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Decentralized flocking of multi-robot systems with
connectivity maintenance

MAO Yu-tian†, CHEN Jie, FANG Hao, DOU Li-hua
(Key Laboratory of Intelligent Control and Decision of Complex Systems; School of Automation,

Beijing Institute of Technology, Beijing 100081, China)

Abstract: Connectivity maintenance of flocking is vital for stability and fast state convergence of the entire multirobot
system. To this end, the problem of flocking of multiple nonholonomic wheeled mobile robots with connectivity main-
tenance on directed communication graphs is investigated, provided that the initial network is strongly connected but not
balanced. First, a new class of smooth and bounded artificial potential fields is developed to satisfy the requirements of con-
nectivity maintenance, collision avoidance and distance stabilization, simultaneously. Furthermore, by combining potential-
based gradient control techniques and the consensus seeking control schemes, we propose a set of smooth and bounded
control protocols for leaderless flocking or flocking with local leader-follower with connectivity maintenance. Those con-
trol protocols not only avoids the chattering and saturation caused by the discontinuous/nonsmooth and unbounded flocking
algorithms, but also extend the traditional connectivity-preserving flocking algorithms for both the individual motion model
and the network topology types. Finally, nontrivial simulations and experiments are performed to validate the effectiveness
of the proposed smooth and bounded control strategies.
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1 ÚÚÚóóó(Introduction)
�äzõ�UNXÚ�©Ùª+8$Ä��kX

4Ù­��nØïÄd�Ú¢S¿Â,ÙCc5®�
�5g�ïÄ+��;[ÚÆö�2�'5[1–4]. ¯
¤±�,�äëÏ5´ý�õê�N���{Xè/
�±�C�[5]!+N�®�à8[6]!��«�&¢�

CX[7]�¢y­½ÚÂñ�­�^�.Ïd,�
¢
y3���ä��S�&E�p���,Ï~�¦�

UNmU
/¤¿�±ëÏ�õaÏ&ÿÀ±(�

XÚU
p���/�¤Q½���?Ö[8]. ,
,
��¡,3XÚÄ�üzL§¥+NÏ&�äÿÀ(
�3��þ��mÄ���,XJØæ�·���,
�äëÏ5�U;�»�;,��¡,�UN=äk
ÛÜa�ÚÏ&Uå,
ëÏ5´L��äÏ&ÿÀ
(���ÛA�ëê. ù«ÛÜ��N�gñ¦�ü
��UNé�ä��ÛÿÀ(��ëÏ5�O�3
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��Û�5,l
���ä�ÛÜëÏ5��ÛëÏ
5¿Ø�d. þãü�¡�ïÄëÏ5�±e�õ�
UNXÚ©Ùª+8�N���5é�JÝÚ]Ô.

É�þã?Ø�éu,+8$Ä¥�ëÏ5�±
¯K×�¤�
õ�UNXÚ©Ùª�Ó��+�

�9:ïÄ�K,�aäkëÏ5�±õU�+8�
�üÑ��U�JÑ,ù
�{¥Q�¹8¥ª��
��{,��¹©Ùª����{,Ù3oNþ�©
�3a: AÛ�å{!<ó³|{ÚÌãnØ{. AÛ
�å{ÄkdSpanosÚMurrayJÑ,ÙÄ�g�´Ï
L�±�äzõÅì<XÚ�ÛÜAÛëÏ°�5

±¢y�ä��ÛëÏ5�±[9],T�{d��Savla
�í2���XÚ[10]. <ó³|{KÏLáÚåÚü
½å�nÜU\¦�XÚ3Âñ�Ï"�8I�/

�Ó�¢y�ä�ëÏ5�±. T�{����ÏL
D�����UNm�Ï&ë�±A½���5�

­(Üå�^),¦����UNm��éål��Ï
&�»��)Ã¡��áÚå5¢yëÏ5�

±[11–17]. ZavlanosÚPappas�¦^òÄu½|¿�Å
��ûñ�{(auction algorithm, AA)�6óDÂ�
{(gossip algorithm, GA)kÅ(Ü,±¢yëÏ5�
±e��äÏ&ë��V\�S�íØö�[18]. éu
ÌãnØ{,�A����{q�±?�Úy©�ü
�©|. �a�ÏLgFÝ`zÚ��½5y(semi-
definite programming, SDP)�8¥ªÚ©Ùª`z�
{5¢y�ä��êëÏÝ(algebraic connectivity,
AC)���z,?
¢y�ä��ÛëÏ5�±�`
z[19]. ,�a�æ^©ÙªA��/A��þ�O�
{�©Ùª²þ���5�O�{�(Ü5¦��

ä��êëÏÝð��,l
¢y�äëÏ5�
±[20–24].

â)ö¤�,��¡,þã���{�3��Ó"
����Æ¥¤æ^�<ó³|¼ê�Ã.¼

ê[12–24],¢yëÏ5�±�Ä�g��:�Ð©��
��UNm�ål�u�.ål(Ï&�»)�,³¼
ê�FÝ�Ã¡�l
�)Ã¡��áÚå¦��

A�Ï&ë�Ø¬ä�,l
������UN*d
øl�g�Ï&��.Ù��þ´|^³¼êFÝ3
Ï&�»?�Ã.55�±�äëÏ5,,
¦^k
��³|å±¢y�ä�ëÏ5�±3nØþÃ{

�y,�,�Ã{¼��±¦��äëÏ5���±
�³|å�þ.. ,
,3¢SA^¥,du�UN�
�����1ì=äkk��1Uå,'X£ÄÅì
<½Å�Ã�°Ä>ÅÃ{�)Ã¡��åÝ,Ï

��¤���Ã.���Ñ\3¢SA^¥äk�

�Û�5.

��¡,�õêëÏ5�±���{þ�é�
�!���n���5È©ì�.[11–22, 24–30],ÙÃ{

¿©Ny¢Só§+NXÅì<,Å�Ã�¤äk�
��5$ÄÆÚÄåÆ�å,Ï
äk��§Ý�Û
�5. ,��¡,þãëÏ5�±e�+8���{
��Oþ�éÃ��ä[19–30]½k�²ï�ä[31–32].
,
3¢SA^¥,du��UN¤���Ï&Úa
���3õUÚ(��É�5±9g�M�&ED

ÂÚ�ÂUå�pÉ5,XÚ�Ä:Ï&ÿÀ�õ�
U^k��²ï�ä5\±£ã[33],�UNm�&E
�p'XØ��é�,Ï
¦�DÚ�¡�Ã�é¡
�äÿÀ¤�O�+8���{3&E�pu)é

¡5»"�^�eÃ{¦^.

nþ¤ã,�©­:ïÄ�^k�Ï&�äÿÀ
ï��õÓª£ÄÅì<XÚ+8$Ä��¥�ë

Ï5�±�¯K.�©ó��Ì��z��OÑ�a
�Óª£ÄÅì<XÚ¤�Ì����$ÄÆ�å

�·A�äkëÏ5�±õU�©Ùª+8$Ä�

��Æ.AO/,¤�O�©Ùª��Æoä1w5
Úk.5,�±Ó�)ûÃXëÏ5�±!-E5;
Ú�éål	½���I¦,�k�;�ØëY�Ø
C��ì¤�k�Ë�y�Ú�1ì�Ú¯K.
�,
XÚ�­½5ÚÂñ5��¦Ð©Ï&�äÿÀ�

�\���rëÏ�²ïã,l
¦�¤JÑ���
�{3¢Só§A^¥äk�2��·A5.

2 ýýý������£££(Preliminaries)
2.1 ���êêêãããØØØ(Algebraic graph theory)

�½N�£Ä�UN,z��UNiäkk��Ï

&�»Ri,���UN�Ï&�»pØ�Ó,=Ri 6=
Rj, ∀i 6= j. XÚ�Ï&�äÿÀ�±^��k�ã
G = {V, E ,A}5\±ï�,Ù¥: V = {1, 2, · · · , N}
�¤k�UN�8Ü, E ⊆ V × V�¤k�UNm�
Ï&ë�8Ü, A = [aij] ∈ RN×N�\���Ý
,
Ù^±L����UNm�&E�p'X.½Â
>(i, j) ∈ EL«�UNiU
¼��UNj�&E,Ù
3k�ãþ^d�UNj���UNi�k��Þ5\

±L«,Ó�¡�UNj´�UNi��Ø,����
7¤á. -Ni = {j| (i, j) ∈ E}L«�UNi��Ø

8Ü.?�Ú½Â!:i�\ÝÚÑÝ©O�

din
i =

N∑
j=1

aij, dout
i =

N∑
j=1

aji,

ÙéA�\ÝÚÑÝÝ
©O�Din = diag{din
i },

Dout = diag{dout
i }.éu!:i,edin

i = dout
i ,K¡!

:i´²ï�. eéu¤k�!:i,þ÷vdin
i = dout

i ,
K¡ãG´²ï�. éuÃ�ã,duA´é¡�,Ï
d?ÛÃ�ãÑ´²ï�. k�ãG¥�k�´»�
^E¥�X��>(i1, i2), (i2, i3), · · ·5\±L«. 3
k�ã¥,�´½Â�å©:Úª�:´Ó�!:�
k�´». XJz�!:�Ù¦¤k!:�mÑ�3
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k�´»,KTk�ã�rëÏã. k�ãG�Lapla-
cianÝ
½Â�L = Din −A,Ù��Øäké¡5.

2.2 ¯̄̄KKK���ããã(Problem formulation)

�ÄdN�Óª£ÄÅì<¤|¤�õÅì<X

Ú,Ù÷vXe¤«�����å$ÄÆ�§:



ẋi = vi cos θi,

ẏi = vi sin θi,

θ̇i = ωi,

v̇i = ai,

(1)

Ù¥: ri = (xi, yi)T ∈ R2�Åì<i� �¥þ, vi

�Åì<i���Ý¥þ, θi ∈ [0, 2π)�LÅì<i�

���, aiÚωi©O��\3Åì<iþ��\�Ý

Ú��Ý��Ñ\�þ,-r = (rT
1 , rT

2 , · · · , rT
N)T ∈

R2N�õÅì<XÚ� �¥þ, v = (vT
1 , vT

2 , · · · ,

vT
N)T ∈ R2N�õÅì<XÚ��Ý¥þ, θ = (θ1,

θ2,, · · · , θN)T ∈ RN�õÅì<XÚ����¥þ.
½Ârij = ri − rj �Åì<i�Åì<j�m��é

 �¥þ.

?�Ú,-ε2 ∈
N⋂

j=1

(0, Rj)�\>´¢~þ,K½

Â�ä¥Ï&ë��V\ÚíØ5KXe:

1) �ä�Ð©ë��E(0) = {(i, j)|‖rij(0)‖ <

Rj − ε0, i, j ∈ V },Ù¥0 < ε0 6 ε2;

2) e(i, j) /∈ E(t−) ∧ ||rij(t)|| < Rj − ε2, K
(i, j) ∈ E(t);

3) e(i, j) ∈ E(t−) ∧ ||rij(t)|| > Rj ,K(i, j) ∈
E(t).

Ù¥t−L«�ä3t��u)��c�]���,
∧L«Ù��ê¥��(AND)�f. 5¿�ε2 > 0Ú
\
\>´¢«�,3d«�¥,�UNm�Ï&ë
�¬�±Ù�c�G�ØC(�ä¥vku)Ï&ë
��V\ÚíØ),ùéu��XÚ�­½5©Û�'
­�.

nþ,�O�>(i, j)�éA�XÚ��Ý
A¥
���aijXe:

aij(t) =

{
1, (i, j) ∈ E(t),

0, (i, j) /∈ E(t).
(2)

ÚÚÚnnn 1[34] eG�rëÏk�ã,KL(G)1N =0,
¿��3�þp ∈ RN > 0,¦�pTL(G) = 0, pT1N

= 1.

ÚÚÚnnn 2[35] eé¡Ý
A,B ∈ RN×N�A��

S � ÷ vλ1(A) 6 · · · 6 λN(A), λ1(B) 6 · · · 6
λN(B),KkeãØ�ª¤á:

λi+j−1(A + B) > λi(A) + λj(B), (3)

Ù¥: i + j 6 N + 1, 1 6 i, j 6 N .

nþ,�©���8I�:3Ð©Ï&�äÿÀ�
rëÏ�²ïã�^�e,�O�|©Ùª1wk.
���Æ,l
¦�äk����å$ÄÆA5�õ
£ÄÅì<XÚ�±¢y��ÝÚ����ìCª

Ó,*d;�-E,Ó��ä�rëÏ53XÚÄ�
üzL§¥©ªU
���±.

3 ÌÌÌ���(((JJJ(Main results)
3.1 ØØØ���kkk+++ÊÊÊööö���+++888$$$ÄÄÄ������ÆÆÆ���OOO(Con-

troller design of flocking without a leader)

�
�B�Yy²,Äk�ÑXe­�Ún:

ÚÚÚnnn 3 eG�rëÏk�ã,½Â{
P = diag{pi} ∈ RN×N ,

Q = PL+ LTP,
(4)

Ù¥: p = (p1, p2, · · · , pN)T ∈ RN�Ún1¥½Â�
éAuL(G)�"A�����A��þ,KP > 0,

Q > 0.

yyy ´�xTPLx =
N∑

i=1

pixi

N∑
i=1

aij(xi − xj). d

uLTp = 0¿�Xpi

N∑
j=1

aij =
N∑

j=1

pjaji,Ïd��

N∑
i=1

pixi

N∑
j=1

aij(xi − xj) =

N∑
i=1

x2
i

N∑
j=1

pjaji−
N∑

i=1

pi

N∑
j=1

aijxixj =

N∑
i=1

x2
j

N∑
j=1

piaij−
N∑

i=1

N∑
j=1

piaijxixj =

N∑
i=1

pi

N∑
j=1

aijxj(xj − xi),

l
k

xTQx = 2xTPLx =

2
N∑

i=1

pixi

N∑
j=1

aij(xi − xj) =

N∑
i=1

pixi

N∑
j=1

aij(xi − xj)+

N∑
i=1

pixj

N∑
j=1

aij(xj − xi) =

N∑
i=1

pi

N∑
j=1

aij(xi − xj)2 > 0.

y..

ÚÚÚnnn 4 éuk�rëÏã±9Xª(4)¤½Â
�Ý
Q,KkN(Q) = N(L) = span{1N},Ù¥
N(·)L«Ø�m, span{·}L«)¤�m.

yyy Äk,dª(4)´�N(L) ⊆ N(Q). ?�Ú5
¿�k�ãG�rëÏã,¿�N(L) = span{1N},
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span{1N} ⊆ N(Q). Ïd, Q1N = 0. Ïd, Q��

�XÚäk�Ó!:�O2XÚḠ¤éA�é¡
LaplacianÝ
,�>(i, j)��­āij = piaij + pjaji.
w,Ḡ�Ã�²ïã,d��©Ú¡Ḡ��XÚéA
�k�ãG�\�º�ã. e¡�Iy²Ý
Q��

�rank(Q) = N − 1,dupi > 0,´�eaij > 0,K
āij > 0. ãG �rëÏ5¿�XÙéA�\�º�
ãḠ�rëÏ5,ÏdkN(Q) = span{1N}ÚN(Q)
= N(L). y..

�XÚ�OXe¤«�©Ùª+8���Æ:



ai = − ∑
j∈Ni

aij〈∇ri
Vi, (cos θi, sin θi)

T〉×
‖ ∑

j∈Ni

aij(vi − vj)‖+
∑

j∈Ni

aij〈∇rj
Vj, (cos θj, sin θj)T〉×

‖ ∑
j∈Ni

aij(vi − vj)‖−
k

∑
j∈Ni

aij(vi − vj),

ωi = −〈∇ri
Vi, (− sin θi, cos θi)T〉×

‖ ∑
j∈Ni

aij(θi − θj)‖+
〈∇rj

Vj, (− sin θj, cos θj)T〉×
‖ ∑

j∈Ni

aij(θi − θj)‖
−k

∑
j∈Ni

aij(θi − θj),

(5)

Ù¥: k>0���OÃ, 〈·〉L«�þSÈ. Vi =
∑

j∈Ni

Vij

��Åì<i�'é�EÜ<ó³|¼ê. �
3k
.��Ñ\�^�e¦���XÚU
¢yÏ"�

­½+8$Ä, Vij(‖rij‖)AT�O�±�UNiÚj

m�éål‖rij‖�gCþ����Kk.�1w¼
ê,±Ó�)û-E5;!ål	½ÚëÏ5�±¯
K.Ïd, VijAÓ�÷veã5�:

i) Vij(‖rij‖)3‖rij‖ ∈ (0, Rj)SëY��;

ii) Vij(‖rij‖)3‖rij‖ ∈ (0, d)SüN4~,¿�
3‖rij‖∈(d,Rj)SüN4O,Ù¥ε1 <d<Rj − ε2;

iii) Vij(0) = c1 + Hmax, Vij(Rj) = c2 + Hmax,
Ù¥: c1, c2 > 0,

Hmax
∆=

∑N

i=1 vT
i (0)vi(0) +

∑N

i=1 θT
i (0)θi(0)+

(N2 −N − 1)Vmax, (6)

Ù¥: Vmax = max
(i,j)∈E(0)

{Vij(ε1), Vij(Rj − ε2)}, ε1 =

min
(i,j)∈E(0)

{‖rij(0)‖}.

5�i)�(���ì�1w5;5�ii)L²VijU


3�UNiÚjm�éålªuRj��)áÚå,�
éål ‖rij‖ªu 0��)ü½å. w,, Vij�3

‖rij‖ = d?�����;5�iii)L²³¼êVij�3

�UNiÚjm�éål�Rj��)v
��áÚå

±�y���UNm�ëÏ5�±,Ó�Ùq�3�
UNiÚjm�éål�0��)v
��ü½å±;
�*du)-E.nþ,�É�©z[7]�éu,�O
1wk.�+8<ó³|¼êXe:

Vij(||rij||) =
(||rij|| − d)2(Rj − ||rij||)
||rij||+ d2(Rj − ||rij||)

c1 + Hmax

+

||rij||(||rij|| − d)2

(Rj − ||rij||) +
||rij||(Rj − d)2

c2 + Hmax

.

(7)

5¿�3©z[15–18]Ú©z[22–24]¥Ú\
ü
aAÏ�3Ï&�»R?���Ã¡��<ó³|¼

ê. duù
³¼ê��þI��1ìU
JøÃ¡
����^,Ïd����
Ù3ó§¢S¥�A^
��.-fmax��p<ó³|�^å���,K�©
keã½n:

½½½nnn 1 �ÄdN�£ÄÅì<|¤�õÅì

<XÚ,z�Åì<÷v���$ÄÆ�å(1),�z
�Åì<i�O��Æ(5). ¿�b½Ð©�äÿÀ�
rëÏãG(0),e��OÃ÷v

k >
2fmaxN

2

λ2(Q(0))
, (8)

¿�Ð©Uþk�.K�ä�rëÏ53?¿��þ
¬���±,¤kÅì<���ÝÚ����ª¬ì
CªÓ,Åì<m*d�±¢y-E5;,�éål
�±��ìC	½.

yyy �ÄXe¤«���½Uþ¼ê:

H = θTPθ + vTPv. (9)

b��äG(t)3XÚüzL§¥u)������
tk, k = 1, 2, · · · ,KÙ3�m«m[tk−1, tk)¤éA�
Ï&ÿÀ�½ØC.AO/,eXÚ�Uþ¼êÐ©
k�,K3�m«m[0, t1)þéH(t)¦���

Ḣ = 2θTP (−kLθ − L(∇V )⊥||Lθ||)+
2vTP (−kLv − L(∇V )‖||Lv||) =
−kθT(PL+LTP )θ−2θTPL(∇V )⊥||Lθ||−
kvT(PL+ LTP )v − 2vTPL(∇V )‖||Lv||,

(10)
Ù¥:

∇V = [∇T
r1

V1,∇T
r2

V2, · · · ,∇T
rN

VN ]T,

(∇V )⊥ = [(∇r1V1)⊥, · · · , (∇rN
VN)⊥]T,

(∇V )‖ = [(∇r1V1)‖, · · · , (∇rN
VN)‖]T,

(∇ri
Vi)‖Ú(∇ri

Vi)⊥©O�∇ri
Vi3Åì<i�N�

IXþ²1u�c��Ý��ÚR�u�c��Ý

���©þ.

?�Ú,ò��Ý¥þvÚ���¥þθ©O©)
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�v = v1⊕ v1⊥Úθ = θ1⊕ θ1⊥ . Ù¥þI1Ú1⊥©
O�L�1N�²1ÚR����.?�Ú|^Ún3,
ª(10)�C�

Ḣ 6
− kλ2(Q)||θ1⊥ ||2+2fmax‖θ1⊥‖‖P‖‖L‖‖Lθ1⊥‖−
kλ2(Q)||v1⊥ ||2 + 2fmax‖v1⊥‖‖P‖‖L‖‖Lv1⊥‖ 6
− (kλ2(Q)− 2fmaxN

2)||θ1⊥ ||2−
(kλ2(Q)− 2fmaxN

2)||v1⊥ ||2, (11)

dÚn2Úª(8),��

Ḣ(t) 6 0, ∀t ∈ [0, t1). (12)

dª(12)��, H(t)3�m«m[0, t1)SüN4~,
��â³¼ê�½Â(7),kVij(Rj)>Hmax >H(0),
∀(i, j) ∈ E(t),ùL²éu?�Åì<i,Ù�¤k�
ØÅì<��éålþØ¬��½�LRj ,�ä¥�
¤kÐ©�Ï&ë�þU
���±,Ïd�ä�U
3����t1\\#�Ï&ë�. G(t)�rëÏ5
3[0, t1)S�±���±. Ø���5,b�3t1��,
kN1^Ï&ë��\\Ï&�ä�¥,duG(t)rë
Ï,¤±XÚÐ©rëÏ�²ïÏ&�äG(0)�
�¹kN + 1^Ï&ë�,l
k

0 < N1 6 Nmax = N(N − 2),

H(t1) < H(0) + NmaxV (Rmax − ε2).

òÚn 2A^uÃ�\�º�ãḠ,kλ2(Q(t1)) >
λ2(Q(0)). aq/,�H(t)3[tk−1, tk), ∀k > 2S�
�ê��

Ḣ(t) 6− (kλ2(Q(tk−1))− 2fmaxN
2)||θ1⊥ ||2−

(kλ2(Q(tk−1))− 2fmaxN
2)||v1⊥ ||2,

(13)

l
k

H(t) 6 H(tk−1) < Hmax, ∀t ∈ [tk−1, tk), (14)

Ù¥: k = 2, 3, · · · ,dª(14)��,XÚ¥®²�3
�Ï&ë�3����tkcþU
���±. d
uG(0)rëÏ,�E(0)¥�Ï&ë�þU
���
±,¤±G(t)�rëÏ5©ªU
���±. ?�Ú
b�kNk ^Ï&ë�3tk�\\��cXÚ�Ï&

�äÿÀ�¥. w,, 0 < Nk 6 Nmax,k

H(tk)6H(0)+(N1+N2+· · ·+Nk) 6 Hmax, (15)

duéut > 0,3?������õkNmax^Ï&

ë��\\�G(t)�¥,¤±��gêk 6 Nmax�

k��,ù¿�XXÚ�Ï&ÿÀ�ª¬�±ØC.
Ïd,�I3�m«m[tk,+∞)SéXÚ?1­½5
©Û,5¿��ä¥z^Ï&ë���ÝQØ�
umin{V −1(Hmax)},�Ø�umax{V −1(Hmax)}.

½Â8Ü

Ω = {r̄ ∈ D, θ ∈ RN , v ∈ R2N |H(r̄, θ, v) 6
Hmax}, (16)

Ù¥:

D = {r̄ ∈ R2N2 |‖rij‖ ∈ [min{V −1(Hmax)},
max{V −1(Hmax)}], ∀(i, j) ∈ E(t)},

r̄ = (rT
11, · · · , rT

1N , · · · , rT
N1, · · · , rT

NN)T.

du ‖rij‖ 6 (N − 1)Rmax, ∀(i, j) ∈ E(t), H(t) 6
H(0)6Hmax,Kk ‖vi‖6

√
2Hmax, |θi|6

√
2Hmax,

∀i,ÏdΩ�;8. 5¿��k��Ñ\(5)�XÚ(1)
��3�m«m[tk,∞)S�g£XÚ.dLaSalleØC
8�n��,å©u8ÜΩ�G�;,�ª¬ìCÂ

ñ�eã8Ü���ØCf8¥:

S = {r̃ ∈ D, θ ∈ RN , v ∈ R2N |Ḣ = 0}. (17)

dª(15), Ḣ = 0��=�θ1⊥ = 0Úv1⊥ = 0,d=
¿�X

θ1 = · · · = θN = θ?, v1 = · · · = vN = v?. (18)

ª(18)L²¤k�Åì<þ�¢y��ÝÚ����
ìCªÓ,?
��

ω1 = · · · = ωN = 0, a1 = · · · = aN = 0.

nþ��

ẋi = ‖v?‖ cos θ?, ẏi = ‖v?‖ sin θ?, (19)

a = −



∇r1V1j

...
∇rN

VNj


 = 0, (20)

Ù¥a = (aT
1 , aT

2 , · · · ,aT
N)T ∈ R2N . ª(20)L²õ

Åì<XÚìCÂñ�éAu�Åì<�EÜ³|

¼ê�ÛÜ4��:¤éAu�½AÛ�/. ,
,
duØ
ÛÜ4�:�	�z�²ï:þ�Ø­½

²ï:,ÏdXÚA�¤k��ª /þ¬��z�
z�Åì<�'é�EÜ³¼ê

∑
j∈Ni

Vij .

��,b�Åì<iÚÅì<j*dmu)-E,d
ª(15)kH(t) 6 Hmax,∀t > 0. qd³¼ê½Âª
(7),k lim

rij→0
Vij(0) > Hmax,d�ª(15)�)gñ,¤

±XÚ¥¤kÅì<þØ¬*du)-E. y..

3.2 ���kkk+++ÊÊÊööö���+++888$$$ÄÄÄ������ÆÆÆ���OOO(Controll-
er design of flocking with a leader)

��!ïÄ�k��+Êö�õ£ÄÅì<XÚ

�+8$Ä��.½Ârl = (xl, yl)T, vlÚθl©O�+

ÊÅì<� �!½~�ÝÚ���¥þ,�+ÊÅ
ì<÷�½�����!�$Ä. r̃i = ri − rl, ṽi =
vi − rlÚθ̃i = θi − θl©O���Åì<i'u+ÊÅ

ì<l� �!�ÝÚ���Ø�¥þ. d³¼ê
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Vij(rij)�½Â,kVij(rij) = Ṽij(r̃ij),Ù¥r̃ij = r̃i

− r̃j . ?
�z���Åì<i�OXe�+8��

�Æ:

ai =− 〈∇r̃i
Ṽi, (cos θi, sin θi)T〉|

∑
j∈Ni

aij(vi − vj)|−

k
∑

j∈Ni

aij(vi − vj)− hiṽi,

ωi =−〈∇r̃i
Ṽi, (− sin θi, cos θi)T〉|

∑
j∈Ni

aij(θi−θj)|−

k
∑

j∈Ni

aij(θi − θj)− hiθ̃i, (21)

Ù¥: Ṽi =
∑

j∈Ni

Ṽij , | · |��^3�þ�©þþ�ý
é��f. e��Åì<iU
¼�+ÊÅì<l�&

E,Khi = 1,ÄKhi = 0. d��O1wk.+8³
¼êXe:

Ṽij(||r̃ij||) =
(||r̃ij|| − d)2(Rj − ||r̃ij||)
||r̃ij||+ d2(Rj − ||r̃ij||)

c1 + Umax

+

||r̃ij||(||r̃ij|| − d)2

(Rj − ||r̃ij||) +
||r̃ij||(Rj − d)2

c2 + Umax

,

(22)

Ù¥:

Umax = θ̃T(0)P θ̃(0) + ṽT(0)P ṽ(0)+

(N2 −N − 1)Vmax,

θ̃ = (θ̃1, · · · , θ̃N)T, ṽ = (ṽT
1 , · · · , ṽT

N)T.

?�Ú,�é+Ê��õÅì<XÚ,�©�Ñe
ã½n:

½½½nnn 2 �Äd$Ä�.(1)¤£ã�N���

Åì<Ú1�+ÊÅì<¤|¤�õÅì<XÚ.b
�XÚ�Ð©�äÿÀG(0)�rëÏ�²ïã,�X
ÚÐ©UþU(0)�k��,ek

λ1(Ξ(0)) > 2fmaxN, (23)

Ù¥: Ξ = kQ + 2PH , H = diag{h1, h2, · · · , hN}.
K3+8��Æ(21)��^e,¤k���Åì<�
¢y�+ÊöÅì<��ÝÚ����ìCÓÚ,X
Ú�Ï&ÿÀ©ª�±rëÏ,�Åì<m�±;�
-E.

y �ÄXe½Â�XÚLyapunov¼ê:

U = θ̃TP θ̃ + ṽTP ṽ. (24)

aqu½n1�y²,éU(t)3[tk−1, tk)þ¦���

U̇ =

2θ̃TP (−kLθ̃ − diag{(∇r̃i
Ṽi)⊥}|Lθ̃| −Hθ̃)+

2ṽTP (−kLv − diag{(∇ri
Vi)‖}|Lṽ| −Hṽ) 6

− θ̃T(kQ+2PH)θ̃+2fmax||θ̃||‖P‖||L||||Lθ̃||−
ṽT(kQ + 2PH)ṽ + 2fmax‖ṽ‖‖P‖‖L‖‖Lṽ‖ 6
− (λ1(Ξ)− 2fmaxN)(‖θ̃||2 + ||ṽ||2), (25)

Ù¥:

diag{(∇ri
Vi)‖} =




(∇r̃1 Ṽ1)‖ · · · 0
...

...
...

0 · · · (∇r̃N
ṼN)‖


,

diag{(∇ri
Vi)⊥} =




(∇r̃1 Ṽ1)⊥ · · · 0
...

...
...

0 · · · (∇r̃N
ṼN)⊥


.

duÝ
PH�é¡��½,dÚn2Úª(23)��

U̇(t) 6 0, ∀t ∈ [tk−1, tk), k = 1, 2, · · · . (26)

d=L²

U(tk) 6 U(tk−1) < Umax, k = 1, 2, · · · . (27)

Ïd,aqu½n 1¥�©Û,éu?¿�� t ∈
[tk−1, tk)ÚÅì<i,Ù�¤k�ØÅì<jm��é

ålþØ¬��½�LRj ,ù¿�X3tk���ä¥

¤k�c�Ï&ë�þU
���±. duG(0)rë
Ï,�E(0)¥¤k�Ï&ë�þU
���±,¤
±G(t)ò¬©ª�±rëÏ.?�Ú��8Ü

Ω = {ṽ ∈ R2N , θ̃ ∈ RN , r̃ ∈ Dg|U(ṽ, θ̃, r̃) 6
U(0)} (28)

���ØC;8. Ù¥

Dg = {r̃ ∈ R2N2 | ‖rij‖ ∈ [min{Vij
−1(Umax)},

max{Vij
−1(Umax)}], ∀(i, j) ∈ E(t)},

(29)
KdLaSalleØC8�n,å©uΩ�XÚ�¤kG�

;,�ªþ¬Âñ�Xe8Ü���ØCf8¥:

S = {ṽ ∈ R2N , θ̃ ∈ RN , r̃ ∈ Dg|U̇ = 0},
K�âª(25),��ṽ1 = · · · = ṽN = 0Úθ̃1 = · · · =
θ̃N = 0. =v1 = · · · = vN = vlÚθ1 = · · · = θN =
θl±9θ̇1 = · · · = θ̇N = θ̇l = 0, v̇1 = · · · = v̇N = v̇l

= 0. ?�Ú,dª(21),k

v̇ = −




∑
j∈N1∪{l}

∇r̃1 Ṽ1j

∑
j∈N2∪{l}

∇r̃2 Ṽ2j

...∑
j∈NN∪{l}

∇r̃N
ṼNj




= 0. (30)

Ïd,XÚA�¤k�ª�AÛÿÀ�/þ¬ÛÜ�
�z�z�Åì<i�'é�EÜ³¼ê

∑
j∈Ni∪{l}

Ṽij .

��,aqu½n1�y²,XÚ¥�Åì<mþ¬¢
y-E5;. y..
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4 ���ýýýÚÚÚ¢¢¢���(Simulations and experiments)
4.1 ØØØ���kkk+++ÊÊÊööö���XXXÚÚÚ+++888$$$ÄÄÄ���ýýý(Simula-

tion of multi-robot flocking without a leader)

�!�Ñ'�ê��ý¢~±�y�©¤JÑ�

�këÏ5�±õU�©Ùª+8$Ä���{�

�(5Úk�5. ¢�§SÌ�æ^C++�ó5?�,
Åì<�ýXÚæ^
�#�MobileSim�ý²�,
¤±kOuMatlab¥�ê��ý,z�Åì<���
ÝÚ���3§S¥Ñ?1
�[��Ä.^uÿþ
Åì<g���ÝÚ��Ý�?èì�©EÇ©O

�0.6 cm/ sÚ30 rad/ s. �ý¥¦^÷v$ÄÆ�
.(1)�3²¡þ$Ä�5�Óª£ÄÅì<,Ð©�
��t0 = 0 s,�ý�m�50 s,�Óª£ÄÅì<�
Ï & � » �R1 = R2 = R4 = 2.5 m, R3 = R5 =
3 m. XÚ�Ð© �!��ÝÚ����ÅÀ�¿÷
ve�^�:

1) ¤kÅì<�Ð© �þ u�»�R =
10 m��±S,¿��yXÚ�Ð©Ï&ÿÀ�ëÏ
ã;

2) ¤kÅì<�Ð©�Ý��3[0, 2] m/ s��
S�ÅÀJ;

3) ¤kÅì<�Ð©���3(−π, π] rad��S
�ÅÀJ.

?�Ú,Xª(7)¤«�<ó³¼êéA����
UNÏ"åld = 2 m, ε0 = ε2 = 0.2, ε1 = 0.5. �
�OÃk = 15,²L{üêÆí����Vmax =
V (Rmax − ε2),,�d

Hmax 6N(N − 1)V (Rmax − ε2)+

NλN(P )max
i∈V

ṽT
i (0)ṽi(0)+

NλN(P )max
i∈V

θ̃T
i (0)θ̃i(0) (31)

��Hmax 6 748.3,ÀJc1 = c2 = 50,K��³¼
ê�äN/ªXe:

Vij(||rij||) =
(||rij|| − 2)2(Rj − ||rij||)
||rij||+ (Rj − ||rij||)

200

+

||rij||(||rij|| − 2)2

(Rj − ||rij||) +
||rij||(Rj − 2)2

800

.

(32)

ã1�Ñ
3��Æ(5)�^eXÚ?1+8$Ä
��ý(J.ã1(a)�Ñ
Ð©rëÏ�²ï�Ï&
�äÿÀ.Åì<^ùÚÝ/L«,Åì<�m�ü
�Ï&ë�'X^�k�Þ�çÚo¢�L«,V�
Ï&ë�^Ø�k�Þ�çÚo¢�L«. ��XÚ
$Ä�;.��Xã1(b)–1(d)¤«,l¥�±wÑ,
Ð©�äÿÀ¥¤k�Ï&ë�ÑU
���±,#

�Ï&ë�3XÚüzL§¥�V\��c�Ï&

�äÿÀ�¥,Ï
�ä�rëÏ5Ø¬;�»�,
¿�¤kÅì<3$ÄL§¥Ø¬u)*d-E.
ã2(a)–2(c)©O�Ñ
XÚ÷x¶!y¶��Ýüz

­�±9���üz­�,l¥�±wÑ,XÚ¥¤
k�Åì<�ªU
¢y�ÝÚ����ìCªÓ,
­½�+8$Ä1��ªU
��¢y.

ã 1 ��Æ(5)�^e�XÚ�+8$Ä�ý

Fig. 1 Simulation of flocking of the multi-robot system

ã 2 ��Æ(5)�^e�XÚ��ÝÚ���üz­�

Fig. 2 Velocities and orientations of the multi-robot system

ã3(a)–3(c)�Ñ
Ø�këÏ5�±��üÑe
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�XÚ+8$ÄüzL§¥�;.��.l¥�±w
Ñ,éuXÚ,
A½�Ð©G�,�ã1¥¤w«�
(J��,Ø�këÏ5�±�+8�{¬���ä
�)©�y�,XÚ¥¤k�Åì<�ª¬©�¤�
á�f+
Ã{/¤ëÏ��N,¿�¤kÅì<�
�ÝÚ����ªÃ{ªÓ.nþ��Xe(Ø:�
XÚ3?¿Ð©ëÏÿÀ�^�e?1gÌüz�,
äk�äëÏ5�±õU�+8��üÑ�©­�,
ÏL�O�këÏ5�±õU�<ó³|¼êÚ�

A�1wk.�+8���Æ,�k��yXÚ�N
��ÝÚ����ÓÚ,l
¦���XÚ�±¢y
Ï"�­½+81�.

ã 3 ÃëÏ5�±Å�eXÚ�+8$Ä�ý
Fig. 3 Simulation of flocking of the multi-robot system

without connectivity maintenance

4.2 ØØØ���kkk+++ÊÊÊööö���XXXÚÚÚ+++888$$$ÄÄÄ¢¢¢���(Experi-
ment of multi-robot flocking without a leader)

�e5,�©�Ñ3���{(5)�^e�õÅì
<XÚ�+8$Ä��¢Ô¢���'(J.¢�é
��5�÷v���$ÄÆ�å�Óª£ÄÅì<X
Ú.XÚ�Ð© ���÷vÏ&ÿÀ�Ð©rëÏ
5. Åì<���Ý3[0, 2] m/ sS�ÅÀ�,XÚ�
æ���±Ï�T = 0.5 s. �Åì<�Ï&�»��
�R1 = R2 = R4 = 2.5 m, R3 = R5 = 3 m,Ï"�
åld = 1 m. ?�Ú,b�XÚ¥¤k�£ÄÅì<
þÉ��wÄXEÄ�å,�Åì<�m�ÏLÅ1
�Ã�Ï&��?1&E�p.

ã4�Ñ
��Æ(5)�^eõÓª£ÄÅì<X
Ú+8$Ä¢��L§�;.��.Ù¥ü�Ï&ë
�^�kùÚ�Þ��Úo¢�L«,V�Ï&ë�
^Ø�kùÚ�Þ��Úo¢�L«. ã4(a)�Ñ

XÚ�rëÏ�²ïÏ&ÿÀ.ã4(b)Ú4(c)©O�
XÚ3t = 20 sÚt = 35 s��G�. XÚ��ªG�
dã4(d)¤«,l¥�±wÑ,XÚ�Ï&�äÿÀ�
rëÏ5©ªU
���±,¤k�Åì<�ª�±

Åì/¤��;��+q¿¢y*dm��ÝÚ�

���ìCÓÚ,Ï
��XÚ�ª�¢yÏ"�­
½+8$Ä1�.

ã 4 ��Æ(5)�^eõÅì<XÚ+8$Ä¢�
Fig. 4 Experiment of flocking of multi-robot system

under control law (5)

4.3 ���kkk+++ÊÊÊööö���XXXÚÚÚ+++888$$$ÄÄÄ���ýýý(Simulation
of multi-robot flocking with a leader)

?�Ú,�©�Ñ3��Æ(21)�^e�k��
+Êö�õ£ÄÅì<XÚ�+8$Ä�ý(J.�
ý¥À�3²¡þ$Ä�5�Åì<,�Åì<�Ï
&�»��R1 = R5 = 5 m, R2 = R3 = R4 = 3 m,
Ð©Ï&�ä���rëÏ�²ïã. 5�Åì<�
Ð©�Ý3[−3, 3] m/ sS�ÅÀ�,+ÊöÅì<�
��ÝÚ���©O�vl = [0.5, 0, 5]T m/ s, θl =
−π/2 rad,Ù¦�'ëê�ε1 = 0.9, ε0 = ε2 = 0.5.
Ïd,´�Vmax = V (Rmax − ε2),?
��

Umax 6N(N − 1)V (Rmax − ε2)+

NλN(P )max
i∈V

ṽT
i (0)ṽi(0)+

NλN(P )max
i∈V

θ̃T
i (0)θ̃i(0). (33)

Ïd��Hmax 61990.7,?
ÀJc1 =c2 =10,
d = 2,KÀJ1wk.³¼êXe:

Vij(||rij||) =
(||rij|| − 2)2(Rj − ||rij||)
||rij||+ (Rj − ||rij||)

500

+

||rij||(||rij|| − 2)2

(Rj−||rij||)+ ||rij||(Rj−2)2

2000

. (34)

ã5�Ñ
XÚ+8$ÄüzL§�;.���
�ý(J,�ý�m�50 s. ã5(a)£ã
XÚ�Ð©
G�,Ù¥äkÚ�&E�Åì<^��i1/L0
5\±IP.ã5(b)Ú5(c)©O�Ñ
3t = 10 sÚt

= 30 s�XÚ�G�,l¥�±²wwÑ,3��
Æ(21)��^e,�ä�rëÏ5©ªU
���±,
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Ð©DÕ©Ù��Åì<�±Åì/¤��;��

+q
�*dm�±;�u)-E.XÚ��ªG�
dã5(d)¤«. ¤k��öÚ+Êö��ÝØ�Ú�
��Ø�­�Xã6¤«.

ã 5 ��Æ(21)�^eõÓª£ÄÅì<XÚ+8$Ä�ý
Fig. 5 Simulation of flocking of the multi-robot system

under control law (21)

ã 6 ��Æ(21)�^eXÚ�lØ�üz­�
Fig. 6 Tracking errors of multi-robot flocking under

control law (21)

lã6¥�±�Ù/wÑ¤k��Åì<���
ÝÚ���þ�+ÊÅì<ìCªÓ,XÚ�ª�±
¢yÏ"�­½+8$Ä1�.�\3�Åì<þ�
1wk.��Ñ\­�dã7¤«.

ã 7 ��Æ(21)�^eXÚk.��Ñ\üz­�
Fig. 7 Bounded control inputs of the multi-robot system

under control law (21)

4.4 ���kkk+++ÊÊÊööö���XXXÚÚÚ+++888$$$ÄÄÄ¢¢¢���(Experiment
of multi-robot flocking with a leader)

��,ã8�Ñ
XÚ+8$ÄüzL§�;.�
��¢�(J,¢��m�50 s,��±ÏT = 0.5 s.
Ù¥7Ú¢%�:�LXÚ¥�J[+Êö,�^�
�i1/L0L«,Ù±ð½���ÝÚ����!
���$Ä,J[+ÊÅì<�Ð©��Ý�
[0.1, 0]T m/ s,Ð©����0 rad. ã8(a)�Ñ
XÚ
�Ð©G�,��XÚ�Ð©Ï&ÿÀ�rëÏ�²
ïã. ã8(b)Úã8(c)©O�Ñ
XÚ3t = 10 sÚ
t = 20 s��]�G�. lã8�±wÑ,XÚ3Ä�
üzL§¥,�Åì<3��Æ(21)��^eÅì�
J[+Êö� ¿���N�Ù�g���ÝÚ�

��±�±ÚJ[+ÊöÓÚ$Ä.ã8(d)�Ñ
X
Ú��ªG�,��¤k���Åì<�ªU
�J
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[+Êö�±�ÝÚ����ìCÓÚ,Ï&�äÿ
À�rëÏ5©ªU
���±,XÚ�ªU
¢y
ìC­½�+Ê��+8$Ä1�.

ã 8 ��Æ(21)�^eõÓª£ÄÅì<XÚ+8$Ä¢�
Fig. 8 Experiment of flocking of the multi-robot system

under control law (21)

ã9�Ñ
XÚ���Ñ\üz­�.

ã 9 ��Æ(21)�^e�k.��Ñ\üz­�
Fig. 9 Bounded control inputs of the multi-robot system

under control law (21)

lã9�±wÑ,XÚ3��Ä�üzL§¥,�
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