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Finite time smooth second-order sliding-mode controller design for
reentry reusable launch vehicle
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(1. School of Electrical Engineering and Automation, Tianjin University, Tianjin 300072, China;
2. School of Science, Yanshan University, Qinhuangdao Hebei 066004, China)

Abstract: A nonlinear robust control strategy is proposed for the attitude tracking of reusable launch vehicle (RLV)
in the presence of model uncertainty and external disturbances. Firstly, according to the multiple time scale features,
the dynamics of attitude motion are divided into attitude angle subsystem and attitude angle rate subsystem. Then the
smooth second-order sliding-mode controller and disturbance observer are designed to ensure the finite time stability of
each subsystem. The model uncertainty and external disturbances are estimated accurately by using disturbance observer
which compensates for the controller effectively. Moreover, finite time stability of the whole closed-loop system is proved
based on the Lyapunov theory. Finally, simulations are carried out to validate the effectiveness and robustness of the
proposed control strategy.
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±9	.6Ä,ù¦���äk°�5�w���E
,´ÙÌ��ÀJ.8c,Äuw����RLV2\
^���,Ì��7ShtesselÚHall�JÑ�S	V�
w���(��ïÄg´Ðm[6]. ÄuS	V��O
�w���ì,|^õ�mºÝ�Ä��n,;�

é^�Ø��p�¦�. �Ï�Xd,T��üÑÉ
�
�õ�'5. Ù¥,3ÄuSMC�RLV2\^�
��¥,éZ6ÚØ(½�?n´ïÄ���9:¯
K.©z[7]�
U?RLV��XÚ�5U,JpÙ|
Z6Uå,3V�w����Ä:þ,\\
äkg
·AOÃ�{�w�Z6*ÿì,^±�O2\L§
¥�Z69Ø(½,T�{3Øü$XÚ°�5�Ó
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Z6*ÿì[8]!g·AEâ[9]±9 ²�äE

â[10]��3?nZ6ÚØ(½�¯Kþ��
2�

�A^,�þãéZ6ÚØ(½��O½%CL§3
nØþ�ØU�Ñk��mÂñ�y². Ød�	,
duRLV2\L§�p�(��1A:,��XÚ�
�OéØ��Âñ�ÝJÑ
�p��¦,ù¦��
lØ��ìCÂñ�DÚ�{J±�?,�äk�r
|Z6UåÚ�pÂñ°Ý�k��m���{�

�
�5�õ�'5[11]. ©z[12]Äu��5w�¡
�Terminalw���,U
¦�lØ�3k��mS
Âñ�²ï":,�ÊÏSMC�ìCÂñ�',�±
¼��¯��A�Ý.©z[13]Äuäkk��mÂ
ñA5�Terminalw���,JÑ
�X���U�
1ì2\°�g·A���{. ��
�ØË�,�
)þãJ��Nõw����{Ï~Ú\�5�Ú

¼ê�O��Ñ\¥�ØëY�,ù«�{��d
´¡é	.Z6Ú�.Ø(½���
Ü©°�5

Ú�l°(5[14]. ©z[15]�éRLV2\��¯K,
JÑ
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°(5�Ó���Ø
��±9�é����¯K,
�T�{I�p�w�Cþ¼ê�ê�&E,ùÃ¦
��/O\
êâ�O�þ. dShtessel�JÑ��
«Äu�Ú^�{�1w��w����{3�y

k��mÂñ�Ó�Uk�/)û��Ë�Úw�

Cþ�p�¦�¯K[16].

nÜ�ÄRLV2\L§éZ6ÚØ(½�?
n!��Ë��?n±9k��m½3�¯K,�©
ÄkÄuõ�mºÝ�n,òRLV2\^��.©�
V�fXÚ;,�,éz�fXÚ�Ok��mZ6
*ÿì�O�.¥�nÜØ(½ÚZ6;?,q©
O�O
^��fXÚÚ^���ÇfXÚ�1w

��w���ì,3k��ØË��Ó�¢y
2\
^��k��m�l. ÏL�O�k��mZ6*ÿ
ìÚk��m��ì|Ü,�y
��4�XÚ�k
��m½,¿�Ñ
ÄuLyapunov½5nØ�y

². ��,ÏLX–33�8gdÝ�.�ý�y
�©
JÑ���üÑ�k�5.

2 RLV222\\\¡¡¡������������...(Control-oriented
model for reentry RLV)
©z[17]ïá
���RLV2\�1ÄåÆ�§,

§d£ãÙ�%$Ä�3gdÝ²Ä�§Ú7�%$
Ä�3gdÝ=Ä�§�¤. duRLV=Ä�§¥
���59;,G��m�rÍÜ,��^���ì
�O��E,. �
{z��ì�O,�©æ^©z
[18]JÑ�Äu±eb��2\¡����..

bbb��� 1 du/¥g=�Ç���u�1ìg

��^=��Ç,Ïd�Ñ/¥g=K�.

bbb��� 2 du;�$Ä'^�$1ú�õ,�Ñ
^�$Ä�§¥�;�$Ä�,=φ̇ = θ̇ = γ̇ = χ̇ =
0¤á. ùp�φ, θ, γ, χ©OL«²Ý!�Ý!Ê,�

ÚÊ��.

RLV2\¡����.�

ṗ =
IzzMx

IxxIzz−I2
xz

+
IxzMz

IxxIzz−I2
xz

+
(Ixx−Iyy+Izz)

IxxIzz−I2
xz

·

Ixzpq +
(Iyy − Izz) Izz − I2

xz

IxxIzz − I2
xz

qr, (1)

q̇ =
My

Iyy

+
Ixz

Iyy

(
r2 − p2

)
+

(Izz−Ixx) Ixz

Iyy

pr, (2)

ṙ =
IxzMx

IxxIzz−I2
xz

+
IxxMz

IxxIzz−I2
xz

+
(Ixx−Iyy) Ixx

IxxIzz−I2
xz

·

pq +
(Iyy − Ixx − Izz) Ixz

IxxIzz − I2
xz

qr, (3)

α̇ = −p cosα tanβ + q − r sinα tan β, (4)

β̇ = p sinα− r cosα, (5)

σ̇ = −p cosα cosβ − q sinβ − r sinα cosβ, (6)

Ù¥: G�α, β, σ, p, q, r©OL«ô�!ýw�!�

��!E=��Ç!:���ÇÚ Ê��Ç; Mx,
My, Mz©OL«E=!:�Ú ÊÏ����åÝ;
Iij(i = x, y, z, j = x, y, z)L«�1ì�=Ä.þ.

�
¦�U°(/£ãRLV�2\�1L§,I
��Ä2\L§E,�	ÜA5!Ï�ÍÜ±9�.

{zéXÚ�)�K�.�Ú\�.Ø(½Ú	.Z
6,��Xe/ª�2\^����.:

Θ̇ = Rω + ∆f, (7)

(I0+∆I) ω̇ = −Ω (I0+∆I)ω + M + ∆d, (8)

y = Θ, (9)

Ù¥: ª(9)L«�1ì�^�ÑÑ, ω = [p q r ]T

L«^���Ç�þ, Θ = [α β σ ]TL«^���
þ, M = [Mx My Mz ]TL«��åÝ, I0Ú∆I©

OL«=Ä.þÝ
�I¡Ü©ÚØ(½Ü©,
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∆d�	.åÝ6Ä, ∆fL«Ï�.{z9�Ñ^�

Ú;,ÍÜ���Ø(½. Ý
I0 ∈ R3×3, Ω ∈
R3×39R ∈ R3×3äNL�ªXe:

I0 =




Ixx −Ixy −Ixz

−Ixy Iyy −Iyz

−Ixz −Iyz Izz


 , Ω =




0 −r q

r 0 −p

−q p 0


 ,

R =



− cosα tanβ 1 − sinα tanβ

sinα 0 − cosα

− cosα cosβ − sinβ − sinα cosβ


 .

3 ÄÄÄuuuZZZ666***ÿÿÿììì���111www 2���www���������ììì���
OOO(Disturbance observer-based smooth seco-
nd order sliding mode controller design)
�â©z[6]¥�õ�mºÝnØ,�©òRLV2

\^��.y©�^��fXÚÚ^���ÇfX

Ú.3^��fXÚ(7)¥,^���Çω��J[�

�Ñ\¢y^��k��m½�l,=

lim
t6T

‖α−αd‖ = 0,

lim
t6T

‖β − βd‖ = 0,

lim
t6T

‖σ − σd‖ = 0.

ùpαd, βd, σd©O���XÚ�Ñ�ô�!ýw�

Ú�����l�-.

3^���ÇfXÚ(8)¥,��åÝM´XÚ�

¢S��Ñ\,¢y^���Çω3k��mSÂñ

�Ï"�J[��ωc. z�fXÚ¥�Ø(½9Z6
þæ^��5Z6*ÿì?1�O. RLV2\^��
�XÚ�(�Xã1¤«.

ã 1 RLV2\^���XÚ�(�ã

Fig. 1 The framework of the attitude control system for reentry RLV

3.1 ^̂̂������fffXXXÚÚÚ������ììì���OOO(Attitude angle
subsystem controller design)
½Â^���lØ��eΘ = Θ −Θd,Kdª

(7),��^��fXÚ�Ø�Ä��

ėΘ = −Θ̇d+Rω+∆f, (10)

Ù¥: Θd = [αd βd σd ]T���XÚ)¤���
�-. ^��fXÚ���¯K�±£ã�:�O
1w��Ñ\ωc,3k��mS¦eΘ, ėΘ → 0.

b�∆f = [∆f1 ∆f2 ∆f3 ]T´ 2�����
∆f̈i(i = 1, 2, 3)þkLipschitz~êLΘ > 0. �â©
z[16]�O�Z6*ÿì,éØ(½∆f?1�O,
�O/ª�



żΘ
0 = v0 + Rωc − Θ̇d,

v0i =−λ0L
1
3
Θ

∣∣zΘ
0i−eΘi

∣∣ 2
3 sgn(zΘ

0i−eΘi)+zΘ
1i,

żΘ
1 = v1,

v1i =−λ1L
1
2
Θ

∣∣zΘ
1i−v0i

∣∣ 1
2 sgn(zΘ

1i−v0i)+zΘ
2i,

żΘ
2 = −λ2LΘsgn(zΘ

2 − v1), i = 1, 2, 3,

(11)

êΘ = zΘ
0 , ∆f̂ = zΘ

1 , ∆
·
f̂ = zΘ

2 ,

Ù¥:eΘ =[eΘ1 eΘ2 eΘ3 ]T, vj =[vj1 vj2 vj3 ]T, zΘ
j

= [zΘ
j1 zΘ

j2 zΘ
j3 ]T, j =0, 1, 2; λ0, λ1, λ2�Z6*ÿ

ìëê; êΘ, ∆f̂ , ∆ ˙̂
f©O´eΘ, ∆f , ∆ḟ��O�.

½Â*ÿìØ��: eΘ
0 = zΘ

0 − eΘ, eΘ
1 = zΘ

1 −
∆f , eΘ

2 = zΘ
2 −∆ḟ ,Kdª(11),*ÿì��OØ

�Ä��=z�



ėΘ
0i = −3L

1
3
Θ|eΘ

0i|
2
3 sgn eΘ

0i + eΘ
1i,

ėΘ
1i =−1.5L

1
2
Θ|eΘ

1i−ėΘ
0i|

2
3 sgn(eΘ

1i−ėΘ
0i)+eΘ

2i,

ėΘ
2i =−1.1LΘsgn(eΘ

2i−ėΘ
1i)−[LΘ, LΘ],

i=1, 2, 3.

(12)

éuþª,�3��k��mTΘ
D ,¦�*ÿì

Ø�U
3k��mTΘ
D Âñ�"

[16],=(eΘ
0 , eΘ

1 ,

eΘ
2 ) → 0.

3dÄ:þ,�OXe1w��w���Æ¦
XÚ(10)k��m½:




ωc = R−1[−∆f̂+Θ̇d−k1sig
m1

m1+1 (eΘ)+wΘ],

ẇΘ = −k2sig
m1−1
m1+1 (eΘ),

(13)
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ª ¥: sigγ(eΘ) = [|eΘ1|γsgn(eΘ1),|eΘ2|γsgn(eΘ2),
|eΘ3|γsgn(eΘ3)]T, wΘ = [wΘ1 wΘ2 wΘ3 ]T�O2
G�. m1 > 1, k1, k2���ì�Oëê.

½½½nnn 1 éu^��fXÚ(7),3Z6*ÿì
(11)Ú��Æ(13)��^e,�m1 > 1,�À�·�
�ëêλ0, λ1, λ2±9k1, k2�,^��fXÚ´k
��m½�,��lØ�k��mÂñ�".

yyy ½Â^���Ç�lØ�

eω = ω − ωc, (14)

K

ω = ωc + eω. (15)

òª(13)Úª(15)�\ª(10),��

ėΘi =− eΘ
1i − k1|eΘi|

m1
m1+1 sgn eΘi+

wΘi+
3∑

j=1
Rijeωi,

(16)

ùp: eω = [eω1 eω2 eω3 ]T, Rij´1i11j���

�, i = 1, 2, 3.

À�Lyapunov¼ê�

V0 =
3∑

i=1

1
2
w2

Θi +
m1 + 1
2m1

k2e
2m1

m1+1

Θi ,

K

V̇0 =
3∑

i=1
wΘiẇΘi+k2|eΘi|

m1−1
m1+1 ·ėΘisgn eΘi =

3∑
i=1

{−k2wΘi|eΘi|
m1−1
m1+1 · sgn eΘi+

k2|eΘi|
m1−1
m1+1 (−eΘ

1i−k1|eΘi|
m1

m1+1 · sgn eΘi+

wΘi +
3∑

j=1
Rijeωi) · sgn eΘi} =

3∑
i=1

{−k1k2|eΘi|
2m1−1
m1+1 −k2e

Θ
1i|eΘi|

m1−1
m1+1 ·

sgn(eΘi) + k2|eΘi|
m1−1
m1+1 ·

3∑
j=1

Rijeωi}. (17)

dueΘ
13k��mTΘ

DU
Âñ�",=eΘ
1

T Θ
D→

0,�313.2!¥,^���ÇfXÚ��ì�O8
�´¢yeω3k��mTωÂñ�",=eω

Tω→ 0,@
o3TΘ = max

{
TΘ

D , Tω

}
��,dª(17)�±?�

Ú�Ñ

V̇0 =
3∑

i=1
−k1k2|eΘi|

2m1−1
m1+1 6 0. (18)

dueΘ9O2G�wΘäkàg5,=(eΘ, wΘ)
→ (km+1eΘ, km+1wΘ)�àgÝ�−1,��TΘ�

�, eΘ3k��m�UÂñ�",=Θ → Θd.

3.2 ^̂̂���������ÇÇÇfffXXXÚÚÚ������ììì���OOO(Attitude
angular rate subsystem controller design)
òª(8)²L�n,��

I0ω̇ =−ΩI0ω+M−Ω∆Iω−∆Iω̇+∆d. (19)

�Lã�B,½ÂCþ∆M =−Ω∆Iω−∆Iω̇

+∆d,2-∆M = I−1
0 ∆M ,ùpb�

∆M = [∆M1 ∆M2 ∆M3 ]T

�����∆̈Mi(i = 1, 2, 3)þk��Lipschitz~
ê. Kª(19)?�Ú�Lã�

ω̇ = −I−1
0 ΩI0ω + I−1

0 M + ∆M. (20)

dª(14),Ù'u�m��ê�

ėω = ω̇ − ω̇c =

−I−1
0 ΩI0ω − ω̇c + I−1

0 M + ∆M. (21)

�â13.1¥Z6*ÿì�/ª±91w��w
���Ñ\��O�{,��OXe��Ñ\¦X
Ú(21)k��m½:




M = I0[−∆̂M + I−1
0 ΩI0ω + ω̇c−

k3sig
m2

m2+1 (eω) + wω],

ẇω = −k4sig
m2−1
m2+1 (eω),

(22)

ª¥: sigγ(eω) = [|eω1|γsgn(eω1), |eω2|γsgn(eω2),
|eω3|γsgn(eω3)]T, ∆̂M�∆M��O�,O2G�
wω = [wω1 wω2 wω3]T, m2 > 1, k3, k4���ì�

Oëê.

½½½nnn 2 éu^���ÇfXÚ(8),3Z6*
ÿìÚ��Æ(22)��^e,�m2 > 1,�À�·
��ëêλ0, λ1, λ2±9k3, k4�,^���ÇfX
Ú´k��m½�,��lØ�k��mÂñ�
".

yyy ½ÂZ6*ÿì��OØ��

eω
1 = ∆̂M −∆M.

òª(22)�\ª(21)�

ėωi =−eω
1i−k3|eωi|

m2
m2+1 sgn eωi+wωi. (23)

À�Lyapunov¼ê�

V1 =
3∑

i=1

1
2
w2

ωi +
m2 + 1
2m2

k2e
2m2

m2+1

ωi ,

K

V̇1 =
3∑

i=1
wωiẇωi + k4|eωi|

m2−1
m2+1 · ėωisgn eωi =

3∑
i=1

{−k3wωi|eωi|
m2−1
m2+1 · sgn eωi+
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k4|eωi|
m2−1
m2+1 (−eω

1i − k3|eωi|
m2

m2+1 ·
sgn eωi + wωi)·sgn eωi} =
3∑

i=1
−k3k4|eωi|

2m2−1
m2+1 − k4e

ω
1i·

|eωi|
m2−1
m2+1 sgn eωi. (24)

�½n1�y²aq,Äk,Z6*ÿìU
�

yeω
13k��mTω

DU
Âñ�",=eω
1

T ω
D→ 0,K3

Tω
D�,dª(24)��

V̇1 =
3∑

i=1
−k3k4|eωi|

2m2−1
m2+1 6 0. (25)

dàg5nØ, eωU
3k��mTωÂñ�",
=ω → ωc.

555 1 �âRLV2\^���XÚ�õ�mºÝA5,

^��fXÚÚ^���ÇfXÚ�±©O�O��ì,�

3k��mSeω → 0,@o3k��mSeΘ → 0,�ª��

XÚ3õ�mºÝe�yk��m½.

4 ���ýýý©©©ÛÛÛ(Simulation result analysis)
�ý¥æ^©z[19]Jø�X–338gdÝ�.

Ú2\íÄêâ,�1ì�.5Ý
�

I0 =




434270 0 −17880
0 961200 0

−17880 0 1131541


 ,

.5Ý
�320%�Ø(½,��1ì2\L§¥
�	.Z6^Xe�k.¼ê?1�[:

∆d =




1 + sin
πt

125
+ sin

πt

250

1 + sin
πt

125
+ sin

πt

250

1 + sin
πt

125
+ sin

πt

250



× 106.

Ð©^���Θ0 = [0.22 −0.2 −0.5]T,Ð©
^���Ç�ω0 = [0 0 0]T,�ý¥£ãRLV�
1;,�6�G�Ð�©O�

[re(0), φ(0), θ(0), v(0), χ(0), γ(0)] =

[21162900, 0, 0, 25600,
π

2
,− π

180
].

,	,du�ýé�æ^�´12G��p��ÍÜ
K��8gdÝ�.,ª(10)¥�Ø(½∆f��Ñ

���ÍÜ��O.�ýL§¥�2\;,Ú^�
���-�)¤ë�©z[20]. Ù¥;,´»�å
(96!ÄØ!K1)�: Q̇max = 200 Btu · (ft2 · s)−1,
q1 = 280 slug · ft−2, nz = 2.5.

Z6*ÿìëê��Xe:

λ0 = 3, λ1 = 1.5, λ2 = 1.

��ìëê��Xe:

k1 = 1, k2 = 0.02, k3 = 4.5,

k4 = 0.02, m1 = 12, m2 = 6.

Äu13!¥�O�1w��w���ì9�
½��ýëê,é�©JÑ���üÑ��15Ú
k�5?1�ý©Û.�ý(JXã2–5¤«.

ã 2 ô�!ýw�Ú����l�

Fig. 2 The curves of the AOA, sideslip angle and bank angle
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ã 3 E=!:�Ú Ê��ÇCz�

Fig. 3 The curves of the pitch, roll and yaw angular rate

ã 4 E=!:�Ú ÊåÝCz�

Fig. 4 The curves of the pitch, roll and yaw moment
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Fig. 5 The tracking of reentry trajectory and path constraints
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Fig. 6 The comparison of two control strategies
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5 (((ØØØ(Conclusions)
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