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Realization of bisimilarity control of
nondeterministic discrete event systems
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Abstract: Due to the practical and theoretical importance, the study of combining discrete event systems (DESs) with
bisimulation equivalence has received considerable attention in recent years. This paper addresses the realization problem
for bisimilarity control of nondeterministic DESs proposed in the prior work. A computing tree is constructed based on
the subset of Cartesian product of nondeterministic plant and specification, and a polynomial algorithm is presented to
check the simulation-based observability of specification, which indicates that the existence of bisimilarity supervisors can
be verified with a polynomial complexity. Moreover, the physical design is further discussed, and it is illustrated that the
bisimilarity control mechanism can be physically realized by employing an additional simulation recognizer with memory
and judgement function.
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LéÄuV�['X���5ÚÄuV�['X�

�*5?1/ªz,JÑ
�«#��(½.lÑ¯
�XÚV�[��Å�[1–2].

�©UY©[2]�ó�,?�ÚïÄÙ�{¢yÚ
Ôn¢y�¯K.�©Äkòäk�ÓÝK�¯�G
À�Ó���da,�dé5�`²�ó?1�da
y©. ,�,ÏLO�5�`²���XÚgÄÅG
�8�(k�È,�E
��O�ä±�x5�`²
���XÚ���['X,JÑ
���ä5�`²
´ÄäkÄu�['X�*5�õ�ª�{,l�
�
'uù«V�[��Å�e�y��ì��3

5�3õ�ª�mS¢y�(Ø.Ó�,�âù«V
�[��Å��Ü¤5K,JÑ
3DÚ��ì�Ä
:þ��äk�;õUÚ�äõU��['X£O

ì��O�{,¢y
��ì3�['X£Oì��
^eé�(½.lÑ¯�XÚ¢�iÒ��.

2 ���(((½½½...lllÑÑÑ¯̄̄���XXXÚÚÚ���VVV���[[[������(Bi-
similarity control of nondeterministic DESs)
lÑ¯�XÚ´�adlÑ¯�Uì�½�$1

5K�p�^��G�üz�Ä�XÚ[17]. §�±
/ªz½ÂXe:

½½½ÂÂÂ 1 ��lÑ¯�XÚ´�k�gÄÅ

G = (X,Σ, α, x0, Xm), (1)

Ù¥: X´k�G�8, Σ´k�¯�8, α´G�=

£¼êα : X ×Σ → 2X , x0 ∈ X´Ð©G�, Xm ⊆
X´ª(G�8. XJé?¿x ∈ X Úσ ∈ Σ,Ñk
|α(x, σ)| 6 1,K¡G�(½.k�gÄÅ(determini-
stic finite automaton, DFA);ÄK,¡G��(½.k

�gÄÅ(nondeterministic finite automaton, NFA).

PΣ∗��¹�Gε3S�¤kΣþk��ÎÜG

8,KΣ∗�?�f8Ñ¡����ó. G�)¤�ó

´�G¥dÐ©G�x0ÚÑ�¤k¯�G�8Ü

L(G),=

L(G) = {s ∈ Σ∗ : α(x0, s) 6= ∅}. (2)

G��É�ó´L(G)¥¤k���,�ª(G��
¤k¯�G�8Ü,P�Lm(G),=

Lm(G) = {s ∈ L(G) : α(x0, s) ∩Xm 6= ∅}. (3)

��/,lXÚ��55`,¯�8�©�ü�Ø
��f8Σ = Σc∪̇Σuc,Ù¥Σc´��¯�8, Σuc

´Ø��¯�8. lXÚ�*55`, Σq�©�Σ

= Σo∪̇Σuo,Ù¥ΣoÚΣuo©O´�*¯�8ÚØ�

*¯�8. duÏ~�¹e��ì�U*ÿ�Σo¥¯

��u),Ïd,�¯��gu)�,��ì*ÿ��
´���ÝK(projection)LÈ��¯�G,ùpÝK
½Â���N�P : Σ∗ → Σ∗

o ,§÷vP (ε) = ε,�

éuσ ∈ ΣÚs ∈ Σ∗,k

P (sσ) =

{
P (s)σ, XJ σ ∈ Σo,

P (s), XJ σ ∈ Σuo.
(4)

½½½ÂÂÂ 2[10] G���ì(supervisor)½Â���N
�SP : P (Σ∗) → 2Σ ,§÷v: é?¿s ∈ Σ∗,k

Σuc ∩ {σ ∈ Σ : sσ ∈ L(G)} ⊆ SP (P (s)). (5)

½½½ÂÂÂ 3 SPi�e���XÚP�SP /G,Ù)
¤�óL(SP /G)48½Â�ε ∈ L(SP /G);¿�sσ ∈
L(SP /G)�¿�=�s ∈ L(SP /G), sσ ∈ L(G), σ ∈
SP (P (s)). SP /G��É�ó½Â�

Lm(SP /G) = L(SP /G) ∩ Lm(G).

½½½ÂÂÂ 4 ���óK¡�Äu�ó���,XJ

K̄Σuc ∩ L(G) ⊆ K̄, (6)

ùpK̄´K�cM4�(prefix-closure).

½½½ÂÂÂ 5 ���óK¡�Äu�ó�*�,eé
¤k÷vP (s) = P (s′)�s, s′ ∈ K̄,e�^�Ñ¤
á:

(∀σ ∈ Σc)sσ ∈ K̄ ∧ s′σ ∈ L(G) ⇒ s′σ ∈ K̄. (7)

½½½ÂÂÂ 6[1] �Gi = (Xi, Σ, αi, x0i, Xmi), i=1, 2,
´ü�NFA,¡G1��G2�[ (G1 is simulated by
G2),XJ�3����'XΦ ⊆ X1 ×X2,¦�
(x01, x02) ∈ Φ,�é?¿(x1, x2) ∈ Φ,÷v:

1) é?¿σ ∈ ΣÚx′1 ∈ α1(x1, σ),Ñ�3x′2 ∈
α2(x2, σ),¦�(x′1, x

′
2) ∈ Φ;

2) ex1 ∈ Xm1,Kx2 ∈ Xm2.

d�,P�G1 vΦ G2,¿¡Φ����['X.

½½½ÂÂÂ 7 �Φ ⊆ (X1 ×X2) ∪ (X2 ×X1)÷vé
¡ 5,�G1 vΦ G2, G2 vΦ G1,KΦ¡ � ´G1Ú

G2�m���V�['X(bisimulation relation),P
�G1 'Φ G2. w,,V�['X´���d'X.

½½½ÂÂÂ 8[1] �½�(½.lÑ¯�XÚG = (X,

Σ, α, x0, Xm)Ú�(½.5�`²R = (Q,Σ, δ, q0,

Qm). �R vΦ G�SP´G���ì. Äu�['X
Φ���XÚ�E�XeNFA:

SΦ
P /G = (Y,Σ, β, y0, Ym), (8)

Ù¥G�8Y = Q×X ,Ð©G��y0 = (q0, x0),
ª(G�8Ym = Y ∩ (Qm ×Xm),G�=£¼êβ :
Y ×Σ∗ → 2Y48½ÂXe:

i) (q, x)∈β(y0, σ)⇔ q ∈ δ(q0, σ), x∈α(x0, σ),
σ ∈ SP (ε),¿��σ ∈ Σc�,k(q, x) ∈ Φ;

ii) (q′, x′)∈β((q, x), σ)⇔ (q, x)∈β(y0, s), q′∈
δ(q, σ), x′ ∈ α(x, σ), σ ∈ SP (P (s)),¿��σ ∈ Σc

�,k(q′, x′) ∈ Φ.
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½½½ÂÂÂ 9 eé?¿s ∈ Σ∗Úy1, y2 ∈ β(y0, s),Ñ
kE(y1)∩Σuc = E(y2)∩Σuc,K¡SΦ

P /G´Σuc–�N
�,Ù¥E(yi) = {σ ∈ Σ : β(yi, σ) 6= ∅}, i = 1, 2.

½½½ÂÂÂ 10[2] �½�(½.lÑ¯�XÚG =
(X,Σ, α, x0, Xm)Ú�(½.5�`²R = (Q,Σ,

δ, q0, Qm). ¡R�Äu�['X���,XJ�3�
��['XΦ,¦�R vΦ G,�÷v{

(∀s ∈ L(R))(∀q ∈ δ(q0, s))(∀σ ∈ Σuc)
(sσ ∈ L(G) ⇒ δ(q, σ) 6= ∅).

(9)

½½½ÂÂÂ 11[2] �½�(½.lÑ¯�XÚG =
(X,Σ, α, x0, Xm)Ú�(½.5�`²R = (Q,Σ,

δ, q0, Qm),¡R�Äu�['X�*�,XJ�3�
��['XΦ,¦�R vΦ G,¿�é?¿÷vP (s) =
P (s′)�s, s′ ∈ L(R),Ñk{

(∀q ∈ δ(q0, s
′))(∀σ ∈ Σc)

(sσ ∈ L(R) ∧ s′σ ∈ L(G) ⇒ δ(q, σ) 6= ∅).
(10)

½½½nnn 1[2](V�[����*½n) �½�(½

.lÑ¯�XÚG = (X, Σ, α, x0, Xm)Ú�(½.
5�`²R = (Q,Σ, δ, q0, Qm). �L(R)´Äu�ó
��ÚÄu�ó�*�,K�3���['XΦ ⊆
Q×XÚ��P–��ìSP¦���XÚSΦ

P /G´
Σuc–�N�SΦ

P /G ' R�¿�^�´RäkÄu�[

'X��5ÚÄu�['X�*5.

3 VVV���[[[���������¢¢¢yyy���{{{(Realization algori-
thm for bisimilarity control)
d½n1�,÷vSΦ

P /G ' R���ìSP��35

Ì��6uR�Äu�['X��5ÚÄu�['X

�*5. ©z [1]�Ñ
���yR´ÄäkÄu�

['X��5�õ�ª�m�{,Ïd,��yù«
��ìSP��35,�©�I�?�Ú�Ñ�yR´

ÄäkÄu�['X�*5��{.

e¡|^�E��/O�ä0��{,�Ñ�
yRÄu�['X�*5�õ�ª�m�{.

Äk,�âÝKP3L(R)þ½Â����'X
∼P : é?¿s, s′ ∈ L(R),½Â

s ∼P s′ ⇔ P (s) = P (s′). (11)

ØJ�y∼P´L(R)þ����d'X.3ù��d
'X∼P�Ä:þ,�òL(R)y©¤ØÓ��da:

L(R)/ ∼P = {[s]P : s ∈ L(R)}, (12)

Ù¥s′ ∈ [s]PL«s′ ∈ L(R)�P (s) = P (s′).

,�,3XÚG¥Ú\��#G�/null0,§L
«/�0G�,¡(k�8Q× (X ∪ {null})¥��
�(q, x)�/G�é0. 5½O�ä�z�(:Ñ

´Q× (X ∪ {null})�,�f8,¿äkXe/ª:

p = {(q, x1), (q, x2), · · · , (q, xk)}, (13)

=Ó�(:¥�¤k/G�é0Ñ�¦k�Ó�

11��I.AO/,¡ù«12��I�/null0�(
:p = {(q, null)}�/�(:0.

e¡,�©äN�Ñ�yR´ÄäkÄu�['

X�*5��{.

���{{{ 1 �yR�Äu�['X�*5�{.

ÚÚÚ½½½ 1 �EO�äT±�yR v G´Ä¤á:

ÚÚÚ½½½ 1.1 ±p0 = {(q0, x0)}�T��(:;

ÚÚÚ½½½ 1.2 éT¥z�(:

pi = {(qi, xi
1), (q

i, xi
2), · · · , (qi, xi

k)}, (14)

eE(qi) 6= ∅,KO�pi�z���é�¯f(:8:
éu��é(qi, xi

j) (1 6 j 6 k),XJqi3R¥kl�

G�=£,Ø�òù
G�=£P�

< qi, σi
1, q

i+1
1 >, · · · , < qi, σi

l , q
i+1
l >, (15)

@o(qi, xi
j)�¯f(:8(P�Son(qi, xi

j))kl�¯

f(:: pi+1
1 , · · · , pi+1

l ,Ù¥z�pi+1
h (1 6 h 6 l)½

ÂXe:

i) �α(xi
j, σ

i
h) = ∅�, pi+1

h = {(qi+1
h , null)};

ii) �α(xi
j, σ

i
h) 6= ∅�,

pi+1
h = {qi+1

h } × α(xi
j, σ

i
h)−Qm × (X −Xm).

ÚÚÚ½½½ 1.3 éSon(qi, xi
j) (1 6 j 6 k)©ÛXe:

i) XJSon(qi, xi
j)�¹�8∅��Ù¯f(:,

K�{ÑÑ(JR 6v G;

ii) XJSon(qi, xi
j)�¹k/�(:0��Ù¯f

(:,Klpi¥íØ��é(qi, xi
j)¿lT¥}�(qi,

xi
j)��(:�fä;

ÚÚÚ½½½ 1.4 XJ²LÚ½1.3¥ii)��(:piC

�∅,K�{ÑÑ(JR 6v G.

ÚÚÚ½½½ 1.5 �E�1Ú½1.2–1.4,��T¥Ø2Ñ

y#(:��.

ÚÚÚ½½½ 2 XJÚ½1ÑÑ�(J´R 6v G,K=�
Ú½4;ÄK,�â�ª (12),òL(R)y©��da
L(R)/ ∼P .

ÚÚÚ½½½ 3 UXe�{k^�/V\lT¥,
(

:�(:/UNOBS0�G�=£: éu(:(q, x),
Ps′(q,x)�T¥l�(:p0�(q, x)�¯�G,¿-

M(q,x) = (
⋃

x′∈α(x0,s′(q,x))

E(x′)) ∩Σc − E((q, x)).

(16)
XJM(q,x) 6= ∅,��3s∈ [s′(q,x)]PÚσ ∈ M(q,x),¦
�sσ ∈ L(R),KV\lT(:(q, x)�/UNOBS0
�G�=£.
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ÚÚÚ½½½ 4 �{(å,�â±e(J�äR´Ää

kÄu�['X�*5: XJÚ½1ÑÑ�(J´R

6v G½3�1Ú½3�T¥�3�(:/UNOBS0�
G�=£,@oRØäkÄu�['X�*5;ÄK,
RäkÄu�['X�*5.

½½½nnn 2 �{1U
¢yéR´ÄäkÄu�[

'X�*5��y.

yyy duRÚGÑ´k�gÄÅ,Ïd,�{´�
ª��. e¡2y²�{��(5.

3Ú½1.3¥�i),eSon(qi, xi
j)�¹
∅��¯

f(:,K�â pi+1
h �½Â��,�½�3 qi+1

k ∈
δ(q0, s)¦�qi+1

k ∈ Qm,,α(x0, s) ∩Xm = ∅,ù
L²½Â6¥�2)Ø÷v,Ïd, R 6v G. 3Ú½1.3
�ii)¥,eSon(qi, xi

j)¹,/�(:0{(qi+1
h ,null)}

��Ùf(:,Kdqi+1
k ∈ δ(qi, σi

k)Úα(xi
j, σ

i
k) = ∅

��qi 6v xi
j . Ïd,�â½Â6�1),��é(qi, xi

j)A
Tl�['X¥íØ.3Ú½1.4¥,XJ,(:pi²

LÚ½1.3¥�ii)��C�∅,ùL²qi ∈ δ(q0, s)�
Ø�3x ∈ α(x0, s)¦qivx,=½Â6�1)Ø¤á,�
R 6v G. ù
L²Ú½1��yR v G´Ä¤á.

3�1Ú½1��,XJ(J�R 6v G,K=��
1Ú½4,d��{(å¿��RØäkÄu�['X

�*5�(Ø.ÄK,�{�U�1Ú½2–3. 3Ú
½3¥,e�3��é(q, x)¦�M(q,x) 6=∅,¿��3
s∈ [s′(q,x)]PÚσ∈M(q,x)¦�sσ∈L(R),KL²P (s)
=P (s′(q,x)), sσ∈L(R),�´s′(q,x)σ 6∈L(R). Ïd,�
â½Â11��, RØäkÄu�['X�*5,l
3�{Ú½3¥,��l(:(q, x)�(:/UNOBS0
�G�=£�V\�O�äT¥±IPRØäkÄu

�['X�*5. Ïd,�{3�1�Ú½4��±�
yR´ÄäkÄu�['X�*5.

½½½nnn 3 V�[��Å��3õ�ª�mS¢y.

yyy d½n19©[1]¥�Ñ�Äu�['X��
5�õ�ª�m�{��,�©�I�y²�{1�
´��õ�ª�{.

�|Q|Ú|X|©O´RÚG�G�8. PR¥lq0

Ñu���{ü´»��Ý�n,KO�äT�õk

n + 1�. duz�(:Ñ�õk|Q||Σ|�¯f(:,
z�¯f(:�õ�¹|X|+1��é,Ïd,11�
�k1��(:p0,12��õk|Q||Σ|�(:,13�
�õk(|Q||Σ|)2(|X|+1)�(:. ±daí,1n+1
��õk(|Q||Σ|)n(|X|+ 1)n−1�(:. lT�o

(:ê�õ´O(|Q|n|Σ|n|X|n−1). Ó�,3Ú½3¥
�´k�õ�O(|Q|n|Σ|n|X|n−1)��/UNCOOB0
�G�=£�V\�T¥. ��{1�E,5´��
'uG�8Ú¯�8�õ�ªO(|Q|n|Σ|n|X|n−1).
y..

4 VVV���[[[���������ÔÔÔnnn¢¢¢yyy(Physical realization
of bisimularity control)
d© [1–2]�,V�[��Å�´3DÚÅ�[10]

�Ä:þÚ\
���['X,ù«�['X�±^
��ì�ΓΦ(¡���['X£Oì)5¢y. ΓΦäk

±eü�õU:

# �;õU:é�½�5�`²RÚXÚG,X
JR vΦ G,KòΦ¥�¤k���;3ΓΦ¥;

# �äõU:éXÚG�?�G�=£&E

(x, s)(Ù¥x��cG�, s�®u)¯�G), ΓΦò�

âÙ�;&E�ä´Ä�3R�,�G�q¦�(q, x)
∈ Φ. XJ�3,KÑÑs;ÄKéù�Ñ\Ø��A.

duRÚG���½,lR�G��['XΦÒ®

(½,Ïd,�['X£OìΓΦ��;õU3XÚ�

1���cÒ�±ÏLêâ¥±�;8Ü����

ª¢y. 3dêâ¥�Ä:þ,�['X£OìéX
Ú?�G�=£&E(x, s),'u´Ä�3,�q¦�

(q, x) ∈ Φ��ä��þ´ÄuG�Ú¯�íü�

Yes½No��ä,ù«�ä´^Ü6>´Ôn�¢y
�.

5 ¢¢¢~~~(Examples)
~~~ 1 �ÄlÑ¯�XÚGÚ5�`²R,Xã1

¤«,Ù¥Σc = {a}, Σo = {b}.

ã 1 XÚG(�)Ú5�`²R(m)

Fig. 1 System G (left) and specification R (right)

XJΦ={(q0, x0), (q1, x2), (q2, x2), (q3, x1), (q4,

x4), (q5, x3)},KR vΦ G. ,�s = s′ = b, σ = a

�,ª(10)Ø¤á,Ïd, RØäkÄu�['X�*

5. ��ã�{1,e¡2^�{1�yù�(Ø.

�{�1Ú½1���O�äXã2¤«.

ã 2 ~1¥�E�O�äT

Fig. 2 Computing tree T in Example 1

�âÚ½ 2��, L(R)��y©�L(R)/ ∼P =
{[b]P , [a]P},Ù¥[b]P = {b, ab, ba}, [a]P ={ε, a}. é
u(:(q1, x2),ks′(q1,x2)

=b��âª(16)�M(q1,x2)
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= {a} 6= ∅. Ó�,� s = bÚσ = a�,÷v^�s ∈
[s′(q1,x2)

]P , σ ∈ M(q1,x2)9sσ ∈ L(R). �âÚ½3,�
�l(:(q1, x2)�(:/UNOBS0�G�=£�V
\�T¥. l3�1Ú½4�{(å�,��RØä

kÄu�['X�*5�(Ø.

~~~ 2 �Ä~1¥�½�XÚGÚ5�`²R,�
Σc = Σo = {b}. ^½ÂØJ�yR´Äu�['X

�*�. e¡�©Ó�2^�{1�yù�(Ø.

�{�1Ú½1���O�äTXã3. �1Ú
½2�, L(R)y©��daL(R)/ ∼P�~1��Ó.
du�âª(16),éT¥�?¿(:p = (q, x)Ñ�
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