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Improved cubature Kalman filters with colored measurement noise

WANG Si-si†, QI Guo-qing
(College of Information Science and Technology, Dalian Maritime University, Dalian Liaoning 116026, China)

Abstract: To solve the estimation accuracy degradation of standard cubature Kalman filter with colored measurement
noise, an improved cubature Kalman filter and its square root form are presented in the paper. Firstly, the first-order Markov
model is used to whiten colored measurement noise in nonlinear discrete stochastic system, and then the nonlinear discrete
stochastic system with colored measurement noise is transformed into a nonlinear time-delay system with normal white
noise. Secondly, the frame of recursive Bayesian filter in Gaussian domain is derived based on the whitened nonlinear
time-delay system. Finally, third-degree Spherical-Radial cubature rule is applied in above frame to deduce the improved
Cubature Kalman filter and its square root form. The maneuvering target tracking simulation results demonstrate the
improved cubature Kalman filters have the same accuracy as standard ones in the system with normal white Gaussian
noise, and can achieve better accuracy and robustness when the measurement noise is colored.
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1 ÚÚÚóóó(Introduction)
¦NÈk�ùÈÅì (cubature Kalman filter,

CKF)´2009cJÑ��«U�Ð)ûp���5G
��O¯K���5ÈÅì. ïÄ¤JL²3�Ó$
�þ�cJe, CKF�{�¼�'âfÈÅì(parti-
cle filter, PF)ÚÃ,k�ùÈÅì (unscented Kalman
filter, UKF)���5�O�{�p�ÈÅ°Ý[1]. Ï
d, CKF3ÅÄ8I�l+�ÑkXØ��A^cµ.
��ÅS�{τk}÷vª(1)¤«�ÚOA5,Ò¡�"
þ�xD(S�.{

E[τk] = 0,

E[τkτ
T
j ] = Mδkj.

(1)

�Ø÷vª(1)�D(S�¡�kÚD(S�[2–3]. 8

c�éCKFÐm�ïÄ�Ñb�XÚ�þÿD(Ú
OA5Xª(1)¤«[4–9]. ÅÄ8I�l¥,�X�
�êâæ�Ç�p�,'X3þÿæ�ªÇpu
0.2 Hz�>×£>�lX�XÚ½3ëY�lX�X
Ú¥,ÙþÿD(��m�'5Ø��Ñ[10]. þã�
¹¥,þÿD(®Ø2÷vª(1),�kÚD(. qÏ
�CKF�{��´�«Cq�5�����O�g
`ÈÅ�{[1]. �âIOk�ùÈÅ�{�n��,
�k�L§ÚþÿD(��xD(S��,IOk�
ùÈÅìâU�±��5�����O��`ÈÅ

�{[2–3]. Ïd,kÚþÿD(^�e, CKF�{ÈÅ
°Ý7,¬É�K�.XJÉ�K�, CKFXÛU?,
©z[1]¿�?Ø.

IS	�xD(^�e��5ÈÅ�{Ì�©�
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±e3a. 11aòéXÚD(�ÚOA5Ã�¦�n
ØÚ��5ÈÅ�{(Ü/¤�«��5ÈÅ�{,
~XLi W. L.�JÑÃ,H∞ÈÅ�{,¿A^u©Ñ
&EKÜXÚ[11];12aò�«g·AÈÅnØÚ�
�5ÈÅ�{(Ü,¢��#D(ÚOëê½ÈÅ�
.ëê,XLi W.�òr�lÈÅìA^ukÚD(^
�e���5�CXÚ[12],ë��JÑ�g·AUKF
�{[13];13a|^kÚD(�.xzkÚþÿD(
�,2?1��5ÈÅ.~X=�!��R�|^��
ê��ÅkÚD(�.,JÑ
kÚþÿD(^�e
�UKF�{[14–15].

8c;��ékÚD(^�e�U?CKF�{�
ïÄÿ���. Ù¦�IOxD(^�e�U?
CKF�{�ïÄÌ�áuþã�11aÚ12a�{:
¶[��òSage-Husa4�����ì�IOCKF�
{�(Ü,3��OÚ?�ØO(½���D(�Ú
OA5[16];¤�+�ÏL3#E����²��Ý

ÚG�þÿp���Ý
¥Ú\g·AÏfg·A

~�Ø(½5�XÚD(éIONÈk�ùÈÅ�

K�[17];�þÿD(ÚL§D(ÚO�'�,du#
E���JuO�½�5zCq�Ø���, Ge Q.
B.��;�O�#E���,òIOCKF�{=z�
Äu�'D(�NÈ&EÈÅì[18]; Chandra��?
n�pdD(�µe��5XÚ�ÈÅ¯K,òIO
CKFÚ\��5H∞ÈÅìµe,JÑNÈH∞ÈÅ

ì[19]. ù
U?CKF�{�5U�k¤�,�Ä�þ
�´®k��5ÈÅEâ3CKF�{þ�A^,¿�
lpd����dÈÅì��Ý,3��þ&?�I
OxD(éCKFE¤�K�.

Ïd�©�âIOCKF�{�í�L§,#í
�ü«3xÚÚkÚþÿD(^�eþ�¦^�U

?CKF�{. �©�YÜ©SNSüXe: 11Ü©ï
ákÚþÿD(^�e���5lÑ�ÅXÚ�Ä

��.,¿½Â�.¥��ëê. 12Ü©|^��ê
��ÅkÚD(�.òkÚþÿD(^�e���

5lÑ�ÅXÚ=z�IOxD(^�e���5

�¢�ÅXÚ.13Ü©3pd�í�T�¢XÚ�
��dÈÅµe. 14Ü©|^3ÝSpherical-RadialO
K,ò¤í����dÈÅµe=z�kÚþÿD(
^�e�U?CKFÚÙ²��/ª. 15Ü©ò�©
JÑkÚþÿD(^�e�U?CKF9Ù²��/
ªÚ©z[1]JÑ�IOCKF!IO²��CKF3Å
Ä8I�ýÁ�¥?15U'�,¿©Û�ý(J,
����ïÄ(Ø.

2 ¯̄̄KKK���ããã(Problem formulation)
2.1 XXXÚÚÚ£££ããã(System description)
�ÄXe�a��5lÑ�ÅXÚ:

{
xk = f(xk−1) + vk−1,

zk = h(xk) + ωk,
(2)

Ù¥: xk∈Rnx�1 kgæ��XÚG��þ; f(·)
Úh(·)©O���5XÚ¼êÚþÿ¼ê; zk ∈ Rnz

�þÿ�þ; vk−1�Õá�pdXÚL§D(S�,
�Ùþ�Ú��÷v

E(vk−1) = qk−1, cov(vk−1) = Qk−1, (3)

ωk�kÚþÿD(S�,�^��ê��ÅS�£
ã[2–3, 10, 14–15]

ωk = φk,k−1ωk−1 + ξk−1, (4)

Ù¥�'Xê

φk,k−1 = exp(−βT ), 0 6 φk,k−1 6 1. (5)

ª(5)¥β���'�m, T �æ��mm�.ª(4)¥
ξk−1��vk−1Ø�'�pdxD(S�,���
Rk−1÷v

Rk−1 = cov(ξk−1) =
1
2β

(1− φ2
k,k−1)rξ, (6)

Ù¥rξ´éAëY��ê��ÅL§¥-yD(ξ(t)
���rÝ.Ð©G�x0�vk, ωkpØ�',�Ùþ
�Ú�AØ����÷v

E(x0) = x̂0|0, cov(x0) = P0|0. (7)

2.2 ¯̄̄KKK©©©ÛÛÛ(Problem analysis)
��yþÿD(©ª�xD(S�,3ÈÅ�c

7LýxzkÚþÿD(ωk. duG�O2{¬¦ª
(2)XÚ#þÿD(���Ý
�"Ý
,¦ÈÅÃ{
UY.ÏdkÚþÿD(xz~^�?n�{�*ÿ
O2{(�©{). ÏLO2*ÿ�þzk,þÿ¼ê
h(·)ÚþÿD(ωk,òXÚ(2)¥þÿ�§=z¤#�
þÿ�§(8):

zk+1 = h(f(xk) + vk)− φk+1,kh(xk) +

φk+1,kzk + ξk, (8)

Ù¥Ï�h(·)���5¼ê,K|^*Ðk�ùÈÅ
ì¥��5z�{,©O��)ÛL�ªh(f(xk) +
vk) ≈ Hk+1(f(xk) + vk)Úh(xk) ≈ Hk+1xk,u´
�òª(8)=z�

zk+1 = Hk+1(f(xk) + vk)− φk+1,kHk+1xk +

φk+1,kzk + ξk, (9)

Ù¥Hk+1 =
∂h(xk+1)

∂xk+1

|xk+1=x̂k+1|k . e�




z̆k = zk+1 − φk+1,kzk,

ω∗
k = Hk+1vk + ξk,

h∗(xk) = Hk+1f(xk)− φk+1,kHk+1xk.

(10)
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�§(9)�=z�þÿ�§�IO/ª(11):

z̆k = h∗(xk) + ω∗
k. (11)

�âª(11),��#þÿD(ω∗
k�þ�!��©O�




E[ω∗
k] = Hk+1qk,

E[(ω∗
k −Hk+1qk)(ω∗

j −Hj+1qj)T] =

Hk+1E[vkv
T
j ]HT

j+1 + Rk −Hk+1qkq
T
j HT

j+1,

(12)

ω∗
k�XÚL§D(vk�p���¼ê�

E[vk(ω∗
j −Hj+1qj)T] =

E[vkv
T
j ]HT

j+1 − qkq
T
j HT

j+1. (13)

dª(12)−(13)��duω∗
k�þ�Ø�0,���ûu

L§D(vk,Ïdω∗
kE�kÚD(,��L§D(vk

�'.��éXÚ(2),eæ^IOþÿO2{,3xz
L§¥¬Ú\ä�'Ý
�O�,�xz��þÿD
(¬�L§D(�',�Y��?1D(���'$
�.

ÏdéXÚ(2),æ^IOþÿO2{¿Ø�1,
I�æ^#�xz�{. XÛ3�±CKF�{Ã�©
$��`:�cJe,¼�kÚÚxÚþÿD(^�
eþäk�pÈÅ°Ý�kÚþÿD(^�e�

CKF�{(CKF with colored measurement noise, CKF--
CMN)´�©�ïÄ�¯K.

3 kkkÚÚÚDDD(((���xxxzzz���{{{(Colored noise whiten-
ing method)
�!A^©z[15]�U?*ÿO2{5¢ykÚ

þÿD(�xz. �âª(2)Úª(4)��

z∗k = h(xk)− φk,k−1h(xk−1) + ξk−1, (14)

Ù¥z∗k = zk − φk,k−1zk−1�òxzkÚþÿD(�

���1kgæ��þÿ�þ. òXÚ(2)¥�L§D
(�þvk=z�

vk = qk + µk, (15)

Ù¥µk��ξkØ�'�pdxD(S�,�cov(µk)
= Qk. u´XÚ(2)=z¤IOxD(�µe���
5�¢XÚ:{

xk = f(xk−1) + qk−1 + µk−1,

z∗k = h(xk)− φk,k−1h(xk−1) + ξk−1,
(16)

Ù¥Ð©G�x0�éA�L§ÚþÿD(Ð�µ0,

ξ0pØ�'.e�XÚ(2)þÿ�þS��Zk = {z1,

z2, · · · , zk},KIOxD(^�e���5�¢XÚ
(16)�þÿ�þS�Z∗

k = {z∗1 , z∗2 , · · · , z∗k} = {z1,

z2 − φ2,1z1, · · · ,zk − φk,k−1zk−1}. Ïd,XÚ(2)�
CKF–CMN�{�O¯KÒ=z�ÄuXÚ(16)Úþ
ÿ&EZ∗

k�CKF�{�O¯K.

4 pppddd������������555���¢¢¢XXXÚÚÚ���������dddÈÈÈÅÅÅ

(Bayesian filtering for nonlinear time-delay
system in Gaussian domain)
�â©z[1]��{, 3ÝSpherical-RadialNÈO

K�A^,Ikí�Ñª(16)éA�pdÈÅì�È
©/ª. d�b�q,¼êp(z∗k|Z∗

k−1)!k�VÇ�
Ýp(xk|Z∗

k−1)þÑlpd©Ù,K����VÇ�Ý
p(xk|Z∗

k)�Ñlpd©Ù,=



p(xk−1|Z∗
k−1)=N(xk−1; x̂k−1|k−1, Pk−1|k−1),

p(xk|Z∗
k−1) = N(xk; x̂k|k−1, Pk|k−1),

p(z∗k|Z∗
k−1) = N(z∗k; ẑ

∗
k|k−1,Pz∗

k,k|k−1
),

p(xk|Z∗
k) = N(xk; x̂k|k, Pk|k),

(17)

Ù¥: N(l; m, P )�pdVÇ�Ý¼ê,e�ÅCþ
�l,KÙþ��m,éA����P . �â��5�
¢XÚ(16)g�A:,ÄuxD(���5�¢XÚ
�pdÈÅì�È©L�ªäN�ÏL±eÚ½¢

y:

1) �m�#.

b�k − 1���VÇ©Ùp(xk−1|Z∗
k−1)9µk−1

���Úþ�þ®�,�âChapman-Komolgorov�
ª��� k���G�ýÿ� x̂k|k−19Ù���

Pk|k−1�È©L�ª�

x̂k|k−1 = E[xk|Z∗
k−1] =w

Rnx
f(xk−1)×

N(xk−1; x̂k−1|k−1, Pk−1|k−1)dxk−1+qk−1, (18)

Pk|k−1 =

E[(xk − x̂k|k−1)(xk − x̂k|k−1)T|Z∗
k−1] =w

Rnx
f(xk−1)fT(xk−1)×

N(xk−1; x̂k−1|k−1, Pk−1|k−1)dxk−1 −
(x̂k|k−1 − qk−1)(x̂k|k−1 − qk−1)T + Qk−1. (19)

3XÚ(16)¥,þÿz∗k´xkÚxk−1�¼ê,�
Bu
{z�YO�L§�L«,éG��þ?1*�,�
E��#�G�CþXª(20)¤«:

xe
k =

[
xk

xk−1

]
. (20)

2) þÿ�#.

�âXÚ(16)�þÿ�§Úª(17),��ýÿþÿ
�ẑ∗k|k−1�È©L�ª(21):

ẑ∗k|k−1 = E[z∗k|Z∗
k−1] =w

Rnx
h(xk)×N(xk; x̂k|k−1, Pk|k−1)dxk −

φk,k−1

w
Rnx

h(xk−1)×
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N(xk−1; x̂k−1|k−1, Pk−1|k−1)dxk−1, (21)

�ýÿþÿ�g���Pz∗
k
,k|k−1�

Pz∗
k
,k|k−1 =

E[(z∗k − ẑ∗k|k−1)× (z∗k − ẑ∗k|k−1)
T|Z∗

k−1]. (22)

eòXÚ (16)�þÿ¼êP�h′(xe
k) = h(xk)−

φk,k−1h(xk−1),K�âª(14)��

z∗k = h′(xe
k) + ξk−1, (23)

Kk

z∗k − ẑ∗k|k−1 =

h′(xe
k)− E[h′(xe

k)|Z∗
k−1] + ξk−1. (24)

2�âª (22)−(24)��ýÿþÿ�g���
Pz∗

k
,k|k−1�È©L�ªXª(25)¤«:

Pz∗k,k|k−1 =

E[h′(xe
k)(h

′(xe
k))

T|Z∗
k−1]−

ẑ∗k|k−1(ẑ
∗
k|k−1)

T + Rk−1. (25)

duh′(xe
k)¥Ó��¹G��þxkÚxk−1,�
�

O(/|^NÈOK,Iòª(25)¥�¹h′(xe
k)��

?�ÚÐm�ª(26)−(29):

E[h′(xe
k)(h

′(xe
k))

T|Z∗
k−1] =

E[h(xk)h(xk)T|Z∗
k−1] +

φ2
k,k−1E[h(xk−1)h(xk−1)T|Z∗

k−1]−
φk,k−1E[h(xk)h(xk−1)T +

h(xk−1)h(xk)T|Z∗
k−1], (26)

Ù¥:

E[h(xk)h(xk)T|Z∗
k−1] =w

Rnx
h(xk)h(xk)TN(xk; x̂k|k−1, Pk|k−1)dxk,

(27)

E[h(xk−1)h(xk−1)T|Z∗
k−1] =w

Rnx
h(xk−1)h(xk−1)T ×

N(xk−1; x̂k−1|k−1, Pk−1|k−1)dxk−1, (28)

E[h(xk)h(xk−1)T + h(xk−1)h(xk)T|Z∗
k−1] =w

Rnx
[h(xk)h(xk−1)T + h(xk−1)h(xk)T]×

N(xk−1; x̂k−1|k−1, Pk−1|k−1)dxk−1. (29)

duxk�ξk−1pØ�',e� x̃k = xk− x̂k|k−1, z̃∗k
= z∗k − ẑ∗k|k−1,K��xkÚz∗k �ýÿp���

Pxkz∗k,k|k−1:

Pxkz∗k,k|k−1 =

E[x̃k(z̃∗k)
T|Z∗

k−1] =

E[xk(h′(xe
k))

T|Z∗
k−1]− x̂k|k−1(ẑ∗k|k−1)

T,

(30)

Pxkz∗
k
,k|k−1��¹h′(xe

k)��,ÏdIòÈ©L�ª
aqª(26)−(29)Ðm,Xª(31)−(33)¤«:

E[xkh
′(xe

k)
T|Z∗

k−1] =

E[xk(h(xk))T|Z∗
k−1]−

φk,k−1E[(f(xk−1)+qk−1)(h(xk−1))T|Z∗
k−1],

(31)

E[xk(h(xk))T|Z∗
k−1] =w

Rnx
xk(h(xk))TN(xk; x̂k|k−1,Pk|k−1)dxk,

(32)

E[(f(xk−1) + qk−1)h(xk−1)T|Z∗
k−1] =w

Rnx
(f(xk−1) + qk−1)h(xk−1)T ×

N(xk−1; x̂k−1|k−1, Pk−1|k−1)dxk−1. (33)

3ÿ½#�þÿ�z∗k��,�âª(18)−(19)(21)(25)
−(33),2|^ª(34)−(35)�gO�k���G��

O�x̂k|kÚéA�Ø����Pk|k:

x̂k|k = x̂k|k−1 + Kk(z∗k − ẑ∗k|k−1),
Pk|k = Pk|k−1 −KkPz∗

k,k|k−1K
T
k ,

(34)

Ù¥ÈÅOÃ

Kk = Pxkz∗k,k|k−1P
−1
z∗k,k|k−1. (35)

ª(18)−(35)�¤XÚ(16)�pd����dÈÅì
µe,=kÚþÿD(^�epdÈÅì. Ï�CKF–
CMNÚIOCKFÑ´ÄuéApdÈÅìA^ 3Ý
Spherical-RadialNÈOK��,¤±'�ª(18)−(35)
�©z[1]¥xD(^�e�pdÈÅì,=���ù
ü«�{���«O.

kÚþÿD(�ýxzòk − 1��þÿD(ék

��þÿD(E¤�K�=z��'Xêφk,k−1Ú

k − 1��XÚG�Úþÿ�ék���þÿ¼ê

h′(xe
k)Úþÿ�z∗k�K�.TK��xD(^�e

���5�¢XÚ�pdÈÅì��Ny3þÿ�

#L§¥éýÿþÿ� ẑ∗k|k−1,ýÿþÿ���
Pz∗k,k|k−1Ú*ÿp���Pxkz∗k,k|k−1�¦�þ,¿Ï
Lù3�ëêm�K�k���G��O�x̂k|kÚ�

AØ����Pk|k.

�φk,k−1 = 0�,�âª(4)��,d�þÿD(
ωk�xD(,dþã3ëê�ÈÅL�ª(21)−(33)�
�,�ª¥�¹�'Xêφk,k−1�È©�Ñ¬C�0,
d�ª(21)−(33)C�Ú©z[1]¥IOxD(^�e
pdÈÅìL�ª���Ó.Ïd©OÄuùü«p
dÈÅì�CKF–CMN�IOCKF3xD(^�e
ÈÅ°Ý�A���Ó,�¡��ýÁ�¬?�Úy
²T(Ø.

�φk,k−1 6= 0�,�âª(4)��,d�þÿD(
ωk�kÚD(. �X�'Xêφk,k−1�O�,þÿD
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(ωk��'5���Or,ù«�'5�OrÏL
φk,k−1D4�k���þÿ¼êh′(xe

k)Úþÿ�z∗k
þ. ¿�ª¦��5�¢XÚ�pdÈÅì3�±L
§D(ÚþÿD(þ�xD(�cJe,òÚD(�
�'5Ny3éXÚG�x̂k|kÚéA���Pk|k��

Oþ. IOxD(^�e���5pdÈÅì3Ø
?1D(ýxz�cJe,3kÚþÿD(^�eÃ
{�±ÙCq�5������O°Ý.ÏdkÚ
þÿD(^�e, CKF–CMN�ÈÅ°ÝA`uIO
CKF,�¡��ý¢�Ó�¬y²T(Ø.

5 kkkÚÚÚþþþÿÿÿDDD(((^̂̂���eee���CKF���{{{ (Cubat-
ure Kalman filter with colored measurement
noise)

5.1 ¦¦¦NNNÈÈÈOOOKKKÚÚÚÈÈÈ©©©CCC���(Cubatre rule and
integral transformation)
©z[1]¥�CKF�{´Äupdb��S��

�d�O�µe,�â3ÝSpherical-Radial¦NÈO
K,�)2n�����NÈ:{wi, Λi}5%CIO�
pd�\�È©. dd,��5¼ê�pdVÇ�Ý
�È©¦)¯K�=z�NÈ:�¦Ú¯K.äN=
zL§Xª(36)¤«:

I(f)=
w
Rn

f(x)N(x; 0, I)dx≈
2n∑
i=1

wif(Λi), (36)

Ù¥: I(f)�¤¦È©, f(x)�?¿¼ê, Rn�È©

�.NÈ:8{wi,Λi}����âeª?1:{
wi = 1/m, i = 1, 2, · · · ,m, m = 2n,

Λi =
√

m/2[l]i,
(37)

Ù¥: Λi�NÈ:�þ, wi�éA�, n�XÚG�

�þx��ê, [l] ∈ Rn�)¤�f,±n = 2�~, [l]i
L«ª(38)¤«)¤�f�1i���:{(

1
0

)
,

(
0
1

)
,

(
−1
0

)
,

(
0
−1

)}
. (38)

5.2 kkkÚÚÚþþþÿÿÿDDD((( ^̂̂���eee���CKF (Cubature
Kalman filter with colored measurement noise)
�âª(18)−(19)(21)(25)−(35),|^ 3ÝSpheri-

cal-RadialOK,xD(^�e���5�¢XÚ�p
dÈÅì�=z�CKF–CMN�{. CKF–CMN�{
�©��m�#!þÿ�#üÚ:

1) �m�#.

ýÿ�#G��þx̂k|k−1ÚýÿØ����

Pk|k−1©OXe¤«:

x̂k|k−1 =
1
m

m∑
i=1

X∗
i,k|k−1,

Pk|k−1 =
1
m

m∑
i=1

X∗
i,k|k−1(X

∗
i,k|k−1)

T −

x̂k|k−1x̂
T
k|k−1 + Qk−1. (39)

ýÿNÈ:X∗
i,k|k−1ÏL©)k − 1���Ø���

���:



Pk−1|k−1 = Sk−1|k−1(Sk−1|k−1)T,

Xi,k−1|k−1 = Sk−1|k−1Λi + x̂k−1|k−1,

X∗
i,k|k−1 = f(Xi,k−1|k−1) + qk−1,

(40)

Ù¥k − 1������Pk−1|k−1�©)�æ^z�

dÄ©)½öÛÉ�©)�{.

2) þÿ�#.

©OUìª(34)−(35)O�ÈÅOÃKk,�#k�

�G��þx̂k|kÚØ����Pk|k. Ù¥ýÿþÿ�
ẑ∗k|k−1Xeª¤«:




Pk|k−1 = Sk|k−1(Sk|k−1)T,

Xi,k|k−1 = Sk|k−1Λi + x̂k|k−1,

Z∗
i,k|k−1 = h(Xi,k|k−1)− φk,k−1h(Xi,k−1|k−1),

ẑ∗k|k−1 =
1
m

m∑
i=1

Z∗
i,k|k−1.

(41)

ª(41)¥k���ýÿØ����Pk|k−1�©)Ó�

�æ^z�dÄ©)½öÛÉ�©)�{.

ª(35)¥þÿØ����Pz∗k,k|k−1Xª(42)¤«:

Pz∗
k,k|k−1 =

E[h′(xe
k)(h

′(xe
k))

T|Z∗
k−1]−

ẑ∗k|k−1(ẑ
∗
k|k−1)

T + Rk−1, (42)

Ù¥

E[h′(xe
k)(h

′(xe
k))

T|Z∗
k−1] =

1
m

m∑
i=1

h(Xi,k|k−1)h(Xi,k|k−1)T +

φ2
k,k−1

m

m∑
i=1

h(Xi,k−1|k−1) h(Xi,k−1|k−1)T −
φk,k−1

m

m∑
i=1

h(X∗
i,k|k−1) h(Xi,k−1|k−1)T −

φk,k−1

m

m∑
i=1

h(Xi,k−1|k−1) h(X∗
i,k|k−1)

T. (43)

ª(35)¥þÿýÿp���Pxkz∗k,k|k−1�

Pxkz∗k,k|k−1 =
1
m

m∑
i=1

Xi,k|k−1h
T(Xi,k|k−1)−

φk,k−1

m

m∑
i=1

X∗
i,k|k−1h

T(Xi,k−1|k−1)−

x̂k|k−1(ẑ∗k|k−1)
T. (44)
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5.3 kkkÚÚÚþþþÿÿÿDDD(((^̂̂���eee���²²²������CKF (Square
root cubature Kalman filter with colored mea-
surement noise)
�
?�ÚJpCKF–CMN�{�ê�½5,

æ^½5�p�²��¦NÈk�ùÈÅì(squ-
are root cubature Kalman filter, SCKF)�{�OCKF
�{�¤kÚþÿD(^�e�U?²��¦NÈ

k�ùÈÅì(SCKF with colored measurement noise,
SCKF–CMN)�{.

�â©z[1]¥SCKFí�L§��, SCKF�CKF
4í���«O3uSCKF�4íL§D4�´ýÿ
Ú��Ø�����²��ÏfÝ
. SCKF¥��
���©)Ì�|^
Xe½n1.

½½½nnn 1 ?¿��é¡��K½Ý
PÑ�¢

yXen�©):

P = SST, (45)

Ù¥en�Ý
S�P�©¬²��=�Ý
UT�

QR©)¥þn�Ý
R�=�Ý
.

yyy ÚÚÚ½½½ 1 Äk,b�U = [C V ],¿éUT?

1QR©):

�UT = QR,Ù¥: Q���Ý
, R�þn�

Ý
,K��U = RTQT.

ÚÚÚ½½½ 2 ®�

P = UUT = [C V ]

[
CT

V T

]
. (46)

ÚÚÚ½½½ 3 ��

P = UUT = RTQTQR = RTR = SST. (47)

½n1�y.

kÚþÿD(�µe�SCKF–CMN�{4íL
§Ó�©�üÚ,Xe¤«:

1) �m�#.

� �âª (39)−(40)O�,ýÿG�NÈ:
X∗

i,k|k−1Ú�OýÿG�x̂k|k−1.

� �â½n1,éýÿØ�����²��Ïf
Ý
?1QR©). �âª(19)Úª(40)��: e�ý
ÿØ����

Pk|k−1 = χ∗k|k−1(χ
∗
k|k−1)

T, (48)

Ù¥

χ∗k|k−1 =
1√
m

[X∗
1,k|k−1 − x̂k|k−1 X∗

2,k|k−1 − x̂k|k−1 · · ·

X∗
m,k|k−1 − x̂k|k−1

√
mSQ,k−1], (49)

Ù¥XÚD(��Qk−1 = SQ,k−1S
T
Q,k−1KýÿØ

����Pk|k−1�²��ÏfSk|k−1�

Sk|k−1 = [Tria((χ∗k|k−1)
T)]T, (50)

Ù¥Tria(·)L«Ý
QR©),¿��þn�Ý
.

2) þÿ�#.

� Uìª(41)�ONÈ:Xi,k|k−1,ýÿþÿN
È:Z∗

i,k|k−1±9ýÿþÿ�ẑ∗k|k−1.

� �âª(51)−(53),�O#E���Ý
�²
��ÏfSz∗

k
,k|k−1.

�{zO�,�X∗
i,k|k−1 ≈ Xi,k|k−1,ù�þÿý

ÿg���©)�

P ∗
zk,k|k−1 = ζ∗k|k−1(ζ

∗
k|k−1)

T, (51)

Ù¥

ζ∗k|k−1 =
1√
m

[Z∗
1,k|k−1 − ẑ∗k|k−1 Z∗

2,k|k−1 − ẑ∗k|k−1

· · · Z∗
m,k|k−1 − ẑ∗k|k−1

√
mSR,k−1], (52)

Ù¥þÿD(��Rk−1 = SR,k−1S
T
R,k−1,K#E�

��Pz∗
k,k|k−1�²��Ïf�

Sz∗
k,k|k−1 = [Tria((ζ∗k|k−1)

T)]T. (53)

� �Sz∗
k,k|k−1½Âaq,�X∗

i,k|k−1 ≈ Xi,k|k−1,
K��Pxkz∗k,k|k−1�

Pxkz∗
k,k|k−1 = χk|k−1ζ

T
k|k−1, (54)

Ù¥:

χk|k−1 =
1√
m

[X1,k|k−1 − x̂k|k−1 X2,k|k−1 −
x̂k|k−1 · · · Xm,k|k−1 − x̂k|k−1], (55)

ζk|k−1 =
1√
m

[Z∗
1,k|k−1 − ẑ∗k|k−1 Z∗

2,k|k−1 −
ẑ∗k|k−1 · · · Z∗

m,k|k−1 − ẑ∗k|k−1]. (56)

� ÈÅOÃ�

Kk = (Pxkz∗k,k|k−1/ST
z∗k,k|k−1)/Sz∗k,k|k−1. (57)

� �â#�*ÿ�z∗k ,ÈÅOÃKk,ýÿþÿ
�ẑ∗k|k−1ÚG��þýÿ�x̂k|k−1,Uìª(34)�#
G��þx̂k|k.

� �#Ø�����²��ÏfSk|k:

Sk|k =

[Tria([χk|k−1 −Kkζk|k−1 KkSR,k−1]T)]T.

(58)

ÏL±þí�L§�wÑ,�SCKF�{�',d
ukÚþÿD(��^, SCKF–CMN�{�SCKF�
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{�«OA3þÿ�#Ü©. Ï��X∗
i,k|k−1 ≈

Xi,k|k−1,¤±SCKF–CMN�{ÚSCKF�{�«O
Ø�,Ì�«O´þÿNÈ:Z∗

i,k|k−1ÏLþÿNÈ

:D4þ����þÿD(��'5. du SCKF–
CMN�{�
Cq?n,¤±3ÈÅ°ÝþSCKF–
CMN�{AT¬�uCKF–CMN.

6 êêê������ýýý(Numerical simulations)
6.1 ���ýýý���...(Simulation model)
òCKF–CMN, SCKF–CMN, CKF, SCKF�{©

OA^ukÚþÿD(�µe�Ó��²;�¥Å

Ä8I�l¯K,^u'�±þù4«�{��l°
ÝÚ°�5[1].

���¹e,�X�*ÿÕ u�I�:,8I3
Y²²¡Uìð½=��Ý?1=�ÅÄ.=��Ç
��,XÚ�§£ãXª(59):

xk =


1
sin(ΩT )

Ω
0 −(

1− cos(ΩT )
Ω

)

0 cos(ΩT ) 0 − sin(ΩT )

0
1− cos(ΩT )

Ω
1

sin(ΩT )
Ω

0 sin(ΩT ) 0 cos(ΩT )




xk−1+

vk−1, (59)

Ù¥: 8I�G��þxk = (xk, ẋk, yk, ẏk)T; xkÚ

yk©OL«xÚy��þ8I� �,ẋkÚẏkK©

OL«xÚy��þ8I��Ý; T�æ��mm�;
L§D(vk�pdxD(,ÙÚOA5�

qk−1 = [0.1 0.1 0.1 0.1]T,

Qk−1 = diag{η1M , η1M}, (60)

Ù¥

M =

[
T 3/3 T 2/2
T 2/2 T

]
. (61)

�âX�ÿÕ� �,��8I�ålrkÚ� θk.
Ïd,*ÿ�§�

(
rk

θk

)
=




√
x2

k + y2
k

tan−1(
yk

xk

)


 + ωk, (62)

Ù¥ωk�kÚD(S�,d��|^ª(4)éÙï�,
�éAxD(S�ξk−1�þ��0,��Rk−1÷v

cov(ξk−1) = Rk−1 =

diag{1600m2, 200m · rad2}.
ª(59)−(62)�ëê�

T = 1 s, η1 = 0.1m2 · s−3, Ω = −3 (◦) · s−1. (63)

Ð©G�9�A����





x0 =

[1000 m 300m · s−1 1000m 0 m · s−1]T,

P0|0 =

diag{100m2, 10m2 · s−2, 100m2, 10m2 · s−2}.
(64)

dª(59)(62)��,T8I�l�.´�r��5�
�O¯K.T8I�l�.´�r��5��O¯K.
Ð©�OG�x̂0/0 ∼ N(x0,P0|0). Ð©G�ÚÐ©
êâXª(63)−(64)¤«,��8I�ý¢$Ä;,X
ã1¤«.

ã 1 8Iý¢$Ä;,

Fig. 1 Target true trajetory

6.2 ���~~~©©©ÛÛÛ(Example analysis)
���{3ØÓ�ý|µ¥©O?1150gÕá

�AkÛ�ý. 5U'�±þ��Ø�(mean square
error, RMSE)���I.Ù¥��k� �RMSE�½
ÂXe:

RMSEpos,k =√
1
N

N∑
n=1

((xk − x̂n
k)2 + (yk − ŷn

k )2),

Ù¥: (xk, yk)Ú(x̂n
k , ŷn

k )©�1kgæ�8I ��

ý¢�Ú1ng�Akâ�ý�1kgæ�8I �

��O�, N��Akâ�ýgê,�ÝRMSE�½Â
�daq.

|||µµµ 1 xÚþÿD(�µ.

�Än��¹,@�3æ��mm�T = 1 s�,
þÿD(�n�xD(,=�φk,k−1 = 0. �âª(4),
d�kÚD(�.ωk òz�xD(ξk−1. ��{�
 �Ú�ÝRMSE'��,Xã2Úã3¤«.
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ã 2 |µ1¥CKF�CKF–CMN� ���ÝRMSE'�
Fig. 2 RMSEs in position and velocity of CKF and

CKF–CMN in Scenario 1

ã 3 |µ1¥SCKF�SCKF–CMN� ���ÝRMSE'�
Fig. 3 RMSEs in position and velocity of SCKF and

SCKF–CMN in Scenario 1

L 1 |µ1¥CKF, SCKF, CKF–CMN, SCKF–CMN
� ���ÝRMSEþ�'�

Table 1 RMSE means in position and velocity of
CKF, SCKF, CKF–CMN and
SCKF–CMN in Scenario 1

 �RMSE �ÝRMSE

þ�/m þ�/(m · s−1)

CKF 31.3687 2.4062

CKF–CMN 31.3687 2.4062

SCKF 32.2231 2.3665

SCKF–CMN 32.2231 2.3665

dã2��3�ÓþÿxD(�µe, CKF�CKF
–CMN�O� �!�Ý�RMSE���Ü.d
ã 3��SCKFÚSCKF–CMN�O� �!�Ý
RMSE���Ü.2(ÜL 1¥ù 4«�{�
RMSEþ�'�(J,��3�ÓþÿxD(�µe,
CKF–CMN, SCKF–CMN�éA�CKF, SCKF��
O°Ý���Ó.d�, CKF–CMN, SCKF–CMN�
��±�OéA�CKF, SCKF.

|||µµµ 2 kÚþÿD(�µ.

�âª(4),kÚD(�ý|µ¥,�æ��mm
�T = 0.1 s,�éuxD(|µæ��mm�~�10
�,ÏdþÿD(��m�'5�ÌO\. Cq@�
d�T → 0,K�âª(5),��φk,k−1≈1, ωk�kÚ

D(S�. Ð©�ω0�Ñl?���©Ù��Å�

þ. CKFÚSCKFæ^kÚD(ωk��d���. �
�{� �Ú�Ý�RMSE'��,Xã4–5¤«.

ã 4 |µ2¥CKF�CKF–CMN� ���ÝRMSE'�
Fig. 4 RMSEs in position and RMSEs in velocity of

CKF and CKF–CMN in Scenario 2

ã 5 |µ2¥SCKF�SCKF–CMN� ���ÝRMSE'�
Fig. 5 RMSEs in position and RMSEs in velocity of

SCKF and SCKF–CMN in Scenario 2

dã4−5��,�φk,k−1 = 1.0�,kÚD(��
'54r. CKFÚSCKF�{� �Ú�Ý�l°Ý
3ÈÅm©�ã(CKF�3t=4 s�c, SCKF�3t =
3.5 s�c)©O�éACKF–CMN, SCKF–CMN��
Ø�.�XÈÅ�?1, CKFÚSCKFªuuÑ,
CKF–CMNÚSCKF–CMN ��lRMSE��k¤
O�,� ��l°ÝE��puCKFÚSCKF.� 
��l�', SCKF–CMN, CKF–CMN��ÝRMSE
��,Ä�½34 m/s∼5 m/s���SCz.
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L 2 |µ2¥CKF, SCKF, CKF–CMN, SCKF–
CMN� ���ÝRMSEþ�'�

Table 2 RMSE means in position and velocity of
CKF, SCKF, CKF–CMN and SCKF–CMN
in Scenario 2

 �RMSE �ÝRMSE
þ�/m þ�/(m · s−1)

CKF 97.4458 10.7794
CKF–CMN 27.2221 4.3666

SCKF 107.9743 12.5909
SCKF–CMN 27.3307 4.3920

duSCKF–CMNæ^
Cq?n,dL2��,|
µ2¥CKF–CMN'SCKF–CMN��l5UÑÐ,�
ü«U?�{ÑUk�~�kÚD(éÈÅ°Ý�

K�.

|||µµµ 3 ØÓkÚþÿD(�µ'�.

du ��l3ÅÄ8I�l¥���,¤±
�ØÓφk,k−1��4«�{� ��lRMSEþ�'
�,XL3¤«. �âc©©Û®�,æ��mm�
T = 1 s�,¢SþÿD(��'5¿ØU�Ñ.Ïd,
d�E�æ��mm�T = 1 s. dL3êâ��,�
XþÿD(�'XêO�, CKFÚSCKF� �
RMSEþ�ÅìO�,�φk,k−1����, �RMSE
þ�O��õ,�SCKF'CKF�{éuφk,k−1�

�O���¯a, �RMSEO��õ. dd��,
SCKF�{�,U
k�³�ÈÅuÑ,�3kÚþ
ÿD(^�e,¿ØUJpÈÅ°Ý,�Ï�O�
Ø��K�,¬ü$ÈÅ°Ý.dL3�êâ��wÑ,
CKF–CMN� �RMSEþ�þ�uCKF� ��l
�RMSEþ�,y²CKF–CMN3ØÓkÚþÿD(
^�eUk�U?CKF� ��l°Ý,�SCKF–
CMNduc©¥�Cq?n,3φk,k−1 = 0.1��l
°Ý�Ñ�uSCKF�{,��φk,k−1 > 0.5, SCKF–
CMN� ��l°Ýâ`uSCKF�{.

L 3 |µ3¥φk,k−1�ØÓ�, 4«�{�
 �RMSEþ�'�(m)

Table 3 RMSE means in position of four algorithms
for different values of φk,k−1 in Scenario 3

0.1 0.3 0.6 0.9

CKF 34.6927 42.8874 69.2838 171.6135
CKF–CMN 33.9256 40.0834 56.6447 105.6947

SCKF 35.6876 44.4119 73.0351 203.6346
SCKF–CMN 35.763 44.7433 67.0735 112.3156

6.3 OOO���EEE,,,555©©©ÛÛÛ(Computational complexity)
�?�Úµ�¤JÑCKF–CMNÚSCKF–CMN

�{�O�5U.|^MATLAB7.1ò|µ1Ú23�

�Intel(R)Core(TM)i7–4500U 1.80 Ghz 4CPU?nì
Ú8 G RAM�ÄuWIN8.1ö�XÚ�O�Åþ¢y,
¿����{�$1�g�²þCPU�mXL4¤«.

L 4 |µ1−2¥CKF, SCKF, CKF–CMN, SCKF–
CMN$1�g�²þCPU�m'�

Table 4 Average CPU time in one run of CKF,
SCKF, CKF–CMN and SCKF–CMN
in Scenario 1−2

|µ1/s |µ2/s

CKF 0.0241 0.0246
CKF–CMN 0.0322 0.0324

SCKF 0.0218 0.0219
SCKF–CMN 0.0232 0.0234

dL 4��|µ 1¥, CKF–CMN3�'Xê
φk,k−1 = 0�,EIUìª(41)−(44)¦�ýÿ*ÿN
È:Z∗

i,k|k−1,ýÿ*ÿ���Pz∗k,k|k−1Ú*ÿp�

��Pxkz∗k,k|k−1,O�E,5��O\,¤±O��
m��. duSCKF–CMN=3þÿNÈ:Z∗

i,k|k−1

�¦�þ'SCKF�{ÑkCz,Ïdùü«�{�
O�J´§Ý��,ÏdO��m��Ø�.|µ2¥
��{3kÚD(^�eO��mÑk¤O\. CKF
–CMNÚSCKF–CMN�²þO��mE,�uCKF
ÚSCKF�{.

�âc¡©Û��|µ 2¥CKF–CMN�{Ú
SCKF–CMNþ�¼�`uIOCKFÚSCKF�{�
ÈÅ°Ý,Ïdùü«U?�{¢SÏLO\O�E
,55JpkÚþÿD(^�e�ÈÅ°Ý.

7 (((ØØØ(Conclusions)
�éCKFÚSCKF�{3kÚþÿD(�µe�

A^�Û�5,ÄuIOxD(^�e���5�¢
XÚ�pd���dÈÅìÚnÝ¦NÈOK�J

ÑCKF–CMNÚSCKF–CMN�{. ÅÄ8I�l�
ý(JL²,3þÿxD(^�e, CKF–CMNÚ
SCKF–CMNU¼��CKFÚSCKF�Ó�ÈÅ°Ý,
�O�E,5O\;3kÚþÿD(�µe, CKFÚ
SCKF�ÈÅØ�þ��O\,d�CKF–CMN�È
Å°Ý`uCKF�{,SCKF–CMNÈÅ°ÝÏ�
Cq?n,�k�φk,k−1 > 0.5�,âU��`u
SCKF� ��l°Ý.
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