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Active disturbance rejection control to
stabilize one-dimensional wave equation with
interior domain anti-damping and boundary disturbance

ZHAO Zhi-liang'’, GUO Bao-zhu?

(1. College of Mathematics and Information Science, Shaanxi Normal University, Xi’an Shaanxi 710062, China;
2. Institute of Systems Science, Academy of Mathematics and Systems Science, Chinese Academy of Science, Beijing 100080, China)

Abstract: The control objective is the asymptotical stabilization with disturbance rejection or the practical stabilization
with disturbance attenuation. Back-stepping method and active disturbance rejection control (ADRC) approach are adopted
in investigation. It is shown that the disturbance can be estimated in real time through an extended state observer (ESO)
and be canceled in the feedback loop. Both constant gain and time-varying gain are used in ESO. To avoid the peaking
value problem caused by the constant high gain in ESO, we used the saturated function method in feedback loop. The
time-varying gain in ESO is first time used in an infinite-dimensional system to achieve complete disturbance rejection and

peaking value reduction.
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Fig. 2 w¢ under constant gain

80 T T T
40 F T d 4
0@ 20‘ i

0 5 10 15 20

3 EAIEATESO )X AMBEL ST

Fig. 3 Estimation of external disturbance under constant gain

4 T T T T T T T
ﬂl!ﬂ‘ﬁié
J"I!i“ifsz?'%k\ - dA
2 it -
Y]
1 [ _
:WE
< i
= Ohy N ]
< S
i
—2 n
i
=3 Hit g
iy
-4 1 1 I 1 1 1
00 05 10 15 20 25 3.0 35 40
t
Kl 4 B3R

Fig. 4 Magnification of Fig.3

PRI AR 25 p(0) =1, p(t) =2p(t), p(t) <
50, LA K& p(t) = 0, p(t) = 50H T HUERAU. P 3)T7
FEQ) PR AIAEES Elorh 4y . e gl R ER
FEIXFER I 26, ) 77 B RPIR S w Ml R 7 4
NG I T-0. 37 BRI 25 0] H1 50 1Al vt &5

B RAE: AP HAL SRS A 6] A S BHE BB T RERBUE

BB T, WEIT0] LU BIESOX AN 1)
BREZSCRAR IS AR w4 6 L I3 (Bl 4) e I B 25
IESOAII A4 35 (1 ESO AR REAR LT F BRI B A4
), I AR 3 25 IR ES O IR ISR 22 LU H0UH 25 T ESO 1)
WA/ NS 2, 82 ERTE G EE 110%, THTH AT
AR S R B PRI I TRLAF X — 4,

3
000 3 v
K5 WA S T u
Fig. 5 w under time-varying gain
<
Kl 6 AR R Fue
Fig. 6 wu; under time-varying gain
7
6
5 .
4 .
=3 2 !
'3“ 2
1
0
-1
-2 il 1 1
0 5 10 15 20
t

Bl 7 AR RS T SR S XAl iAot
Fig. 7 Estimation of external disturbance under

time-varying gain



1558 oA OH 5 N H %30 %
3 FEZRFUEH (Proof of the main results)
FIEEIME 4

() = 255, baley) = B D), balary) = AN (50, .
bg(:c,y)=2()\”( 5 FACGIBG ), bale) = 400 + B ).
KL LB S (13) T
GS (g, 4j (b1(z, 8)GEM (2, 8) + bs(, 5)G5 ™ (z, 5))ds,

GS n+1(

NG >GK"<y,s>+b5<y,s>GS"<y,s>>ds+i [ )G ) + ()G ),

Y) =

G (. y) = Z(ln(x, Y)GR " (2,y) + bs(,y) G5 " (2,y)),
G (x,y) =

1 1
1o bl )G (5,2) + bae(, )G " (, 9))ds + 1 [ (ba(, )G (5.2) + by 2, 5) G (2, 5))d,

GS,n+1(x y) _
- *(bl(y YGE " (y,y) + bs(y, )G "(y,y)) — 1 Y (bay (4, )G " (y, 5) + sy (4, )G "(y, 5))ds+
ZL (biy (7, 9)GE (7, y) + bsy (1,9) G (7, ) )dr — fj (b1(y. s ,8) + b5(y, )G "(y, 5))ds+

G ) + ()G (7))

(23)
(GE™ (2,y) =
1 ry n 1 ry n " n
i jo bo(x, s)GE ™(x, s)ds + 1 jo by(z,s)(GE M (x,5) — 2ny (x,s) + Ggy (x,s))ds+
Y n n n
J, (s, 5)G7 " (1, 5) + ba(a, )(GS " (w,8) — Gy "(,9)))ds,
GK n-l-l(x y) _
4 bQ(y7 )GK y7 dU - 7J‘ bl .% GS ) - 2G>€y (l’, S) - Gg?y (y7 S))dS—
1 =z
j (b $)G™ " (9 5) + by 5) (G2 " (w:5) = G7 (9 9)ds + 7 [ ba(m,9)GN " (7, p)dr+
1 =z
L)@ — 265 )+ G T + [ ()G )+
[ 04, ) (GE ™ (7, ) — G5 (7, y)))dr.
% X E, (5 = 1,2,3,4,5)H X (22)45 H. FIH
My = max{2]lg(3) (0., BRI LR
max{|GX " (z,y)|, |G5"(z,y)].
A cosh fom St G @)l 165 ()l
IX2 (@) sinh( [ AT)AD) 0.} 29) GS " ()], |GS (@, )]} <
N + n
LK sy SO @)
M = n ' n
’ max{|GZ(x, )], |G (z,y)],
2(|[b1ller 0,1y 1105l 10,1y + 401l Lo 0,1) + 1
G5 (e )} < MyplE T
162l o< 0,1) + B3] Lo (0,1)- (26) yy 2 (n—1)




% 12 1] B R4S

FIHTA DR E AL FEB A 6] A B BB FResh s R (R UE 1559

lﬁtﬁé&z GE ™, ZGS" ZGS” ZGS"

EGX ,ZGS” ZGS”E' s, of B
n=0

K:ZGK”,GS:ZGS",GE:ZGS”
n=0 n=0

GEZZGSn GS’ :ZGSn GS _ZGSH’
n= O n=0 n=0

Gy, = 2 G2, ) FIA3) AT
K,S e 02( VAL (5). TIBETUFEE.
UERHE L, 51 Sobolev ¥
H = H1(0,1) x L*(0,1),
Hp(0,1) = {f € H*(0,1)|(0) = 0},
L ERRUE SO
((p1,01)", (¢, 02)T) =
[ @108 (@) + dr(@)in(a)dr. 29)
HAA, BRE X WF:

(B RN~ 4

(28)

A(¢aw)T - (w, ¢H>T7 (30)
B= (07 5($ - 1))T7 <Ba (¢a 1/J)T> = ¢(1),
ARJE A

D(A) = {(¢,)" € H|¢ € H}(0,1),
YeHL(0,1), ¢'(1)=—¢(1)}. (3D
BB ST AL T
A (6, 9)" = (=9, =),
D(A")={(¢,¥)" € H|¢ € H(0,1), (32)
YeHp(0,1), ¢'(1)=v(1)}.
BIER 2 B (LS) T LA AT

d (wit)) _
dt wt('7t) a
A w(»1) +(h(1)=S(1,1))(Ua(t)+d(t))B.
wt('at)
(33)
BT A AR ERGE (I Co—F e, BXife At 2
FVFI: BISHTE R (ug, w1)T € H, Ur+de LE (0,
00). B AT F IR M

(1)
we(+)
) ts
o) b
)

S(L,1))(d(s) 4 Us(s))ds € C(0, 003 H), (34)
I BAFAEH $w, MAET et < Mevt,

SIB20UER] R T A, Bans(30)5E X. H
SCHK[26](pp-802-803) R %HAZE Al Fi £ F& 2 11 Co—
et LB X Te A RV 7127 1%
S TR N TR AR

£(t) = A*2(t), 2(0) = 2,
{ ()= (B.2(0) =Bty O
w2
T
|, wt)Pat < Crllzol, (36)
EH O M T T H AL
AT A E X, H TGS SN T
Wit (2, 1) = Wxx(z, 1), z € (0,1),
@(0,8) = 0, wx(L,t) = —iy(1,1), (37
{ (w(z,0),w(z,0))" = 2(0).
/&\
B(t) = % [la () + a2 de. @8)
SR BT Al S H0T 45
B(t) = jol (i (2, ) te (2, £) +
Wy (x, t) W (x, t))dx < 0. (39)

HILATAIE() = E(0), V> 0. 4
plt) = fo i (, )y (2, t)da. (40)
SRR, |5(1)] < B(t). Kp TN ST
p(t) = @i (1,t) — E(1). (41)
FH UG AE
@(L.t) = B(t) + p(t), (42)
5Ji
IOT @21 6)dt < (2T +2)E(0),  (43)

M (36) AT, X HL O = 2T + 2.
AL AN RS N Co—F- 8, B2 KT
A SRVFHISE T, AT & IWIE (uo, uy) € H, W
KUy +d € L2 (0,00), M2 X3 AA WX (34)
(IR —fif. 5| H2{IEEE.
EFIMIES  ELUEESORIWSE. 4

{i(t) = p(t)(2(t) — 2(1)), (44)

d(t) = (h(1) — S(1,1))(d(t) — d(t)).
BT E 1S
s _ p(t)
z;(t) = p(t)(d(t) — ea[2(8))) + @Z(t),
d(t) =



1560 O B

SRR A %30 &

5 SCHEFEADIT R
. —Q] 1
A= (—a2 0). (46)

_ 2 _
ﬁﬁﬂ?%‘c%ﬁﬁﬁ?/l A TV A2
RN T E’Ja1>0 03 >0,
J:ﬁiﬁﬁﬁﬂﬁﬁ%ﬁﬂ. (X e AFEHurwitzF5 [, A
TATAE IE 8N FRHLE P 2 40 Lyapunov /7 F2:

PA+ATP =1, (47)

IX BT 2 2 [ B A Eiﬂ?iﬁ(%)flﬂ IR FE A &

Hurwitz 1], i 3C #k[28], 77 7E0F € (5, INMEEP O
R € (93,1), RSt

() =na(t) — aa[m(t))’,

48

{ﬁz(t) = —aalm (P @)

S PRI () A20E 1. | SOk (2817 1 e FE2 LA A S3C

Mk [29]H 1 2 #E 6.2, 47 7E 1F & I 42 W) 6 A 1Y

Lyapunoved (V : R? — R, Jf H &2 Hy > 1E% T

BUE{1, 03 IS IR, VY R G5(48)5 T I i)t

FH
dv

de along(48)

(malt) — m[m(t)]%g;(m (1), malt)) —

alm (O 5 (1) (1) )

e VUER), HBy 40 — 1f“9%3f 5 VA E A0
BGFIX. BV IIFEIRME, B T’ﬂll 9 |E by — OBk T

SVHIREABEINAGE K. th3CHk [30]H 5] #4.2
A AEAE SR, bo, b3, by > 0115

oV (n1, =((=1)8—=(—2))
AL S I
B
(i—1)6-(i=2)
|771‘ < 02(‘/(771,772)) v , 1= 1)2)
(50)
DY)
y—(1-6)
—c3(V(m,m2)) 7 <
dVv y—(1-6)
ry <—ca(V(m,m)) . (5D
t along(48)
mEe =1,4%
Vin,m2) = (m,m2) P(n1,m2). (52)
i Lyapunov 5 F£(47)n] 13
dv
ar (m,m2) = —(ni +n3). (53)
t along(48)

Y EE M0 = 18}, 0(52)H ¥ Lyapunov B 2V i
A2 R(50)—(51). SRV UFRZE TTFE45) T BRIt S
ol

av

de along(45)

p(8)((d — aaZ01) 22 (3(0), d(1)) -

od
aslE(0 S (0. () +

P0G (0, d(0) — )5 (0. ).

IUAEAAIE W 2 B LI A5 1010).

EBASRE) I IR0 R e R AT A [R] ) b Ty
&4t > (Inr)lalip(t) = r. T 3X(50) Fi(51)
EEE

dv
dt

along(45)
~ B 0 ov . ~
r((d(t) = m[EO]) 5= (3 (), (1)) -

l (O 2 (20, ) -

) 2= 20, 1) <
—er(VE®),d) T +
aN(V(E(t),d(1) . (55)

HT 0 e (1/2,1],y— (1 -

Fi[7
(v
de along(45) b
~ —(1-0)
— (ear—arN)(V(E(E),d(®) T <0,
261N
r > .
\ Cyq
(56)

R L XHT = Ir > (2¢1N ) eq, ££7Et > (Inr)lafii
ERMEZERIE > t1, V(Z(t),d(t)) < 1. WM

av

de along(45) h

e (VEWR,d0)) T +anN, 6D

2c1N

r >

\ C4

ST o € (0,1), WHRV (3(t),d(t) > o9, B4

, >ty
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av < —ere™F2 Lo N <o, w(a, t)=h(@)u(w, )= | " K (2,y)uly. t)dy -
dt along(45) (58) T ~
201N ) L S(J"v y)ut(ya t)dya (67)
r> o , T > e . ~ o~ o~ . N
c4 X, K, SR TR
ML, fi s >t WAL > 2 VED - R(0y) ~ Roplon) =
d(t)) < oo. X5 G0)HL 1R 72)\(33)5«”(33’ y) — ﬂ(x)f((m, Y),
|J(t)| < g, Vt > t2’r‘a 2_[%/(1,' LE)
popra2aN e O9) 2N (2)Sy (2, ) + Bla)h(x) + B (x),
c4 K(z,0) =0, (68)
.[H: gXX('r7 y) - gyy(xv y) =
|d(1)] < [d(t)] + o < M, saty(d(t)) = d(t), —2M(@) K (z,y) — B(x)S(z,y), i
[(h(1) = S(1,1))(UL(t) 4 d(t))| = |d(t)| < o, §'(z,x) = Ma)h(z), M(2)S(2,7) = h'(2),
Vit >to., r>r'. [ 5(2,0) =0.
60y S G)EEL A

EENERIES)
-
o( 1
(s))

ds+f A=) B(d(s)+ U1 (s))ds. (61)
FH BIF VPR Rl
| ] 4B (d(s) + Ui (s))ds|* <
2Cylld + U1||L°° 0.0)° (62)
HISTHR (271 A 2.5 AT %0

HI A(t s)

| ] et <ot<3<d+U1>><s>dsu <

)+ Ui(s))ds|| =

My|ld + Url| Lo (29,00 (63)
IXH
u(t),  0<t<r,
= 64
(M?V) {y(t—T),t>T. (64)

H=(60)—(62) 715

[(w(-, ), wi (-, 8) 7] <
M (|| (w0, ur) M| + t55Ce, 1 d +

Unll e (04,12 )e ™" + Mo, (65)

i Jim e Wl =0, A7 Et, >t liffe v <0,
Vit >t HIEHER

[(w(-,t), we(- ) V| < (1+ Ma)o.  (66)

S B % 08 20 AR ] T Eh A B PR A2 86 PR B2 1
HEH . X AR ou Bl (AL e

{ h(z) = cosh(j; A(r)dr), .

S(w,x) = sinh( [ A(7)dr),
XK, ST R A :
LN =G @y =3 G

STty -y
S
(=5

K( "(z,y),

)=G(z,y)

(z,y),
(70)

ZG
:ZGSn
=1

Hr

GHO(a,y) = §(5) —3(3).
G50z, y) =

sinh(fom/2 )\(7')d7')—|—sinh(foyl2 A(T)dr),
GE M (2,y) =

L fx fy G( LH)GK "(7,s)dsdT—

QII T+S

ny”(T, s)+ Gg?y”(T, s))dsdr,
GS n—i—l(x’y) =
T A @R )+
4 y J0 ’

2
| 555G (7, ) dsdr.

g PR IR
{2f%x)+2x() g(x)=5"(@)+B(@)S (, ),
h

GS’n 7_ S) (71)

)
29'(x) = 2A\(2)f f(2) = B(z)h(z) + 1 (x), (72)
f(0) = A(0), g(0) = 0.
LT 51 ELL, W BN € C2(]0,1)), B € CO[o,1]),
W AAEXT D E LR REAE0,1] x [0,1] L —
HOS i, A% R K, S € C2(I). HAZ H(67),
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SRR A %30 &

heCl0,1], K, Se C(I), 7 451177 H $Ms > 0
15
(-, 1), un (- ) VT < M| (w(-, 1), wi (-, 1))
(73)
b aR(66) 45 A RIHE H e B 1R 45 181).

SiwiDuEl] MU T0=1, plp(t)=a.
1S4 T
v _
de along(45)
~ 9 B
p(O(d ~ () S (3(2). (1) -
0 ~ 0 ~
ha2(0) = (2(0). (1) + a(0) G (3(2). (1) -
) 2 (0. d(0) <

—eap)V (2(1),d(t)) + acieaV (5(8), d(1)) +

N/ V(2(t),d(t)). (74)

SHTER o € (0,1), Hp eI R it~ i B n] %0
f71Et > ORI R > ¢,
zaccs, Zi/];}. (75)
PUHAHEERIE > 1, V(3(1),d(t)) > 0, &

av

de along(45)

HIERTRIAF 1y > t AR RHE R > to, V(2(1),

d(t)) < o. XEWE
lim V(2(t), d(t)) = 0.

t—00
Eiait(soﬁﬂtlggo d(t) = 0.
[(w(- 8),wi (-, 1) <
M (| (ug, un) ™| +
t5C, |+ U1 (1700 0 112 )™ +Myo. (77)
A Ly > toffifS
I(w(-,t), we(-, )T < (14+My)o, t>t3. (78)
TR lim (w(-,t),we (-, 1)) T|| = 0. F5/BAHs, IX—4&5
WRLR AT U] AR e (67) IE LML .
UEEE.
4 4518 (Concluding remarks)
ARG T —IH A s B FA S B ) —
YL 5)) 77 R I FHEEE ). A ) 32 7k R
R TTERN A PR T B R AR R R S
by —AHAs R 80, HARRGHU A L e Fe e 2

p(t) > max{

< —cNVo <0, t>t;. (76)

T, 7R H R RGBT RORS
R S AELAT VAN RPES), AP A XAl Tt
FELIH BR MBS M SR SR BUE . A LS )
(IRRGIEIER A AP S T N S RPN U E Sy § e
PRI &5 b, 24 T Al oAb sh, R 1%
Bl o, JF T IRAETC T Y R G AT IR AL 1 4
fu. B A5 AR WY, AR (1 23 v DLAEAR CRESE B
PO SRR U A% PR VEEAELIX 1 R 89 2 v P )
W3t (), ISP R ST P58 AT BRI AR
SERCR. il EE A (2 SN R Pl 1 ik v, 2
FAEY SR 5 M T BRI 2t 1o A%
SEBRANEE S 56 W BN A B 2t ] LSS MRS
LT, X2 AP RIEL e BT R 2 it
U3, AR VLR T ZEAE R 155 5 ).
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