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Robust control for near space vehicles with input saturation

YANG Qing-yun†, CHEN Mou
(College of Automation Engineering, Nanjing University of Aeronautics and Astronautics, Nanjing Jiangsu 210016, China)

Abstract: An anti-windup robust control scheme is proposed for the near space vehicles (NSV) which are a class of
multi-input multi-output (MIMO) linear systems with input saturation, unknown external disturbances and parametric un-
certainties. The developed anti-windup control scheme is cooperated with disturbance observer to eliminate the effects
of input saturation, unknown external disturbances and parametric uncertainties. A disturbance observer is presented to
estimate the unknown disturbance generated by a linear exogenous system. Then, based on the output of the disturbance
observer, the anticipatory anti-windup compensator is developed and considered with the robust controller design to ensure
the stability of the close-loop system subject to unknown external disturbances, input saturation and parametric uncertain-
ties. The designed gain matrices of the disturbance observer, anti-windup compensator and robust controller are determined
by solving the linear matrix inequalities (LMIs). Finally, the proposed anti-windup robust control scheme is applied to the
NSV, and the effectiveness of this developed control scheme is illustrated by the simulation results.
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1 ÚÚÚóóó(Introduction)
C�m�1ì(near space vehicles, NSV)�éuD

Ú�1ì,duÙäk�1pÝp!�Ñ�ÑÊ�`
:,��
�5�2��'5ÚïÄ[1–2]. Ó�,du
C�m�1ìg��AÏ5�,X�í�Nz�O!
�1^�õC!����1!õ?ÖÚrÍÜ�,l
¦�C�m�1ì��ì��Oäké��]Ô

5[3–4]. CA�c,C�m�1ì��XÚ��O®²
k
�õ�ïÄ¤J,õ«k?����{A^uÙ
�1��ì��O,l���Ð��1��5

U[5–8]. ©z[5]JÑ
�«Äu�
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�Ä,¬ü$��ì5U,$�»�4�XÚ�½
5. éuNSVó,Ù���û¡ÚuÄÅíå3
Ì�! =��Ç��¡Ñ¬É��½���.Ó�,
Ï�Ñ\�Ú���5A5,ÏLDÚ��5���
{éJ�ÑÙK�.Ïd,�é�a�3Ñ\�Ú�
�5XÚ,�Op5U�"��ì´���~k]Ô
�'��?Ö.

Cc5,IS	Æö�é)ûÑ\�Ú¯K®²
?1
�þ�ïÄ,~XEÜ��5�"��[9–10]!

ýÿ��[11–12]!w���[13]!�ØC8�{[14]!$

OÃEâ[15]�. Ù¥,|�Ú���{���«k�
)ûÑ\�Ú¯K�Ãã,��
2��'5[16–22].
|�Ú���Ì�g��:ÏL|�ÚÖ�ì��O,
�)ÄuI¡XÚ��Ñ\Ú�Ú�1ìÑÑ��

�&Ò,òÙO2�I¡XÚ��Ñ\¥l�ØÑ
\�Ú�K�.3DÚ�|�Ú�O�{¥,���
)Ñ\�Ú,|�ÚÅ�á�u)�^,Ù(�X
ã1¤«[17].

ã 1 DÚ|�Ú��(�ã
Fig. 1 The architecture of traditional anti-windup

control scheme

ã1£ã
|�Ú���Ä�µe,¤k�|�Ú
�O�{þdÙuÐ5[17–23]. X©z[17]JÑ
�
«Äu�5Ý
Ø�ª(linear matrix inequality, LMI)
��a�3Ñ\�Ú��5XÚ�|�Ú���{.
²LïÄuÐ,©z[20]JÑ
�«¢�|�Ú��
�{5U?��ì5U.T�{Ä�(�Xã2¤
«[20],Ù¥c¡��Ú¼ê�<���,�ÚÝpu
�1ì�ÚÝ.

ã 2 ¢�|�Ú��(�ã

Fig. 2 The architecture of delayed anti-windup control scheme

T�{�Ä�g��,Ñ\u)�þ½ök��
�Ú�,|�ÚÖ�ì¿Øá��)�^,´#N

I¡XÚ��ìÕg�)�^,lI¡4�XÚ�
°�5¬�ÑT�Úe�K�,T�{´Äuýk�
O���ìäk�r�°�5. ÏL/�¢�|�Ú
���g�,©z[21–22]JÑ
�«�c|�Ú�
{,Xã3¤«[21].

ã 3 �c|�Ú��(�ã
Fig. 3 The architecture of anticipatory anti-windup

control scheme

T�{Ì�´3XÚ�Ú��5cÚ\���O

��Ú¼ê,T�Ú¼ê�XÚ�Ú¼ê�',k�
$��ÚÝ,Ïd3XÚ���Ñ\���Ú>.�
c,|�ÚÅ�®²�-¹l�)|�Ú�^. �
´,þã�{3�O|�ÚÖ�ì�,Ù�O�Ö�
ìõ�·�Ö�ì,�Ñ´�éI¡XÚ?1ïÄ,
¿��Ä�5XÚ�3�ëêØ(½¯K,,�5
XÚÏ~�3�ï�Ä�,XÚëê�ÄÚÙ¦Ø(
½5,ù
Ø(½¬K���ì�5U.��`5Z
6�)	Ü6ÄÚXÚØ(½,§�2��3u¢S
XÚ¥,X�1ì!��Ú¥(�[23],Ïd,�)ûT
¯K,Ú\Z6*ÿì?nXÚ�Z6ÚØ(½,J
p°�5.

Z6*ÿì���«U
%C	Ü��6Ä�k

��{,��
�5�õ�'5[24–30]. ©z[24]�â
Z6*ÿì��Eâ,�é�36ÄÚØ(½��a
XÚ�O
°���ì. ©z[25]ÄuZ6*ÿìJ
Ñ�aõÑ\õÑÑØ(½��5XÚ�°�H∞�

��{,lü$��ìéZ6��¦. ©z[26]�
é�aõÑ\õÑ\��5XÚ,�O
�«#.Z
6*ÿìl³�Z6�K�.©z[27]JÑ
�«
ÄuZ6*ÿì�w�C(����{. ©z[28]�
é�a�3�¢ÚØ(½��5XÚ,�O
�«Ä
uZ6*ÿì�°����{. ,þã�{¿��
ÄXÚ�3Ñ\�Ú��¹. Ïd,�©Ì�ïÄ

�a�3Ñ\�Ú,ëêØ(½Ú��	Ü6Ä��
5XÚ�|�Ú��.�é��	Ü6Ä,�O
Z
6*ÿìéÙ%C;�âÙÑÑ,3�ÄÑ\�Ú�
�¹e,�O|�ÚÖ�ìÚ°���ì,¿�y4
�XÚ�½5;��ÏL�ýy²¤JÑ����
{�k�5.

�©�{Ù!SüXe: 12!£ã
¤ïÄ��
5XÚ¿�ÑoN�Og´;13!�é	ÜZ6�
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O
Z6*ÿì;14!�éÑ\�Ú,�O
ÄuZ
6*ÿì�|�ÚÖ�ìÚ��ì,¿î�y²XÚ
½5;15!ò¤�O����YA^uC�m�
1ì?1�ýïÄ,u�Ùk�5;16!é�©?1
o(.

2 ¯̄̄KKK£££ããã(Problem formulation)
©z[31]£ã
�aC�m�1ì�p�$Ä�

.,¿òÙLã�Xe/ª��a2ÂõÑ\ÑÑ�
�5XÚ:

Ẋ = f(X) +
2∑

k=0

gk(X)Uk ,

F (X, U), (1)

Ù¥: G��þX = [V γ h α q]T©OL«�1ì
��Ý!Ê,���!pÝ!ô�Ú:���Ç.��
Ñ\U = [η δe]T©O�h�Ú,üû. ���ì�
O�B,òTp��.3²�G�e,3²ï:(X0,

U0)NC?1�5z,l��Xe/ª��5z�
.[32]:

ẋp = Apxp + Bpu, (2)

Ù¥:

Ap =




2.2961× 10−5 − 31.4788
2.7842× 10−7 0

0 1.5060× 104

−2.7842× 10−5 0
1.7449× 10−7 0

−7.2042×10−6 − 47.8368 0
−5.7586×10−8 0.0040 0

0 0 0
5.7586×10−8 − 0.0440 1
−5.4745×10−8 0.5923 −0.0682




,

Bp =




27.2963 0
5.7113× 10−5 0

0 0
−5.7113× 10−5 0

0 3.3168




,

¿�xp = X −X0, u = U − U0. duT�5z�.
½Â3²ï:NC,Ïd,�5XÚG��xp = [∆V,

∆γ,∆h,∆α, ∆q]T,��Ñ\�u = [∆η, ∆δe]T.

��Ð�L«C�m�1ì�p�Ä�,XÚ(2)
¥I�ÄëêØ(½,Ó�	Ü6ÄÚÑ\�Ú3�
��O¥�I��Ä,Ïd,�
ïÄC�m�1ì
���¯K,k?ØXe���Ø(½�5XÚ:

ẋp = (Ap + ∆A)xp + Bp(sat(u) + d), (3)

Ù¥: xp ∈ Rnp , u ∈ RmÚd(t) ∈ Rm©O�XÚ�

G��þ!Ñ\�þÚ��	ÜZ6. dª(2)��na

= 5, m = 2. sat(·)´IO��Ú¼ê,÷v

sat(ui) = sgnui min{umax i, |ui|}, i = 1, 2, (4)

Ù¥umax iL«XÚ1 i�Ñ\��ÚÝ¿®�.
∆AL«XÚ�Ø(½5,÷v[28]

∆A = DF (t)E1, (5)

Ù¥: D ∈ Rnp×ne , E1 ∈ Rne×np�~�Ý
; F (t)
����C¢Ý
,÷v

FT(t)F (t) 6 I, ∀t. (6)

���ì�O�B,�ÑXeÚn:

ÚÚÚnnn 1 b�U, VÚW©O�·���Ý
½

ö�þ,@oéu?¿��¢êαÚβe¡�Ø�ª

¤á[28]:

UTV + V TU 6 αUTU + α−1V TV,

2WTV 6 βWTW + β−1V TV.

�©�8I´�éØ(½�5XÚ(3),Ú\Z6
*ÿì5é��	ÜZ6?1�O,�âZ6*ÿì
��OÑÑ,(Ü|�Ú���O�{�O�c|�
ÚÖ�ìÚ°���ì,¦4�XÚ�3	.��6
ÄÚÑ\�Ú��¹eG�½. ��XÚ��N(
�Xã4¤«.

ã 4 |�Ú���N(��Oã

Fig. 4 The integral architecture of anti-windup control scheme

Äk,�OXe/ª���ì:

u = Kxp + ua + v, (7)

Ù¥: ua = −d̂, d̂�XÚ	ÜZ6��O�; K��

�ìG��"Ý
; v�Ö�ì�ÑÑ,Ì�´^5³
�Ñ\�Ú�K�.¤�O���ì7LU
�y4
�XÚ�½59Ù¦5U�I.

�
;�½~�Ñ\�Úé4�XÚ5U�K�,
�OXe/ª�|�ÚÖ�ì:

∑
a

:

{
ẋa = Aaxa + Baη,

v = Caxa + Daη,
(8)

Ù¥: xa ∈ Rna�Ö�ìG��þ, η = u− sat(u)
�Ö�ìÑ\, v ∈ Rm�Ö�ì�ÑÑ, Aa, Ba, Ca,

Da�·���Ý
.
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3 ZZZ666***ÿÿÿììì������OOO (Design of the disturb-
ance observer)
�!Ì��OZ6*ÿìéXÚ	ÜZ6?1�

O.Äk,�
ïÄ�B,b�XÚ��	Ü6ÄdX
e/ª�	ÜXÚ�)[28]:{

ξ̇ = W1ξ,

d = V1ξ,
(9)

Ù¥: ξ ∈ Rq, d ∈ Rm, W1ÚV1�·���Ý
. Z
6�.(9)�±�)õ«/ª�¢S6Ä,~X~�Z
6!�ÅZ6�. Ù¥�W1 = 0, V1 = 1�,Z6�
.(9)��)��~�Z6,�

W1 =
[

0 ω

ω 0

]
, V1 = [1 0]

�,ª(9)��)ªÇ�ω�Ì�Ú� ����ÅZ

6[32].
�âª(9),Z6*ÿì�O�Xe/ª[28]:




ς̇(t) = (W1 + LBpV1)(ς(t)− Lxp)+

L(Apxp + Bpsat(u)),

ξ̂(t) = ς(t)− Lxp,

d̂(t) = V1ξ̂(t),

(10)

Ù¥: ς�Z6*ÿì�9Ï�O�þ; L ∈ Rq×na�

Z6*ÿì�OOÃÝ
,òÏL¦)�5Ý
Ø�
ª(LMIs)��.
½ÂZ6�OØ�ξ̃ = ξ − ξ̂,¿dª(9)−(10)�

±��*ÿì�OØ�Ä��§÷v

˙̃
ξ = (W1 + LBpV1)ξ̃ + L∆Axp. (11)

dþª²w�±wÑ,OÃÝ
LØ=�÷v¤

�OZ6*ÿì(10)�½5,=Reλ(W1+LBpV1)
< 0,Ó����y�3Ø(½�L∆Axpe�°�

5.

4 ÄÄÄuuuZZZ666***ÿÿÿììì���|||���ÚÚÚ���OOO(Design of
the anti-windup scheme based on observer)
3�O�Z6*ÿìÄ:þ,?1�c|�ÚÖ

�ìÚ��ì�O.
dã2��,I<������Ú¼ê,T�Ú¼

ê�Xe/ª[22]:

sat(ui)g :=
sgnui min{umax i, |ui|}

g
,

g > 1, i = 1, 2, · · · ,m. (12)

�âü��Ú¼ê�/ª,3Xe3«�¹eé4
�XÚ?1?Ø:

1) |ui| 6 umax i/g.

T«�¹eü��Ú¼êþ�u)�^,Ïd4
�XÚ��5XÚ, η = 0,½Âd̃ = d− d̂,l��
��Æ(7)�^e�4�XÚ





ẋp = (Ap + BpK + ∆A)xp + BpCaxa + Bpd̃,

ẋa = Aaxa,

u = Kxp + Caxa − d + d̃.

(13)

���ì�O�B,½Â��5U�I

xT
p xp 6 γdTd, (14)

Ù¥OÃγ��¢ê. T�¹e�O8I�Q��y
4�XÚ�½5,q�¦T5U�IOÃγ��.

À�Lyapunov¼ê

V2 = ξ̃TP1ξ̃ + xT
p P2xp + xT

a P3xa, (15)

Ù¥P1, P2, P3��½Ý
.

�âª(11)(13)Úª(15),éLyapunov¼ê¦��
�

V̇2 = 2xT
p P2(Ap + BpK + ∆A)xp +

2xT
p P2BpCaxa+2xT

p P2Bpd̃+2xT
a P3Aaxa+

2ξ̃TP1((W1 + LBpV1)ξ̃ + L∆Axp). (16)

�Ä�uTu > 0,e�3τ > 0¦�

V̇2 + τuTu 6 0 (17)

¤á,=��yV̇2 6 0,l�y4�XÚ½,Ù¥

ÀJτ =
1
2
γ. Ó��âª(14)9�O8I,A�ye

ª¤á:

V̇2 + xT
p xp − γdTd + τuTu 6 0. (18)

Ïddª(13)(16)±9∆A�½Â,��

V̇2 + xT
p xp − γdTd + τuTu =

xT
p ((Ap + BpK)TP2 + P2(Ap + BpK) +

τKTK + I)xp + xT
p (ET

1 FTDTP2 +

P2DFE1)xp + 2xT
p (P2BpCa + τKTCa)xa +

2xT
p P2BpV1ξ̃ + 2τxT

p KTV1ξ̃ − 2xT
p τKTd +

xT
a (P3Aa + AT

a P3 + τCT
a Ca)xa +

2τxT
a CT

a V1ξ̃ − 2τxT
a CT

a d +

2ξ̃TP1(W1 + LBpV1)ξ̃ + τ ξ̃TV T
1 V1ξ̃ +

2ξ̃TP1LDFE1xp + (τ − γ)dTd− 2τdTV1ξ̃.

(19)

dÚn1��

xT
p (ET

1 FTDTP2 + P2DFE1)xp 6
α1x

T
p P2DDTP2xp + α−1

1 xT
p ET

1 E1xp, (20)

2ξ̃TP1LDFE1xp 6
α2ξ̃

TP1LDDTLTP1ξ̃+α−1
2 xT

p ET
1 E1xp, (21)

Ù¥α1, α2��¢ê.
òª(20)−(21)�\ª(19)��
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V̇2 + xT
p xp − γdTd + τuTu =

xT
p ((Ap + BpK)TP2 + P2(Ap + BpK) +

τKTK + I)xp + α1x
T
p P2DDTP2xp +

2xT
p (P2BpCa + τKTCa)xa +

2xT
p P2BpV1ξ̃ + 2τxT

p KTV1ξ̃ − 2xT
p τKTd +

xT
a (P3Aa + AT

a P3 + τCT
a Ca)xa +

2τxT
a CT

a V1ξ̃ − 2τxT
a CT

a d +

2ξ̃TP1(W1 + LBpV1)ξ̃ + τ ξ̃TV T
1 V1ξ̃ +

α2ξ̃
TP1LDDTLTP1ξ̃ + (τ − γ)dTd−

2τdTV1ξ̃ + (α−1
1 + α−1

2 )xT
p ET

1 E1xp. (22)

þª�U��Xe/ª:

V̇2 + xT
p xp − γdTd + τuTu6




xp

xa

d

ξ̃




T

Γ̄




xp

xa

d

ξ̃


 ,

(23)

Ù¥:

Γ̄ =




Γ̄11 Γ̄12 Γ̄13 Γ̄14

Γ̄T
12 Γ̄22 Γ̄23 Γ̄24

Γ̄T
13 Γ̄T

23 Γ̄33 Γ̄34

Γ̄T
14 Γ̄T

24 Γ̄T
34 Γ̄44


 , (24)

Γ̃11 = (Ap + BpK)TP2 + P2(Ap + BpK) +

τKTK + α1P2DDTP2 +

(α−1
1 + α−1

2 )ET
1 E1 + I,

Γ̄12 = P2BpCa + τKTCa,

Γ̄13 = −τKT,

Γ̄14 = P2BpV1 + τKTV1,

Γ̄22 = P3Aa + AT
a P3 + τCT

a Ca,

Γ̄23 = −τCT
a ,

Γ̄24 = τCT
a V1,

Γ̄33 = −τI,

Γ̄34 = −τV1,

Γ̄44 = (W1 + LBpV1)TP1 + P1(W1 + LBpV1) +

α2P1LDDTLP1 + τV T
1 V1.

-Q=P−1
3 , X =P−1

2 , K =Y X−1, L = P−1
1 T,

Aa = ZQ−1. ª (24)ü>Ó�¦±diag{P−1
2 , P−1

3 ,

τ−1, I}��

Γ̃ =




Γ̃11 Γ̃12 Γ̃13 Γ̃14

Γ̃T
12 Γ̃22 Γ̃23 Γ̃24

Γ̃T
13 Γ̃T

23 Γ̃33 Γ̃34

Γ̃T
14 Γ̃T

24 Γ̃T
34 Γ̃44


 , (25)

Ù¥:

Γ̃11 =ApX+BpY +XAT
p +Y TBT

p +τY TY +

α1DDT + (α−1
1 + α−1

2 )XET
1 E1X + XX,

Γ̃12 = BpCaQ + τY TCaQ,

Γ̃13 = −Y T,

Γ̃14 = BpV1 + τY TV1,

Γ̃22 = Z + ZT + τQCT
a CaQ,

Γ̃23 = −QCT
a ,

Γ̃24 = τQCT
a V1,

Γ̃33 = −τ−1I,

Γ̃34 = V1,

Γ̃44 = P1W1 + WT
1 P1 + TBpV1 + V T

1 BT
p TT +

α2TDDTTT + τV T
1 V1.

ª(25)�±U��Xe/ª:

Γ̄ = Γ + M̂1∆̂1Ĥ1, (26)

Ù¥:

Γ =




Γ11 Γ12 Γ13 Γ14

ΓT
12 Γ22 Γ23 Γ24

ΓT
13 ΓT

23 Γ33 Γ34

ΓT
14 ΓT

24 ΓT
34 Γ44


 , (27)

Γ11 = ApX + BpY + XAT
p + Y TBT

p + α1DDT,

Γ12 = BpCaQ, Γ13 = −Y T, Γ14 = BpV1,

Γ22 = Z + ZT, Γ23 = −QCT
a , Γ33 = −τ−1I,

Γ34 = V1,

Γ44 = P1W1 + WT
1 P1 + TBpV1 + V T

1 BT
p TT,

Γ24 = 0,



M̂1 =




Y T XET
1 XET

1 X 0
QCT

a 0 0 0 0
0 0 0 0 0

V T
1 0 0 0 TD


 ,

∆̂1 =




τI 0 0 0 0
0 α−1

1 I 0 0 0
0 0 α−1

2 I 0 0
0 0 0 I 0
0 0 0 0 α2I




,

Ĥ1 =




Y CaQ 0 V1

E1X 0 0 0
E1X 0 0 0
X 0 0 0
0 0 0 DTTT




.

(28)

Ïd�âSchurÖ½n��,eXe�5Ý
Ø�ª
¤á:

Γ̂ =

[
Γ M̂1

Ĥ1 −∆̂−1
1

]
< 0, (29)



1 1Ï �$�: äkÑ\�Ú�C�m�1ì°��� 23

Kª(18)¤á,l4�XÚ(13)½�OÃγ��.

2) |ui| > umax i.

T�¹eü��Ú¼êÑ�)�^,Ïdua =
sat(u)/g,Ó���û = sat(u) = gua. qdη = u−
sat(u)�±��û = g(η +u). -∆(u) = u− sat(u),
∆(u)�é�Ý
,�z�é�����þ�k«¼
ê,=1(·)− sat(·),l��‖∆‖ 6 1. ò∆w���

Ø(½�!,�±����Æ(7)�^e�4�XÚ:



ẋp = (Ap + gBpK + ∆A)xp + gBpCaxa+
g(BpDa −Bp)η + gBpd̃−Bp(g − 1)d,

ẋa = Aaxa + Baη,

u = Kxp + Caxa + Daη − d + d̃,

η = ∆u.

(30)

��¹1)aq,���ì�O�B,À�Xª(14)¤«
�5U�I.

�Ä�‖∆‖ 6 1��

ηTη − uTu 6 0. (31)

À�Xª(15)¤«�Lyapunov¼ê. �âª(11)
Úª(30),éLyapunov¼ê¦���

V̇2 =

2xT
p P2((Ap + gBpK + ∆A)xp + gBpCaxa +

g(BpDa −Bp)η + gBpd̃−Bp(g − 1)d) +

2xT
a P3(Aaxa + Baη) +

2ξ̃TP1((W1 + LBpV1)ξ̃ + L∆Axp). (32)

�âª(31)��,e�3τ > 0¦�

V̇2 − τ(ηTη − uTu) 6 0 (33)

¤á,=��yV̇2 6 0,l�y4�XÚ½,Ù¥

ÀJτ =
1
2
γ. Ó�,�âª(14)9�O8I,A�ye

ª¤á:

V̇2 + xT
p xp − γdTd− τ(ηTη − uTu) 6 0. (34)

Ïddª(30)(32)±9∆A�½Â,��

V̇2 + xT
p xp − γdTd− τ(ηTη − uTu) =

xT
p ((Ap + BpK)TP2 + P2(Ap + BpK) +

τKTK + I)xp + xT
p (ET

1 FTDTP2 +

P2DFE1)xp + 2xT
p (gP2BpCa + τKTCa)xa +

2xT
p (gP2(BpDa −Bp) + τKTDa)η +

2gxT
p P2BpV1ξ̃ + 2τxT

p KTV1ξ̃ −
2xT

p (τKT + P2Bp(g − 1))d +

xT
a (P3Aa + AT

a P3 + τCT
a Ca)xa +

2xT
a (P3Ba + τCT

a Da)η +

2τxT
a CT

a V1ξ̃ − 2τxT
a CT

a d +

2ξ̃TP1(W1 + LBpV1)ξ̃ + τξTV T
1 V1ξ̃ +

2ξ̃TP1LDFE1xp + τηT(DT
a Da − I)η −

2τηTDT
a d + 2τηTDT

a V1ξ̃ +

(τ − γ)dTd− 2τdTV1ξ̃. (35)

òª(20)−(21)�\ª(35)��

V̇2 + xT
p xp − γdTd− τ(ηTη − uTu) =

xT
p ((Ap + BpK)TP2 + P2(Ap + BpK) +

τKTK + I)xp + α1x
T
p P2DDTP2xp +

2xT
p (gP2BpCa + τKTCa)xa +

(α−1
1 + α−1

2 )xT
p ET

1 E1xp ·
2xT

p (gP2(BpDa −Bp) + τKTDa)η +

2gxT
p P2BpV1ξ̃ + 2τxT

p KTV1ξ̃ −
2xT

p (τKT + P2Bp(g − 1))d +

xT
a (P3Aa + AT

a P3 + τCT
a Ca)xa +

2xT
a (P3Ba + τCT

a Da)η +

2τxT
a CT

a V1ξ̃ − 2τxT
a CT

a d +

2ξ̃TP1(W1 + LBpV1)ξ̃ + τξTV T
1 V1ξ̃ +

α2ξ̃
TP1LDDTLTP1ξ̃ + τηT(DT

a Da − I)η −
2τηTDT

a d + 2τηTDT
a V1ξ̃ +

(τ − γ)dTd− 2τdTV1ξ̃. (36)

þª�U��Xe/ª:

V̇2+xT
p xp−γdTd−τ(ηTη−uTu)6




η

xp

xa

d

ξ̃




T

Π̄




η

xp

xa

d

ξ̃




, (37)

Ù¥:

Π̄ =




Π̄11 Π̄12 Π̄13 Π̄14 Π̄15

Π̄T
12 Π̄22 Π̄23 Π̄24 Π̄25

Π̄T
13 Π̄T

23 Π̄33 Π̄34 Π̄35

Π̄T
14 Π̄T

24 Π̄T
34 Π̄44 Π̄45

Π̄T
15 Π̄T

25 Π̄T
35 Π̄T

45 Π̄55




, (38)

Π̄11 = τ(DT
a Da − I),

Π̄12 = g(BpDa −Bp)TP2 + τDT
a K,

Π̄13 = BT
a P3 + τDT

a Ca,

Π̄14 = −τDT
a ,

Π̄15 = τDT
a V1,

Π̄22 =(Ap+BpK)TP2+P2(Ap+BpK)+τKTK+

α1P2DDTP2 + (α−1
1 + α−1

2 )ET
1 E1 + I,

Π̄23 = gP2BpCa + τKTCa,
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Π̄24 = −τKT − (g − 1)P2Bp,

Π̄25 = gP2BpV1 + τKTV1,

Π̄33 = P3Aa + AT
a P3 + τCT

a Ca,

Π̄34 = −τCT
a ,

Π̄35 = τCT
a V1,

Π̄44 = −τI,

Π̄45 = −τV1,

Π̄55 = (W1 + LBpV1)TP1 + P1(W1 + LBpV1) +

α2P1LDDTLP1 + τV T
1 .V1

ª (38)�mü>Ó�¦±diag{I, P−1
2 , P−1

3 ,

τ−1, I}��

Π̃ =




Π̃11 Π̃12 Π̃13 Π̃14 Π̃15

Π̃T
12 Π̃22 Π̃23 Π̃24 Π̃25

Π̃T
13 Π̃T

23 Π̃33 Π̃34 Π̃35

Π̃T
14 Π̃T

24 Π̃T
34 Π̃44 Π̃45

Π̃T
15 Π̃T

25 Π̃T
35 Π̃T

45 Π̃55




, (39)

Ù¥:

Π̃11 = τ(DT
a Da − I),

Π̃12 = g(BpDa −Bp)T + τDT
a Y,

Π̃13 = BT
a + τDT

a CaQ,

Π̃14 = −DT
a ,

Π̃15 = τDT
a V1,

Π̃22 = ApX + BpY + XAT
p + Y TBT

p + τY TY +

α1DDT + (α−1
1 + α−1

2 )XET
1 E1X + XX,

Π̃23 = gBpCaQ + τY TCaQ,

Π̃24 = −Y T − (g − 1)τ−1Bp,

Π̃25 = gBpV1 + τY TV1,

Π̃33 = Z + ZT + τQCT
a CaQ,

Π̃34 = −QCT
a , Π̃35 = τQCT

a V1,

Π̃44 = −τ−1I, Π̃45 = V1,

Π̃55 = P1W1 + WT
1 P1 + TBpV1 + V T

1 BT
p TT +

α2TDDTTT + τV T
1 V1.

ª(39)�±U��Xe/ª:

Π̃ = Π + M̂2∆̂1Ĥ2, (40)

Ù¥:

Π =




Π11 Π12 Π13 Π14 Π15

ΠT
12 Π22 Π23 Π24 Π25

ΠT
13 ΠT

23 Π33 Π34 Π35

ΠT
14 ΠT

24 ΠT
34 Π44 Π45

ΠT
15 ΠT

25 ΠT
35 ΠT

45 Π55




, (41)

Π11 = −τI,

Π12 = g(BpDa −Bp)T,

Π13 = BT
a ,

Π14 = −DT
a ,

Π22 =ApX+BpY +XAT
p +Y TBT

p +α1DDT,

Π23 = gBpCaQ,

Π24 = −Y T − (g − 1)τ−1Bp,

Π25 = gBpV1,

Π33 = Z + ZT,

Π34 = −QCT
a ,

Π44 = −τ−1I,

Π45 = V1,

Π55 = P1W1 + WT
1 P1 + TBpV1 + V T

1 BT
p TT,

Π15 = Π35 = 0,

M̂2 =




DT
a 0 0 0 0

Y T XET
1 XET

1 X 0
QCT

a 0 0 0 0
0 0 0 0 0

V T
1 0 0 0 TD




,

Ĥ2 =




Da Y CaQ 0 V1

0 E1X 0 0 0
0 E1X 0 0 0
0 X 0 0 0
0 0 0 0 DTTT




. (42)

Ïd�âSchurÖ½n��,eXe�5Ý
Ø�ª
¤á: [

Π M̂2

Ĥ2 −∆̂−1
1

]
< 0, (43)

Kª(34)¤á,l4�XÚ(30)½�OÃγ��.
dª(43)�±wÑ,�|�ÚÖ�ì(8)¥�XÚÝ

Caýk�½��¹e,=�ÏL¦)(43)��Ý

Aa, BaÚDa��,l�¤Ö�ì��O.

3) umax i/g 6 |ui| 6 umax i.

T�¹e<�����Ú¼ê�)�^,XÚ
�Ú¼êØ�)�^,lu= û, ua =umax/g,½Â
ga = û/ua,²w�� 1 < ga < g,lò4�XÚ
(30)±9ª(43)¥�gO��ga,=���e÷ve¡
��5Ý
Ø�ª:[

Π(ga) M̂2(ga)
Ĥ2(ga) −∆̂−1

1 (ga)

]
< 0, (44)

K4�XÚ(30)½�OÃγ��.

�±w�þã3«�¹�¤kÑ\Cþ?uÓ�
ó���e,��Ñ\Cþ?uØÓ�¹e�,�
âã3,d���

û = G(t)ua, (45)
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Ù¥G(t) = diag{gi}. dþã 3«�¹©Û��,�
|ui| 6 umax i/g�, gi = 1. �|ui| > umax i�, gi = g,
�umax i/g 6 |ui|6umax i�, gi∈ [1, g]. Ïd, gi ∈
[1, g].
lþª�±wÑ, G(t) uXeª¤L«�º:

¤(½��á�NS[20]:

Ḡk ∈ S, k = 1, 2, · · · , 2m,

S = {G(t)|gi = g or 1}. (46)

l, G(t)�±L«�Xe/ª:

G(t) =
2m∑
k=1

λkḠ
k, (47)

Ù¥:
2m∑
k=1

λk = 1, 0 6 λk 6 1.

Ïd�Ø�ª(44)aq,¿ÏLéG(t)º:Ḡk©

Û,�±��4�XÚ(30)�½5½nXe¤«.

½½½nnn 1 éu�½��¢êα2,Ý
Ca ∈
Rm×na , Ḡk ∈ Rm×m,e�3�¢êα1, γ,Ý
X ∈
Rnp×np > 0, Y ∈ Rm×np , P1 ∈ Rm×m, T ∈ Rm×np ,
Z ∈ Rna×na , Q ∈ Rna×na , Ba ∈ Rna×mÚDa ∈
Rm×m¦�eãØ�ª¤á:[

Π(Ḡk) M̂2(Ḡk)
Ĥ2(Ḡk) −∆̂−1

1 (Ḡk)

]
< 0, k = 1, 2, · · · , 2m,

(48)

Kª(29)(43)Úª(44)þ¤á,=�¹
þãõ«�
¹,l4�XÚ½�OÃγ��. Ù¥:

K = Y X−1, L = P−1
1 T, Aa = ZQ−1,

M̂2(Ḡk) = M̂2, Ĥ2(Ḡk) = Ĥ2, ∆̂1(Ḡk) = ∆̂1,

Π(Ḡk) =


Π11(Ḡ
k) Π12(Ḡ

k) Π13(Ḡ
k) Π14(Ḡ

k) Π15(Ḡ
k)

ΠT
12(Ḡ

k) Π22(Ḡ
k) Π23(Ḡ

k) Π24(Ḡ
k) Π25(Ḡ

k)

ΠT
13(Ḡ

k) ΠT
23(Ḡ

k) Π33(Ḡ
k) Π34(Ḡ

k) Π35(Ḡ
k)

ΠT
14(Ḡ

k) ΠT
24(Ḡ

k) ΠT
34(Ḡ

k) Π44(Ḡ
k) Π45(Ḡ

k)

ΠT
15(Ḡ

k) ΠT
25(Ḡ

k) ΠT
35(Ḡ

k) ΠT
45(Ḡ

k) Π55(Ḡ
k)



.

(49)

Ý
(49)¥����L�ª�

Π11(Ḡk) = −τI,

Π12(Ḡk) = (BpḠ
k + BpḠ

kDa)T,

Π13(Ḡk) = BT
a ,

Π14(Ḡk) = −DT
a ,

Π22(Ḡk)=ApX+BpY +XAT
p +Y TBT

p +α1DDT,

Π23(Ḡk) = BpḠ
kCaQ,

Π24(Ḡk) = −Y T − τ−1Bp(Ḡk − I),

Π25(Ḡk) = BpḠ
kV1,

Π33(Ḡk) = Z + ZT,

Π34(Ḡk) = −QCT
a ,

Π44(Ḡk) = −τ−1I,

Π45(Ḡk) = V1,

Π55(Ḡk) = P1W1 + WT
1 P1 + TBpV1 + V T

1 BT
p TT,

Π15(Ḡk) = Π35(Ḡk) = 0

yyy ª(48)¥�Ḡk�G(t)�º:,òª(44)¥�
gaO��Ḡk=���ª(48)�ª.

�Ḡk = I�,XÚó�u�¹1,d�ª(48)�±
��Xe/ª: [

S1 S2

ST
2 Γ̂

]
< 0, (50)

Ù¥:

S1 = −τIm×n < 0,

S2 = [DT
a 0m×ne 0m×ne 0m×1np 0m×1ne ].

dSchurÖ½n��

Γ̂ + τ−1ST
2 S2 < 0, (51)

dτ−1ST
2 S2 >0��: �ª(51)¤á�,ª(29)¤á,

lª(48)�ª(29)�¿©^�.

�Ḡk = gI�,XÚó�u�¹2),d�ª(48)�
ª(43)�Ó.Ó��âª(47)��[

Π(G(t)) M̂2(G(t))
Ĥ2(G(t)) −∆̂−1

1 (G(t))

]
=

2m∑
k=1

λk

[
Π(Ḡk) M̂2(Ḡk)
Ĥ2(Ḡk) −∆̂−1

1 (Ḡk)

]
, (52)

ld 0 6 λk 6 1��,ª(48)¤á�ª(44)¤á�
¿©^�.

Ïd,�âc¡��Ñ\õ«ó��¹e�©Û,
ª(48)¤á�¹eª(29)(43)Úª(44)þ¤á,Ó�q
dª(52)��,��Ñ\Cþ?uØÓ�¹e�,XÚ
�ó�G�þ�dª(48)5L«,Ïd,ª(48)�4�
XÚ½�¿©^�.l��X½n1¤«�4�
XÚ½5¿©^�.

5 ���ýýý©©©ÛÛÛ(Simulations)
�!ò¤�O�|�Ú���{A^uC�m�

1ì,?1�ý©Û,�yT���{�k�5.

C�m�1ì�.XXÚ(3)¤«,Ñ\�ÚÝ
umax = [30 3]T. XÚÙ{�'Ý
Xe¤«:

D = E1 =




0.1 0 0 0 0
0 0.1 0 0 0
0 0 0.1 0 0
0 0 0 0.1 0
0 0 0 0 0.1




,
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F =0.5×




sin t 0 0 0 0
0 cos t 0 0 0
0 0 sin t 0 0
0 0 0 cos t 0
0 0 0 0 sin t




.

XÚ	ÜZ6dXÚ(9)�),Ù¥:

W1 =

(
0 1.5

−1.5 0

)
, V1 =

(
1 0
0 1

)
.

TZ6�ªÇ®��Ì�Ú� ������Å

&Ò.À�

Ca =

(
1 0 1 0 1
0 1 0 1 0

)
,

α2 = 0.9322, g = 1.002.

ÏL¦)LMI��

K =




−7.0419 − 0.0012
−148.7809 − 0.0936
−0.4342 − 0.0003
2.1310 − 5.1873
−0.0174 − 2.8862




T

,

L =

(
−1.7782 0 0 0 − 0.2121
−0.2941 0 0 0 − 1.3153

)
,

Aa =


−1.6037 0 − 0.1481 0 −0.1481

0 −1.6595 0 −0.2216 0

−0.1481 0 −1.6037 0 −0.1481

0 −0.2216 0 −1.6595 0

−0.1481 0 −0.1481 0 −1.6037




,

Ba = 10−3 ×
(

4.8 0.6 4.8 0.6 4.8
0.2 − 0.4 0.2 − 0.4 0.2

)T

,

Da =

(
−0.1809 −0.001
−0.001 −0.0047

)
,

α1 = 10.4282, γ = 63.6501.

XÚÐ©G��x0 = [15 0 10 0.315 0]T,	Ü
Z6Ð©��d(0) = [d1(0) d2(0)]T = [1 1]T,Z6
*ÿìÐ©��d̂(0) = [d̂1(0) d̂2(0)]T = [29 4]T,
��ìÚÖ�ì��OXª(7)−(8)¤«.

�ý(JXã5−7¤«. dã5Úã6�±wÑ,¤
�O�Z6*ÿì(7)ÙÑÑU
¯�k���l�
	Ü�C��6Ä,�Ã�Ø�. ã7L²,3�O
�|�ÚÖ�ìÚ��ì�^e,4�XÚG�¯�
Âñ�",Ïd4�XÚU
¯�½. dã7Úã8
��,��Ñ\3���Ú��¹e,U
¯�N�,
�ª?u�Ú��S,l�y4�XÚ�½5.

ã 5 	ÜZ6d1,Z6*ÿì�Od̂19�OØ�d̃1

Fig. 5 External disturbance d1, the estimate output of
the disturbance observer d̂1 and estimate error d̃1

ã 6 	ÜZ6d2,Z6*ÿì�Od̂29�OØ�d̃2

Fig. 6 External disturbance d2, the estimate output of
the disturbance observer d̂2 and estimate error d̃2

ã 7 4�XÚG��A
Fig. 7 The response of the system states
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ã 8 ��Ñ\u

Fig. 8 The input of control u

Ïd,lþã�ý(J��,Z6*ÿìU
k�
/�O	Ü�C6Ä,3¤�O���ìÚÖ�ì�
�^e,4�XÚG�½. Ïd�O�ÄuZ6*
ÿì�|�Ú���{´k��.

6 (((ØØØ(Conclusions)
�©�é�a�3	ÜZ6ÚÑ\�Ú�Ø(½

�5XÚ,JÑ
�«ÄuZ6*ÿì�|�Ú��
�{. �JpZ6³�Ú°�5U,�OZ6*ÿì
éXÚ	Ü6Ä?1�O,3Z6*ÿìÑÑ�Ä:
þ,�ÄÑ\�Ú��¹e,(Ü|�Ú�O�{,�
O
ÄuZ6*ÿì�|�ÚÖ�ìÚ��ì,¿y
²4�XÚ�½5. ��,òT�{A^uC�m
�1ì,?1�ý�y,y²
T�{�k�5.
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