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Abstract: Based on constrained predictive control, this paper proposes a real-time motion control scheme for manipula-
tors. The control scheme is composed of two layers, with constrained predictive controller in the higher layer and trajectory
tracking controller in the lower one respectively. The constrained predictive controller creates a trajectory with considera-
tion of the system constraints for the lower layer controller. While the trajectory tracking controller adopts an optimal state
feedback law to minimize the predicted tracking error. Input-output linearization is used to simplify the dynamic model
used in the model predictive control (MPC) controller design in both layers. Furthermore, a feedforward-feedback control
structure is proposed where feedforward is introduced to the constrained predictive controller to reject disturbance. In this
way, fast and stable tracking as well as satisfaction of input constraints can be achieved. The proposed control scheme is
tested for a industrial manipulator PUMA560 in MATLAB platform, and the simulation results show the feasibility and
effectiveness of the proposed predictive control method.
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¤�
Cc5ïÄ�­:.

DÚ�PID���{{ü(¹!Ø�6uXÚ�
.,®�2�/A^uó�Åì<���XÚ¥. �
�X�E��¦�ØäJp,==��PID��ìé
JÓ���¯�!°(Ú­½�Ú�.�éù�¯K,
IS	éõÆöÄuPID��g�JÑ
�
#��
��{. ©[1]JÑ
�«g·APID���{,T�
{d�"�!�g·APIDÚc"Ü©�Ñ\ÆSü
Ñ|¤,U
éÐ/�ÑPID���":. ©[2–4]�
Ñ
O�åÝ{(computed-torque control, CTC)3Å
�:�.þ�A^, CTC´�«Äu�.���5�
��{,|^XÚÄåÆ�§éXÚ?1�5zÚ)
Í.�´,±þ���{��OL§¥�U�ÄÄå
Æ�åÚXÚ�Ø(½5,¤±éJ��¯�5Ú­
½5�Ú�.

l�KþùÅ�:�z�gdÝÑüÕ=Ä,�
l���Ý5w,Å�:XÚK´��P{�!õC
þ���5XÚ,´�E,�ÄåÆÍÜXÚ.�.
ýÿ��[5](model predictive control, MPC)´�«é
�.°Ý�¦Øp!��nÜ�þÐ!3�O��B

�#.����{. §|^�"��é��é�¢�
EÄ��`��üÑ,�±éÐ/�Ñ�.Ø�Ú�
¸Z6. Ïd, MPC´éÅ�:ù«E,XÚ��«
¢�k����üÑ.Cc5, MPC�2�/A^
uÅ�:��+�,¿LyÑûÐ����J,©
[6–7]ò�.ýÿ��A^u£ÄÅì<;,�lL
§¥,3�O�¦ýÿ��S�lØ������Æ.
þãïÄ�,U
�yXÚ�­½5,����J�
Ð,�´§��õ8¥3Å�:�l�½;,���
¯K,
3Å�:�¢SA^¥Ï~À^�½�pÑ
>Å���1��,�½�;,  �U�ÄXÚÑ
\�å,é.�pÑ>Å�·A5ØÓ,Ïd3;,
�l���{(½��¹e,XÛ5yÑ�^·AX
Ú�¦��`;,¤�ó�A^¥�­�¯K.

�éÅ�:ÄåÆ�å,�©JÑ
�«ÄuG
��m�.��åýÿ���{,�
³�ÑÑà6
Ä,?�ÚJÑ
c"(Ü�"���[8](�. 3¢
�¥,ýÿ���{LyÑûÐ���5UÚ|6Ä
Uå.

2 888gggdddÝÝÝÅÅÅ���:::ÄÄÄåååÆÆÆ���...(Dynamic model
of 6 degrees-of-freedom manipulators)
�©À�8gdÝÅ�:��ïÄé�.TÅ�

:�¹6�f5ë\Ú6�'!. ïÄÅ�:ö��Ä
åÆ¯K,Ï~|^.�KF�§,cÙ´2�.�K
F�§ïáÅ�:�ÄåÆ�§.

{z.�KF�§�±í�ÑÅ�:�ÄåÆ�

§[9]äkXe/ª:

τ = M(q)q̈ + C(q, q̇)q̇ + G(q), (1)

Å�:Ñ\�å�±�¤eã¥þ/ª:

τmin 6 τ 6 τmax, (2)

3ÄåÆ�§¥¦^
±eÎÒ,Ù¥�Ñ
�
mëê:

q: '! ��þ, q ∈ R6×1;

q̇: '!�Ý�þ, q̇ ∈ R6×1;

q̈: '!\�Ý�þ, q̈ ∈ R6×1;

τ : '!°ÄåÝ�þ, τ ∈ R6×1;

M(q): .5Ý
, M = MT, M ∈ R6×1;

C(q, q̇)q̇: �%å!x¼åÚ�ÞåÚå�åÝ
�þ, C ∈ R6×1;

G(q): ­åÚå�åÝ�þ, G ∈ R6×1.

3 VVV���������ììì���OOO(Two-layer controller de-
sign)
�
¦Å�:3÷v�å�^�e¯�­½/$

1�8I:,�©JÑ�«V���(�©O?nO
(�lÚ;,`z¯K,e��l��ì�âÅ�:
{z�.,�O�`�"��Æ¢yO(�lë�;
,;þ��åýÿ��ì(ÜÅ�:{z�.ÚÔn
�å,��l��ì�OÑ3ÄåÆ�å^�e�1
��`;,. üÜ©���ì©O�O,¿p�K�,
3�5y$Ä;,¦Å�:3÷v�å�^�e¯

�­½/$1�8I:.

3Å�:�¢SA^¥,  ¬É�6Ä�K�,
éukCz5Æ�Ì�6Äþ,duÙéÑÑ�K�
k�½�ý�5,�±Ú\c"üÑ\±³�.�©
±�uÅ6Ä�~,JÑ
�«�c"–�"��(
�(feedforward-feedback control, FFC)�ýÿ���
{,���{µãXã1¤«. ÏLé6Ä�Ì�!�
 ÚªÇ?1ëêE£,ý�6Äéýÿ�.�K�,
3ýÿ��ì��O¥\±Ö�,±��³�6Ä�
�J.

ã 1 �c"–�"��(��V�ýÿ��ì
Fig. 1 Two-layer controller with feedforword-feedback

structure

3.1 ���...���555zzz???nnn(Model linearization)
Å�:ÄåÆ�§(1)´�C�r��5�§,X
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J��±ª(1)ïáÄåÆ�.,Ø�;�/�)�þ
O�,�MPC�`zO��5(J,J±�y¢�5,
Ïd�©æ^²;��VÐm{?1Ñ\ÑÑ�5

z[10–11],5JpO��Ç.3�.�5z�L§¥,
  �U�y�á�mS�.�O(5,�
�Ñ�
.���K�,OrXÚ�°�5,�©3��ì�
O�Ú\EÄüÑ,�â¢��XÚG�&EEÄ`
zÅ�:G��m�.,±�y�5z�.�O(5.

½ÂÅ�:�G�Cþ�x=[x1 x2]=[q q̇ ]T.
�âª(1)�±��Å�:3t���ëYG��m�

§ 



ẋ1 = x2,

ẋ2 = f(x1,x2) + P (x1)τ (t),

y = x1,

(3)

Ù¥: f(x1,x2) = −M(q)−1(C(q, q̇)q̇ + G(q)),
P (x1) = M(q)−1. Pæ�±Ï�T ,òG�Cþ�
��©þ|^�VÐmª?1lÑz,�±�ÑXÚ
�lÑzG��m�.{

x(i+1)=x(t+(i+1)T )=Ax(i)+Bτ (i)+Gp,

y(i)= Cx(i) , i = 0, · · · , N − 1,

(4)

Ù¥:

A =

[
I6 TI6

O6×6 I6

]
, B =




T 2

2
P (x1)

TP (x1)


 ,

Gp =




T 2

2
f(x1,x2)

Tf(x1,x2)


, C =

[
I6 O6×6

]
,

x(0) =
[
x1 x2

]T
, N�ýÿ��, x1, x2L«Å

�:3t��� �Ú�Ý, x(i)L«Å�:3ýÿ�
�S1i�æ����ýÿÑÑ.ª(4)=�Å�:
3t���ýÿ�.,T�.���Cþ�'!°Ä
åÝτ (i).

3.2 ���lll������ììì(Tracking controller)
�!JÑ
�«;,�lýÿ��ì��O�{,

±ª(4)��XÚýÿ�.. 3�O;,�l��ì
�,�¦XÚ�ýÿÑÑ�Ï";,�m� ���,
dd5O��`��Æ.�`��Æd¤À^�5U
�I5(½,½ÂXe�5U�I:

J =min ‖x(t + T )−xref‖Qt

2+‖τ (t)‖Rt

2
, (5)

ª¥: xref´Ï";,e����G��, Qt, Rt

©O´Ø�\�Ý
ÚåÝ\�Ý
. �
~�3�
O�þ!Jp¢�5,ª(5)¥`z��m�Ý��1.
du3;,�l¥6Ø�Äé��åÝ��å,�

�Rt = 0, Qt =

[
Q1

T 2Q2

]
. -

∂J

∂τ (t)
=0,¿(Ü

ª(2), (4)�±���`��åÝ

τ = Kxref + Fx(t) + D, (6)

Ù¥x(t) =
[
x1 x2

]
��c��XÚG�.

K = M(x1)(
1
4
Q1 + Q2)−1

[ 1
2T 2

Q1

1
T

Q2

]
,

F=−M(x1)(
1
4
Q1+Q2)−1

[ 1
2T 2

Q1

1
2T

Q1+
1
T

Q2

]
,

D = −M(x1)f(x1,x2).

éuþã�l��ì�­½5,�±ëì©[10]
¥�(J?1©Û.

3.3 ���åååýýýÿÿÿ������ììì(Constrained predictive con-
troller)
éu¢SÅ�:
ó,Ù'!°ÄåÝo´�3

�å,�ù
�åþ�M�å. �O�!�åýÿ�
�ì�8�´3�½�"��Æ�Ä:þ��l�

�ì5yë�;,,¦�Å�:¯�/�C8IG�,
3`zO��L§¥,Ñ\åÝ÷v�å^�(2).

Äuýÿ�.(4)�±¦)Ñ3ýÿ��NS,¦
�5U�I�`�;,xopt(i), i = 1, 2, · · · , N . �

¦�U/÷v�å^�,À�xopt(1)��Å�:e
�����l�;,,=�l��ìë��.

�â©[8]Ú©[12]¥�©Û,�åýÿ��ì�
±æ^ò�ýÿ��±9ªà\���ªJpXÚ

­½5. éuÅ�:��5zýÿ�.,�½Xe5
U�I:

J=
N−1∑
i=1

‖xopt1(i)2−qf‖Qp

2+‖xopt1(N)−qf‖Qt

2+

M−1∑
i=0

‖∆τ (i)‖Rp

2
, (7)

Ù¥: N�ýÿ��, M�����, Qp, Rp©O�

�½Ý
,^u3ýÿÑÑ�8I�� �ÚåÝC
zÌÝ�m?1²ï, Qt�ªà\�Ý
. xopt1(i)�
1i�æ����Å�:6�'!�ýÿÑÑ �.

b½xs�XÚ3�c���G�,=Å�:�c
��6�'!� �Ú��Ý.Ó�,P¹XÚ3þ�
���åÝÑ\þτold,�âúª(4)��XÚOþ�
��ýÿ�.





xopt(i + 1) = Axopt(i) + Bτ (i) + Gp,

τ (i) = τ (i− 1) + ∆τ (i),

xopt(0) = xs, τ (0) = τold.

(8)

P

X =




xopt1(1)
...

xopt1(N)


 , U =




τ (0)
...

τ (N − 1)


 ,
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K

X = Sxs + GU + Cp, U = Uold + L̃∆U ,

Ù¥:

∆U=




∆τ (0)
...

∆τ (M−1)


, G=




CB
...

. . .

CAN−1B · · · CB


,

Cp =




CGp

C(AGp + Gp)
...

C(AN−1Gp+· · ·+Gp)




, S=




CA
...

CAN


,

L̃=




I6

...
. . .

I6 · · · I6

...
. . .

...
I6 · · · I6




6N×6M

, Xd=




qf

...
qf


, Uold=




τold

...
τold


.

Ïd�åýÿ��ì�±�O¤

min
∆U

J, (9)

s.t. X = Sxs + G(Uold + L̃∆U) + Cp, (10)

τmin 6 τold +
j−1∑
i=0

∆τ (i) 6 τmax,

j = 1, · · · ,M, (11)

τmin 6Kxopt(1) + Fxs+D6τmax, (12)

τmin6Kxopt(i+1)+Fxopt(i)+D6τmax, (13)

Ù¥: J = (X −Xd)TQ(X−Xd)+∆UTR∆UT,
K, F , D�O�úªXª(6). ª(11)�y
3��ý
ÿ��S,Å�:�ýÿÑÑ´3'!åÝ�å^�
e�±���;ª(12)�y
¢S�\3Å�:þ�
åÝ÷v�å^�;ª(13)�y
3��`z�L§
¥÷v'!�°ÄåÝ�å. �â±þ�g5y¯K,
�±¦)Ñ����S�yXÚÑÑ�`���O

þ,dd�±O�ÑÅ�:e�����l�Ï";
,xopt(1). �Ä�Å�:¢SA^¥'!$Ä���
�3�å,P�qmaxÚqmin,�\\Xe�å:

qmin 6 xopt1(i) 6 qmax, i = 1, · · · , N.

nþ¤ã,Å�:;,5y�3�ýÿ���{
�:

ÚÚÚ½½½ 1 u�Å�:��cG�xs.

ÚÚÚ½½½ 2 �âxs,ïáýÿ�.,¦ÑK, F , D.

ÚÚÚ½½½ 3 ±xs�Ð©G�,¿©�ÄXÚÑ\�
å,ýÿ���N ,�����M ,�½Å�:8I 
��qf ,�é5U�I(9),¦��1��`;,.

ÚÚÚ½½½ 4 ¢S�\��"Æ�τ =Kxopt(1)+
Fxs + D.

ÚÚÚ½½½ 5 �£Ú½1,UYuÿÅ�:��cG
�,?1e����6§.

éuþ¡�O�ýÿ��ì,4�XÚ�5Uò
�ûuÙ�Oëê(N , M , Qp, Rp),ù
ëêéXÚ
5U�½5K�Xe[8].

éuþãýÿ��ì��O,Ù��ëêû½

��XÚ���5U.�âÅ�:���A:,�Ñ
±eëê�ÀJ�KÚ§�éXÚ5U�½5K�.

1) �
�y�åýÿ��ì�­½5,I�À�
'���N�,�L��N¬��Å�:Ä��A�

ú.

2) 3N�(½��¹e, M��,�J�yÑÑ
3�æ�:;��lÏ"�,¤���5U�I��
�. M���,���ÅÄ5�r,�±UõÄ��
A,�¬E¤3�O��(J.

3) �Ý
Qp�Rp���´�é�,3N!Rp

�,k�½Qp,¿�Rp�",�â��XÚ���þ
Cz�¹Ñ�\�Rp,Ó�,L��Rp¬��Å�

:$Ä�ÝLú.

�âÅ�:���A:,�ÏL�ý(Üþã5
K?1�Oëê��½,��o�°(5Ú­½5�
��.

3.4 ccc"""–���"""������(((��� (Feedforward-feedback
control structure)
�éÃ6Ä!Ã�.���XÚ,þ�!�ýÿ�

��{�±¦Å�:­½¯�/��8I �.�3
¢SA^¥,  ¬�36Ä�K�,�!JÑ�«
c"(Ü�"���(�5?16Ä³�.

Å�:�ÑÑà�3�uÅ6Ä,P¹XÚ�Ñ
\åÝ,�âª(1)�¦)Å�:�\6Ä��ÑÑ,
��6Ä�.±6Ä���ëêE£��â. 3�Ä
6Ä�^��¹e,éýÿ�.?16ÄÖ�,N�
�åýÿ��å)¤��`;,,äN�¢y�{X
e:

b½��ýÿ��S,6Ä�ýÿ�dþ�Úë
êE£¤����Ì�Kdis,ªÇfdis,� Pdis5O

�,Ù¥Kdis∈R6×6, fdis∈R, Pdis∈R6×1.�t��ý

ÿ��S1i�æ�:�6Äý���n(i),6Ä��
Ý�ṅ(i), i = 1, · · · , N ,{

n(i)=Kdis sin(fdis(t+iT )+Pdis),

ṅ(i)=fdisKdis cos(fdis(t+iT )+Pdis).
(14)

Ø�Ä6Ä��3,�c���XÚ¢SG�A
T�xs =

[
x1 x2

]T
= x(t)− xn(t),Ù¥x(t)�X

ÚÑÑ�ÿþ�, xn(t) =
[
n(t) ṅ(t)

]T
�O�¤�
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�c��6Ä�G��.|^x(0) = xsïáýÿ�

.{
x(i + 1)= Ax(i)+Bτ (i)+Gp + xn(i + 1),
y(i)= Cx(i) , i = 0, · · · , N − 1.

3�l��ìÚ�åýÿ����O¥,æ^?
���ýÿ�.,���{ØC,ÏL)¤#�ë�
;,,��³�6Ä��J.

4 ���ýýý(((JJJ(Simulation result)
�ýXÚæ^MATLABe�Robotics Toolbox[13].

�©À�PUMA560����é�,Xã2. �©ò
CTC�{Ú3�ýÿ���{�\�8gdÝÅ�
:PUMA560þ,òùü«���{����J?1
é'.

PUMA560Å�:�\��(�ëê!$ÄëêÚ
'!$Ä���åë�©[14]. Å�:å© �Ú8
I �

q0 =
[
0 0 0 0 0 0

]T
,

qf =
[ π
4

π
2
−π

2
π
12

π
8

π
5

]T
.

�©À^PID–CTC��ì�é',��ì�O�
{ëì©[15]. ëê�½�nÜ�ÄXÚ¯�5Ú­
½5. �{ëêXe:

1) PID–CTC��ì:

kP = 100, kD = 20, kI = 500.

2) ýÿ��ìëê:

Q1 =5×104I6, Q2 =8×106I6, Qp =500I6, R=
0.001I6M , Qt =5000I6, T =0.03 s, M =3, N =15.

ã 2 PUMA560Å�:�n��.

Fig. 2 Three-dimensional model of PUMA560

4.1 ���åååýýýÿÿÿ������ììì(Constrained predictive con-
troller)
�
�y�åýÿ��ì��J,7L�ÀÐÜ

·�åÝ�å�.ÄkÀ������åÝ�å,
±6�'!°ÄåÝ�ýé�þØ�L500 N·m��
�å^�.éPUMA560�$ÄG�?1�ý,¿òý
ÿ���{ÚCTC�{���A�ÑÑ­�?1

'�. ���JXã3)4.

ã 3 PUMA560'! �

Fig. 3 Joint positions of PUMA560
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ã 4 '!��åÝ

Fig. 4 Joint torques

ÏLé'ýÿ���{�CTC�{����
J�±wÑ,æ^ýÿ���{¤���PUMA
560�$Ä­�¯�5Ú­½5Ñ'CTC�{�
Ð.dã3��,30.6 s��,ýÿ��ePUMA560
®²O(/­½3
8I:,
CTCe�ÑÑ­
��3����N, 2 s��âUO(­½38I 
�.

dã4�±wÑ,XÚ��Ñ\þýé����
�©O�169 N·m, 500 N·m, 493 N·m, 43 N·m, 61
N·mÚ106 N·m. �
�Ð/�y�åýÿ��ì
��J,3e¡��ý¢�¥ò\råÝ�å. �

½6�'!�°ÄåÝ�ýé�©OØ�L100
N·m, 500 N·m, 200 N·m, 20 N·m, 30 N·mÚ50N·m,
�±��ã5Úã6�¢�(J.

©Ûã5,ã6��, PUMA560�±3÷våÝ
�å�^�e¯�­½/��8I �,���þ
­½Cz,ÎÜ¢Só�¥�°Ä�¦. é'ØÓ
�å^�e�ÑÑ(J,�±wÑ�XÚåÝ�å
\r�,�åýÿ��XÚ���Uå�é~f,
E¤PUMA560�$Ä�Ý~�,­½38I �
��mC�. Ó�¢�L²,ýÿ����{3¯
�5Ú­½5�¡ÑkéÐ��J,`uCTC�{.
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ã 5 PUMA560'! �

Fig. 5 Joint positions of PUMA560

ã 6 '!��åÝ

Fig. 6 Joint torques

4.2 ccc"""–���"""������(((��� (Feedforward-feedback
control structure)
3�!��ý¥,��ªÇ�fc = 33 Hz. �å

^��åÝýé�Ø�L500 N·m. 3PUMA560�
ÑÑà��\\Ì����6Ä,6Ä�Ì�©
O�0.3 rad, 0.2 rad, 0.4 rad, 0.5 rad, 0.1 rad, 0.6 rad.
�6ÄªÇfd = 0.85 Hz�,XÚÑÑ­�Xã7.

ÏLé'3«�¹e�ÑÑ­�,�±w�ý
ÿ���{é6Ä³���J�`uCTC�{,é
uýÿ���{5`,c"���±�Ì³�\u
ÑÑà�6Ä.du6Ä���3,¿�Ì���,
XÚÑÑØU���l8I�,�XÚ�±�±3
8I�NC�Ì��,Ä��±��éÐ����
J.



1 11Ï Ü¡L�: 8gdÝÅ�:�åýÿ��XÚ��O 1471

ã 7 PUMA560'! �

Fig. 7 Joint positions of PUMA560

XÚéu6Ä�³��J�ûuéõ�¡,e
¡�éØÓ�6ÄªÇ�¢�,*	3ØÓ�6Ä
ªÇe\\c"��ÚØ\c"��ÑÑ­��Ø

Ó,�Jé'LXL1.

L 1 c"–�"��(���.ýÿ��|6Ä
�Jé'L

Table 1 The contrast table of the disturbance
rejection ability between feedforward-
feedback control system and MPC

6ÄªÇ /Hz
ÑÑ �Ì�/rad

3.3 1.7 0.85

'!1\c" 0.20 0.07 0.008
'!1Ø\c" 0.29 0.21 0.07
'!2\c" 0.18 0.04 0.003
'!2Ø\c" 0.25 0.15 0.05
'!3\c" 0.17 0.025 0.002
'!3Ø\c" 0.30 0.13 0.04
'!4\c" 0.05 0.02 0.003
'!4Ø\c" 0.20 0.06 0.01
'!5\c" 0.01 0.003 0.001
'!5Ø\c" 0.04 0.01 0.003
'!6\c" 0.07 0.025 0.003
'!6Ø\c" 0.26 0.07 0.02

L1`²,�X6ÄªÇ�ü$,ýÿ���{
é6Ä�³��J�Ð,�6ÄªÇp�,6Ä�
Cz�¯,3�½���ªÇe,��ì�ÑÑé
J�þ6Ä�Cz,¤±é6Ä�³��J¬C�.
�æ�ªÇ�6ÄªÇ�'��10�,c"��Ú
Ø\c"���J±³��Ì6Ä.��Xù�'

��O\,cÙ´�'�,�40�,c"��A�
�±��³�6Ä.¿�ÏLé'±þü«�{�
��^eÑÑ� ��,�±wÑc"\�"��
�(�éu6Ä�³�kXéÐ��J.

5 (((ØØØ(Conclusions)
�©3é8gdÝÅ�:?1ÄåÆ©Û�Ä

:þ,­:ïÄ
3'!�méÅ�:?1$Ä;
,5y�ýÿ���{. ÏL�O�l��ìÚ�
åýÿ��ìéÅ�:?1$Ä��,¦Å�:�
±¯�­½38I �.�
�ÑÅ�:ÑÑà�
6Ä,æ^
�«c"(Ü�"���(�,ÏL
3ýÿ�.ïá�\\6ÄÖ�,��³�6Ä�
�J.��,3PUMA560þéýÿ����{?1

�ý,¿��CTC�{����A?1
é',
ÏL�ý(J�±wÑ3��5UÚ|6Ä�¡ý

ÿ���{��JÑÐuCTC�{.
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