θ
− k6re − ŵ2),

τq =−(m33 −m11)uw + d66q + m55(q̇d−
α2evp cos θe − k8qe − ŵ3),

(39)

Ù¥ŵ1, ŵ2, ŵ3�é�c�¸6Ä��O�.Ké
ª(33)¦���

V̇6 =−(k1x
2
e+k2y

2
e +k3z

2
e )

e
−k4u

2
e−k5α

2
1e−

k6r
2
e−k7α

2
2e−k8q

2
e +uew̃1+rew̃2+qew̃3+

α1evtδ1

cos θ
+ α2evpδ2, (40)

Ù¥w̃i = wi − ŵi, i = 1, 2, 3.

3Ø�3	.Z6�n��¹e,=wi = ŵi =
0, i = 1, 2, 3�,

V̇6 =−(k1x
2
e+k2y

2
e + k3z

2
e )

e
− k4u

2
e−k5α

2
1e−

k6r
2
e−k7α

2
2e−k8q

2
e +

α1evtδ1

cos θ
+α2evpδ2. (41)

�é	.�"½~k.6Ä�¹,À�Lyapunov
¼ê

V7 = V6 +
1
2
k−1

d1 w̃2
1 +

1
2
k−1

d2 w̃2
2 +

1
2
k−1

d3 w̃2
3, (42)

Ù¥kd1, kd2, kd3��~ê. éþªü>¦�,��

V̇7 =−(k1x
2
e + k2y

2
e + k3z

2
e )

e
− k4u

2
e − k5α

2
1e −

k6r
2
e − k7α

2
2e − k8q

2
e +

α1evtδ1

cos θ
+ α2evpδ2 +

w̃1(ue + k−1
d1

˙̃w1) + w̃2(re + k−1
d2

˙̃w2) +

w̃3(qe + k−1
d3

˙̃w3). (43)

g·AÆ�O�



˙̂w1 = kd1ue + w̃1,
˙̂w2 = kd2re + w̃2,
˙̂w3 = kd3qe + w̃3,

(44)

Kª(43)�=z�

V̇7 =−(k1x
2
e + k2y

2
e +k3z

2
e )

e
−k4u

2
e−k5α

2
1e−

k6r
2
e − k7α

2
2e − k8q

2
e − k−1

d1 w̃2
1 − k−1

d2 w̃2
2 −

k−1
d3 w̃2

3 +
α1evtδ1

cos θ
+ α2evpδ2. (45)

½Âz = (xe, ye, ze, ue, α1e, re, α2e, qe, w̃1/
√

kd1, w̃2/√
kd2, w̃3/

√
kd3)T,(Üª(45)��

2V7 = ||z||2. (46)

(Üª(42)Úª(45)��

V̇7 6 −2γV7+δ, (47)

Ù¥: γ = min{k1, k2, k3, k4, k5, k6, k7, k8, 1, 1, 1}, δ
= |α1evtδ1/cos θ + α2evpδ2|. duα1e, α2e, vt, vp, δ1

9δ2þ�k.,¤±δk.. �âë�©z[13]¥�'
��n,��

V7(t) 6 V7(0)e−2γt+
δ

2γ
, (48)

||z(t)|| 6 ||z(0)||e−γt+

√
δ

γ
. (49)

¤±,·�O�OÃγ�¦4��lØ�Âñ�"�

NC���Ø k.8,=XÚ�ÛìC­½.

4 ééé'''���???ØØØ(Comparison and discussion)
�?�Ú`²�©ÄuJ[�ÝØ�Cþ��

Ú���{,�DÚÄuÀ�{�'äkâÑ`:,
��A��þ�L�/ª?1nØ©Û.�©�é
j°ÄUUV�n�;,�l��,ÏLÚ\�IC
�,ïáXÚØ��§,½ÂJ[�ÝØ�Cþα1 =
vp cos θd sinψeÚα2 =vp sin θe,òψeÚθe=z�J

[�ÝCþ�m���,�ª��XÚ�;,�l�
�ìXª(39)¤«,ù´�©�M#�?. �©z[17]
¥ÄuDÚÀ�{�O���ì�',{z
XÚ�
�ì�L�/ª,du�Ìk�,3d=é'©Û�
©�O��ÝJ[þéAψeÚθe�L�/ª.
DÚÄuÀ�{�O���ì/ª�ª(52),Ó

�,��éAψeÚθe�Ø��§L�ªXª(53),äN
�N¹. òþãL�ª��©���Ø��§ª(37)
Ú��ì(39)?1'�,w,�©{z
XÚ�Ø�
�§,
�DÚ�O�{¥���þ3θ=±π/2,
$1 = 09$2 = 0�Ñ�3ÛÉ�:,¦�UUVÐ©
�lØ�É��å,�����ìÃ{¢y�ÛÂñ
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5;�,�©3θ = ±π/2�Ó��3T��¯K,�
�ÄUUV¢Só§A^�, UUV4�Ñyç�G�,
¤±�©�Ñ
Ün�b�^�:j°ÄUUV�p�
�θ,÷vé∀t > 0,k|θ(t)| < π/2,Ùg�©;�

DÚ�Ú{¥$1 = 09$2 = 0Úå��Æ��O�
3ÛÉ��¹,)û
UUVÐ©�lØ�É��å�
¯K,l
¢y
j°ÄUUVn�;,�l��ì�
�ÛÂñ.

5 ���ýýý¢¢¢������©©©ÛÛÛ (Simulation results and
analysis)
�ý¢�é��M�Tó§�ÆïÄ¤gÌïu

�j°Ä/BSA0UUV,�â¢ÿYÄåXêïá�
ý�.,éþãïÄ�j°ÄUUVn�;,�l�Ú
���{?1�y,äNL§Xe:
�O�C��u�m;,�




xd = t,

yd = 100 sin(0.01t),
zd = 200 + 100 sin(0.01t).

(50)

�j°ÄUUV�Ð© ��(x, y, z) = (0, 5, 205)
m,Ð©^���(θ, ψ) = (−0.1, 0.1) rad,Ð©Ê�
(u, v, w) = (0, 0, 0) kn. Ï"UUV�Ê�ud = vp =√

ẋ2
d+ẏ2

d+ż2
d,½~	.�¸6Äw1 =−0.5 N/kg,

w2 = w3 = −0.5 Nm/kg. À���OÃ�
k1 = 1, k2 = 1, k3 = 1, k4 = 20, k5 = 20, k6 = 10,

k7 = 20, k8 = 10, kd1 = 1, kd2 = 1, kd3 = 1.

�
�O(/�/L«UUVn��m� ��l
Ø�,½Â

E =
√

x2
e + y2

e + z2
e . (51)

Xã2¤«, UUV¢y
éý�n��m�u;,�
l,�XÚo� �Ø�±�ê/ªÂñ�". ã3�
Ñ
n��m�u;,�l33�²Ä��þ� �
Ø�©þ,lã¥�±w�­��A²w,Ø�ì?
Âñ, UUVn��m�u;,��l�J�Ð.

ã 2 UUVn��m�u;,�l���Jã

Fig. 2 Three-dimensional sinus trajectory-tracking of UUV

ã 3 UUV;,�l� �Ø�

Fig. 3 Trajectory tracking errors of UUV

�
�?�Ú`²UUV�;,�l�J,ã4�
Ñ
UUVn��m�u;,�l��^��ψÚθ�

Cz�¹,lã4¥�±wÑT�{�±¢yUUVn
��C;,�^��l��.

ã 4 UUV�^��A­�

Fig. 4 Attitude response of UUV

ã5�Ñ
UUVn��m�u;,�l��p
�!î�±9R���ÝCz�¹,lã¥�±��,
p��Ý�°(�l�J�Ð,�î�9R��Ý�
3�½�Ø�,Ù�ÏXe: �
;�DÚ��Ú{
¥ÄuÀ�{�¡�OψeÚθe��3�ÛÉ�¯K,
�©½Âα1 = vp cos θd sinψeÚα2 = vp sin θe,Ün
�EJ[�ÝCþ,�OUUV;,�l�Ú��ì,
��Ñ\τrÚτqm�¢yéî£9R����,du
j°Ä���J�ÍÜ,7,¬��î£9R��Ý
�3�½�Ø�,�´lã¥�±wÑ,î�9R�
�Ý�Ø�����þÂñ. ã6�Ñ
UUVn��
u;,�l��Ê���ÝrÚp���Ýq�Cz
�¹,ã7�Ñ
UUV��Ñ\τu, τq, τr�Cz�¹,
lã2−7�±wÑ,�©¤JÑ�j°ÄUUV�m;
,�l�Ú���{Âñ!k�,U
¢yUUV3½
~k.�¸6Äe�n�;,°(�l.
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ã 5 UUV���Ý�A­�

Fig. 5 Linear velocity response of UUV

ã 6 UUV���Ý�A­�

Fig. 6 Angular velocity response of UUV

ã 7 UUV���Ñ\

Fig. 7 Control inputs of UUV

6 (((ØØØ(Conclusions)
�©�éj°ÄUUVn�;,�l��¯K,±

M�Tó§�Æ/BSA0UUV�ïÄé�,|^�Ú

{�O
j°ÄUUV�;,�l��ì,�Ñ
XÚ
�Ø��§,ÄuLyapunov­½5nØy²
XÚ3
½~	.6Äe�°�5Ú­½5;�©�M#�?
3ukOuDÚ�Ú{¥ÄuÀ�{�O^��Ø

�Cþ�g´,JÑ
�«½ÂJ[�ÝØ�Cþ�
�Ú��ì�O�{,U
k�;�DÚ�Ú{��
Æ�O��3�ÛÉ�¯K,{z
DÚ�Ú{E,
�O�L§,÷v
j°ÄUUVn��C;,�lé
 �!^�±9�Ý��m�å�¦;��,�ý(
JL²�©JÑ�UUVn�;,�l�Ú���{
Âñ!k�,U
¢yj°ÄUUVé�C;,�°(
�l��.
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NNN¹¹¹ ÖÖÖ¿¿¿úúúªªª(Supplementary formula of ap-
pendix)

DÚÄuÀ�{�O���ì/ª�

8
>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>:

τu = m11(−ρ1ũe−m22

m11
vr+

m33

m11
wq+

d11

m11
(ued+

ud) + u̇d + u̇ed + λ1$−1
1 $−2xeyez1−

λ2$−1
2 $−2xezez2),

τr = m66−ρ2r̃e−m11−m22

m66
uv+

d66

m66
(red+rd)+

ṙd + ṙed − (1− λ1$−1
1 (xe cos θ+

ze sin θ))
z1

cos θ
+ λ2$−1

2 yez2 tan θ,

τq = m55(−ρ3q̃e − m33 −m11

m55
uw +

d55

m55
(qed+

qd) + q̇d + q̇ed − (1− λ2$−1
2 xe)z2).

(A1)

Ó�,��éAψeÚθe�Ø��§L�ª�

8
>>>>>>>>>>><
>>>>>>>>>>>:

ż1 =−c1z1+(1−λ1$−1
1 (xe cos θ+

ze sin θ))r̃e cos θ−1−λ1$−1
1 $−2xeyeũe,

ż2 =−c2z2 + (1− λ2$−1
2 xe)q̃e−

λ2$−1
2 yer̃e tan θ + λ2$−1

2 $−2xezeũe,

z1 =ψe + arcsin
c1yep

1 + (xe)2 + (ye)2 + (ze)2
,

z2 =θe − arcsin
c2zep

1 + (xe)2 + (ye)2 + (ze)2
.

(A2)
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