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Abstract: The trajectory tracking control problem for a nonholonomic mobile robot with unknown system parame-
ters and bounded external disturbances is investigated and a robust adaptive tracking control scheme is proposed in this
paper. The main difficulty of tracking control of a nonholonomic mobile robot is that the kinematics is underactuated.
To deal with this difficulty, an additional controller variable is created through variable transformation by using the tra-
verse function method. With the additional control variable, the kinematic model of the nonholonomic mobile robot is no
longer underactuated, thus, facilitating the control design for the nonholonomic mobile robot extensively. Finally, nonlinear
adaptive control and parameter projection techniques are adopted to derive the tracking controller and parameter estimator
through the Lyapunov function approach. It is shown with rigorous proof that with our proposed control scheme, the ref-
erence trajectory can be followed globally with an arbitrarily small tracking error. Simulation results also demonstrate the
effectiveness of our proposed controller.

Key words: nonholonomic mobile robots; trajectory tracking; robust adaptive control; transverse function approach;
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�Åì<��Ó´Ø�3ýw�,ùÒ¦�£ÄÅì
<XÚ7L�÷v�½�$ÄÆ�å,l¤���
�©E,�õÑ\õÑÑ����5XÚ,¿�äk
�C!rÍÜ�ÄåÆA5ÚØ(½5. éu���
XÚ5`,Ï�§Ø÷vBrockett7�^�[1],²;�
�XÚnØ¥Nõ¤Ù�(J�Ã{��A^u�

��XÚ�	½��,7LÏé#��{Úóä5)
û	½¯K,âU÷vXÚ°ÝJl�I¦.

éu���£ÄÅì<5`,du���5�å
^���3,	½¯KÚ;,�l¯K��´©m�
Ä�. éu;,�l¯K,�
ÆöJÑ
�X��
��ì�O�{,ù
�{Ì�Ñ´±�Ú{�Ä:
�. 3©z[6–7]¥,�ö�â�Ú{�OÑ�«£Ä
Åì<;,�l��ì. 3©z[8–9]¥,�öJÑ

�«3Ñ\=ÝÉ���åe£ÄÅì<;,�l

¯K���ì�O�{. �´±þA�©zÑvk�
Ä£ÄÅì<XÚ�.¥�3��ëê�¯K.3©
z[10–12]¥,�é¹k��ëê�£ÄÅì<;,�
l��¯K,�öJÑ
�«g·A��ì�O�{.
3©z[13]¥,r£ÄÅì<���Ý!���Ú�
�Ýb��G�,òXÚï�¤�5XÚ,?|^
g·A�Ú{5?nØ(½£ÄÅì<�;,�l

¯K.3©z[14]¥,�é¹k��Ñ\=ÝÉ�Ú�
�ëê�£ÄÅì<;,�l¯K,�öJÑ
�«
°�g·A��ì�O�{. Ød�	,w����
�{ [15]ÚÀúpÑ�{ [16]��A^�£ÄÅì<�

;,�l¯K¥.

�´3þã?n�k��ëêÚ(½)	.Z6�
���£ÄÅì<©z¥ [7–12, 14–16],ë�;,��5
�ÝÑ7L÷v±Y-y^�(persistent excitation,
PE)½Ù¦�î��^�,ùÒ¿�XØ´¤k�;
,ÑU
¢y�l½ö��,3¢S�A^¥PE^
���éJ��. ùÒ4�/��
ù
�{�A^
�Æ,Ïd±þ©zÑ�3A^��É��¯K.©
z[17]�,�JÑ
Ú���ì�O��{,�´%
vk�Ä���£ÄÅì<�.¯K.

�©�é�k��ëêÚ	.Z6����£

ÄÅì<�.,JÑ�«°�g·A;,�l��ì
�O�{,¿�ù«�{U
¢y?Ûë�;,��
l. Äk|^î�¼ê�{[18–19],ÏL�X��¼ê
CþC�Ú^��J[���Ñ\,¦���£ÄÅ
ì<Ø2´��j°ÄXÚ,,�ÏL�Ú{�O°
�g·A��ì¦Åì<Uì�½�;,�¤;,

�l,¿��ª��lØ�U
?¿�. �©�Ì�
M#:3uT�{U
)ûé?¿�½ë�;,�

�l±9	½¯K.Ó�T���{�±k�/?n
	.Z6¯K,¿�y�ª��lØ�U
��?¿
�.

2 ¯̄̄KKK£££ããã(Problem formulation)
�©�ÄÅ�«¿Xã1¤«�VÓ°Ä£ÄÅ

ì<,Ù�%ÚAÛ¥%ØÜ.b�ýé�IX
O–XY�½3²¡S,��cÓ��ÄÓ,�k| 
�N��^,ü��Ó�Õá°ÄÓ,�æ^���
6pÑ>ÅÕá°Ä,ÏLN!�g�Ñ\>Ø±¢
yüÓ��Ý�. Po–x1y1�£ÄÅì<�ÛÜë�

�IX,¿±£ÄÅì<�¥%:Po��:. �%Pc

3x1¶þ,ål�:Poål�d. ¥%Po3�Ûë�

�IXe��I�(x̄, ȳ), Ê��φ̄. 2b´£ÄÅì

<�°Ý, r´�Ó�». �©b�£ÄÅì<��X
EÄ,Ø�3ýw,KVÓ£ÄÅì<�de�$Ä
ÆÚÄåÆ�.£ã[7]:

η̇ = J(η)ω, (1)

Mω̇ + C(η̇)ω + Dω = τ + τd, (2)

Ù¥: η = (x̄, ȳ, φ̄)T, ω = (ω1, ω2)T©O�ü�Óf
���Ý, τ = (τ1, τ2)TL«Óf���åÝ, M´

é¡�½�.5Ý
, C(η̇)�XÚx¼åÚl%åÝ

, D�{ZXêÝ
. Ý
J(η), M , C(η̇)ÚDäk

Xe/ª [7]:

J(η) =
r

2




cos φ̄ cos φ̄

sin φ̄ sin φ̄

b−1 −b−1


 , M =

[
m11 m12

m12 m11

]
,

C(η̇) = c

[
0 ˙̄φ
− ˙̄φ 0

]
, D =

[
d11 0
0 d22

]
,

m11 = 0.25b−2r2(mb2 + I) + Iw,

m12 = 0.25b−2r2(mb2 − I), m = mc + 2mw,

I = mcd
2+2mwb2+Ic+2Im, c = 0.5b−1r2mcd.

Ù¥: mcÚmw©O´£ÄÅì<ÌN�þÚ�k>

Å�Óf�þ. Ic, IwÚIm©O�£ÄÅì<ÏL�

%Pc�.5åÝ,�Ó'u�¶�.5åÝÚ�Ó'
u�»�.5åÝ. dii, i = 1, 2´{ZXê, τd´k

.	ÜZ6,=

‖τd‖ 6 τd max, (3)

Ù¥τd max´������~ê.

ã 1 ���£ÄÅì<«¿ã

Fig. 1 Diagram of a nonholonomic mobile robot
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bbb��� 1 ëêrÚb3®��;8S,=�3�½
~êr̄, r, b̄Úb,¦�r < r < r̄Úb < b < b̄¤á.

555 1 Ï�T£ÄÅì<3Ù$Ä²¡Sk3�$Ä

gdÝ��k2�Õá��þ,¤±T£ÄÅì<XÚ�j°

ÄXÚ.�©|^î�¼ê��{,Ú\9Ï��þ,¦�X

ÚØ2´j°Ä�.

Äu�.(1)–(2)Úb�1,�©���8I�±£
ã�:

��8I:�O��Ñ\Cþτ ,¦��k��ë
êÚk.Z6����£ÄÅì<(1)–(2)�±�l
ýk�½�ë�;,Ω = (xd, yd, φd).

3 ggg···AAA������ììì���OOO(Adaptive controller
design)
3ù�Ü©,11Ú,¦^î�¼ê��{5?1

�IC�,l�)��#�N\��ìξ̇,¦�£Ä
Åì<$ÄÆ�.Ø2´j°ÄXÚ;12Ú,�Og
·A��ìÚëê�Oì5�l�½�ë�´».

3.1 ���IIICCC���(Coordinates transformation)
Ú\#�G�Cþ(x, y, φ)Ú9ÏCþξ,¦Ù÷

v[20]: [
x

y

]
=

[
x̄

ȳ

]
+ R(φ)

[
f1(ξ)
f2(ξ)

]
, (4)

φ = φ̄− f3(ξ), (5)

Ù¥:

R(φ) =

[
cos φ − sin φ

sin φ cos φ

]
, (6)

fl(ξ)(l = 1, 2, 3)´'uξ�¼ê



f1(ξ) = ε1 sin ξ(
sin f3

f3

),

f2 ξ = ε1 sin ξ(
1− cos f3

f3

),

f3 ξ = ε2 cos ξ,

(7)

Ù¥: ε1Úε2´�~ê, ε2÷v0 < ε2 < π/2,

|f1| 6 ε1, |f2| 6 ε1, |f3| 6 ε2. (8)

éx, yÚφ¦���[
ẋ

ẏ

]
= Q

[
ru1

ξ̇

]
+

∂R(φ)
∂φ

[
f1(ξ)
f2(ξ)

]
×

(rb−1u2 − ∂f3(ξ)
∂ξ

ξ̇), (9)

φ̇ = rb−1u2 − ∂f3(ξ)
∂ξ

ξ̇, (10)

Ù¥:

u1 = 0.5(ω1 + ω2), u2 = 0.5(ω1 − ω2),

Ý


Q =




(
cos φ̄

sin φ̄

)
R(φ)




∂f1(ξ)
∂ξ

∂f2(ξ)
∂ξ





 (11)

´�_� [18]. �(x̄, ȳ, φ̄)ØÓ,C����I(x, y, φ)
´�±ÏLN!9Ï��Cþu1, u2Úξ̇5���.

3.2 ������ììì���OOO(Controller design)
^ª(9)–(10)5�O$ÄÆ�.ª(1),Kª(2)(9)–

(10)´XÚ�î��"/ª. Ïd,�©�±|^�Ú
{5�O��Ñ\τ¦�XÚ�±�l?¿�½�ë

�;,. �!Ì�©�üÚ5�OÚ���ì: 11
Ú,ÏL�OJ[��ìu1d, u2dÚ9ÏCþξ̇,��
£ÄÅì<�$Ä;,,¦Ù�±�l?¿�½�ë
�;,(xd, yd, φd). 12Ú,�Og·A��Çτ ,¦�
ª(9)–(10)¥�u1Úu2©OªuJ[��ìu1dÚ

u2d.

ÚÚÚ½½½ 1 Äk½Â�lØ��

xe = x− xd, ye = y − yd, φe = φ− φd, (12)

�EoäÊìÅ¼ê

V1 =
1
2
qT
e qe +

1
2
φ2

e , (13)

Ù¥qe = [xe ye]T,KéV1¦���

V̇1 = qT
e (Q

[
ru1

ξ̇

]
+

∂R(φ)
∂φ

[
f1(ξ)
f2(ξ)

]
× φ̇− q̇d) +

φe(rb−1u2 − f ′3ξ̇ − φ̇d),

Ù¥: qd = [xd yd]T, q̇d = [x′d(t) y′d(t)]
T.

½ÂJ[��Ø�Cþ

u1e = u1 − u1d, u2e = u2 − u2d, (14)

Ù¥: u1dÚu2d©O´'uu1Úu2�J[��ì,�
±ÀJ�[

u1d

ξ̇

]
=

[
θ̂−1
1 0
0 1

]
Q−1(−k1qe −R′(φ)×

[
f1(ξ)
f2(ξ)

]
× (−k2φe + φ̇d) + q̇d), (15)

u2d = θ̂−1
2 (−k2φe + f ′3ξ̇ + φ̇d), (16)

Ù¥: k1Úk2´�~ê, θ̂i = θi− θ̃i(i = 1, 2),©O�
rÚrb−1��Oþ,=θ1 := rÚθ2 := rb−1,?�Ú�
� [

ẋe

ẏe

]
= −k1

[
xe

ye

]
+

∂R(φ)
∂φ

[
f1(ξ)
f2(ξ)

]
×

(θ̃2u2 + θ̂2u2e) + Q

[
θ̃1u1+θ̂1u1e

0

]
,

φ̇e = −k2φe + θ̃2u2 + θ̂2u2e. (17)
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ëê�O�O�{ ˙̂
θ1 = Proj(θ̂1, γθ1π1u1),
˙̂
θ2 = Proj(θ̂2, γθ2π2u2),

(18)

Ù¥: γθ1 , γθ2´~ê,

π1 = xe cos φ̄ + ye sin φ̄,

π2 = [xe ye]
∂R(φ)

∂φ

[
f1(ξ)
f2(ξ)

]
+ φe, (19)

Proj(·, ·)L«LipschitzëYN�ÎÒ,[!��ë�
©z[21].

ÚÚÚnnn 1[21] XJ|b̂(t0)| 6 bM,KN�äkXe5
�:

1) |b̂(t)| 6 bM + ε, ∀0 6 t0 6 t < ∞.

2) Proj(a, b̂)´LipschitzëY�.

3) |Proj(a, b̂)| 6 |a|.
4) b̃Proj(a, b̂) > b̃a,Ù¥b̃ = b− b̂.

�EoäÊìÅ¼ê

V2 = V1 +
1

2γθ1

θ̃2
1 +

1
2γθ2

θ̃2
2, (20)

(ÜÚn1�5�4),��

V̇2 6 −k1q
T
e qe − k2φ

2
e + π1θ̂1u1e + π2θ̂2u2e.

ÚÚÚ½½½ 2 ½Â#�J[��ìØ�Cþz = [z1

z2]T, z1 = ω1 − ω1d, z2 = ω2 − ω2d,Kk

z = ω −
[

ω1d

ω2d

]
. (21)

éª(21)ü>¦�¿¦±Ý
M ,�ÄXÚ$ÄÆ�
§(2),��

Mż = −Dz + χTϑ + τ + τd, (22)

Ù¥χÚϑXª(23)¤«:




ϑ = [crb−1 d11 d22 m11 m12 m11r m12r

m11rb
−1 m12rb

−1]T,

χ =

[
−ω2u2 −ω1d 0 −∆11 −∆12

ω1u2 0 −ω2d −∆12 −∆11

−∆21 −∆22 −∆31 −∆32

−∆22 −∆21 −∆32 −∆31

]T

,

∆1k =
∂ωkd

∂θ̂1

˙̂
θ1 +

∂ωkd

∂θ̂2

˙̂
θ2 +

∂ωkd

∂ẋd

ẍd+

∂ωkd

∂ẏd

ÿd +
∂ωkd

∂φ̇d

φ̈d,

∆2k =
∂ωkd

∂x̄
(cos φ̄ · u1) +

∂ωkd

∂ȳ
(sin φ̄ · u1),

∆3k =
∂ωkd

∂φ̄
u2, k = 1, 2.

(23)

b���ëê�þϑ��O��ϑ̂,KÛÜ��å
ÝÚg·A��Ç��OXe:

τ =−Kz − χTϑ̂− 0.5Ξ − sgn zT · τ̂d max, (24)
˙̂
ϑ = Γχz, (25)

Ù¥: K´�½�½Ý
, τ̂d max´τd�þ.�O�.



Ξ = (Ξ1, Ξ2)T,

Ξ1 = π1θ̂1 + π2θ̂2,

Ξ2 = π1θ̂1 − π2θ̂2.

(26)

sgn zT · τ̂d max = (sgn z1 · τ̂1d max, sgn z2 · τ̂2d max)T.

½Âτ̃id max = τid max − τ̂id max, τ̂id max��#Ç

ÀJ�

˙̂τid max = |zi|, i = 1, 2, (27)

K��XÚ�oäÊìÅ¼ê�±�E�

V3 =

V2 +
1
2
(zTMz + ϑ̃TΓ−1ϑ̃ + τ̃ 2

1d max + τ̃ 2
2d max),

Ù¥: Γ´é¡�½Ý
, ϑ̃ = ϑ− ϑ̂. ?�Ú��

V̇3(t) 6−k1q
T
e qe − k2φ

2
e − zT(K + D)z. (28)

ùÜ©�Ì�(J���Xe½n:

½½½nnn 1 �Ä���£ÄÅì<XÚ(1)–(2),K
g·A��ì(24)!ëê�#Ç(25)–(27)�±¦�4
�XÚ�¤k&ÒÑ´k.�,��±±?¿���
lØ��l?¿ë�;,xd(t), yd(t)Úφd(t),=

lim
t→∞

x̄(t)− xd(t) 6
√

2ε1, (29)

lim
t→∞

ȳ(t)− yd(t) 6
√

2ε1, (30)

lim
t→∞

φ̄(t)− φd(t) 6 ε2. (31)

yyy dN��n, θ̃i(i = 1, 2)´k.�. Ïd,l
ª(28)��, V3¥�¤k&ÒÑ´k.�,Kxe, yeÚ

φeÑ´k.�. lª(15)–(16),��Ñu1d, u2dÚξ̇Ñ

´k.�,Ïdu1Úu2´k.�,lª(24)��, τ�

´k.�. lª(28)¿�âBarbalatÚn,éN´U

y²qe, φeÚzÑ´ì?½�. y..

lª(4)–(5)(7),��{
‖(x− x̄, y − ȳ)‖ 6

√
2ε2

1,

|φ− φ̄| 6 ε2,
(32)

K 



|x̄− xd| 6 |x̄− x|+ |x− xd|,
|ȳ − yd| 6 |ȳ − y|+ |y − yd|,
|φ̄− φd| 6 |φ̄− φ|+ |φ− φd|.

(33)

dux−xd, y− ydÚφ−φdì?Âñu",Kª(29)–
(31)¤á. Ün/N!ε1Úε2,XÚé?¿ë�;,�
�lØ�?¿�.
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4 ���ýýý(((JJJ(Simulation results)
�!|^MATLAB�ý^��y¤JÑ��{

�k�5. Ì��Ñü«ë�;,,=÷vPE^��
;,ÚØ÷vPE^��;,.

b�£ÄÅì<�êÆ�.ëêXe: b = 0.75,
d = 0.3, r = 0.15, mc = 30, mw = 1, Ic = 15.625,
Iw = 0.005, Im = 0.0025, d11 = d22 = 5. ��ëê
�Ð©�O�b��Ð��75%,	ÜZ6�.��
�10. �Oëêb�Xe: k1 = 2, k2 = 3, K = 8I ,
ε1 = 0.05, ε2 = 0.02.

1) ÷vPE^��;,.

b�ë�;,�qd = [t, 10 sin(0.1t)]T,Ð©^�
�{x̄(0), ȳ(0), φ̄(0)} = {6,−2, 0},K£ÄÅì<�
ëê�OCþXã2¤«.

ã 2 ëê�OCþ

Fig. 2 Parameters estimation

£ÄÅì<�$Ä;,Ú�lØ�©OXã3–4
¤«,�±w�£ÄÅì<éë�;,��lØ�ª
u",�ÝCz�Xã5¤«. l�ý~f¥��,
¦+�.¥�3X��ëêÚk.Z6,�|^g·
A��ì�±�l�½�ë�;,.

ã 3 £ÄÅì<�$Ä;,

Fig. 3 The position of the mobile robot

ã 4 £ÄÅì<��lØ�xe, yeÚφe

Fig. 4 The tracking errors xe, ye and φe

ã 5 £ÄÅì<��ÝCz�

Fig. 5 The velocity of the mobile robot

2) Ø÷vPE^��;,.

b�ë�;,�ẋd = 0.006(t− 20)2 cos φd, ẏd

= 0.006(t−20)2 sin φd, φ̇d = 0.1e−0.1t,Ð©^��

{x̄(0), ȳ(0), φ̄(0)} = {10, 10,−1}. é²wù�ë�
;,Ø÷vPE^�,Ïd©z[7–12, 14–16]ØU?n
daë�;,��l¯K,lã6–7�±wÑ|^
�©JÑ�£ÄÅì<�;,�l�{,�±?nØ
÷vPE^��;,�l¯K.

ã 6 £ÄÅì<�$Ä;,

Fig. 6 The position of the mobile robot
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ã 7 £ÄÅì<��lØ�xe, yeÚφe

Fig. 7 The tracking errors xe, ye and φe

5 (((ØØØ(Conclusions)
�©�é�k��ëêÚk.	ÜZ6����

£ÄÅì<ïÄÙ;,�l¯K.Äk|^î�¼ê
��{,¦����£ÄÅì<XÚØ2´j°Ä�,
,�|^g·A�Ú¼ê�{,�O�Û½g·A
��ì�±Jl?¿�½�ë�;,,����ý(
Jy²�{�k�5. ù«î�¼ê��{��±¦
^�Ù¦j�ÚÅ�XÚ,~Xj�ÚE�XÚ!Y
eE�ÚVTOL�E�.
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