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Cluster synchronization in fractional-order chaotic network
via nonlinear pinning control

LIU Jing-lin, FENG Ming-ku†
(School of Electronic & Information, Guangdong Polytechnic Normal University, Guangzhou Guangdong 510665, China)

Abstract: For a fractional-order complex chaotic network, we propose a nonlinear pinning control strategy to make the
network achieve cluster synchronization. According to the different property of the nodes, nonlinear controllers are applied
to inter-act node only. Then, based on the stability theory of fractional-order systems, a sufficient condition for the stability
of cluster synchronization is derived. A numerical simulation is carried out to validate the effectiveness and correctness of
the proposed scheme. Furthermore, the influence on the cluster synchronization by control gain and coupling strength is
also discussed.
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®k�©ê�E,�äÓÚ�©zõ´é�Ü(:

½õê(:�\��,
V����é�ä¥�ê(
:�\Ñ\��Ò���k������ä�8

I[16],Ïd,�©ò�â(:3�ä¥&ED4�^
©�S+:Ú+m:,¿�é+m:ÏL�O��5
V���ì¢y©ê�E,�ä�àÓÚ.Ó�,Ä
u©ê�XÚ­½5nØ,�Ñ¢y©ê��äàÓ
Ú�¿©^�.(:�ArneodoXÚ�ê��ý�y

àÓÚ�Y�k�5Ú�(5,Ó�&?
��O
Ã!ÍÜrÝ�éàÓÚ�J�K�.

2 ���...999ýýý������£££(Model and preliminaries)
©ê��©�½ÂkA«,�©æ^~^�Capu-

to½Â[24],ÙêÆL�ªXe:

Dαf(t) =
1

Γ (l − α)

w t

0

f (l)(τ)
(t− τ)α+1−l

dτ , (1)

ª¥: DαL«©ê��©�Caputo½Â, Γ (·)�³ê
¼ê, l − 1 < α < l, l��ê.

�Ä��¿ÂþdN�Óa(:�¤�E,�ä,
Ùz�(:´��n�ÄåXÚ:

Dαxi(t) = Axi(t) + f(xi(t)) +

c
N∑

j=1

gijΓxj(t) + ui, (2)

ª¥: i = 1, 2, · · · , N, α ∈ (0, 1], xi(t) = (xi1(t)
xi2(t) · · · xin(t))T ∈ Rn´(:i�G��þ, A ∈
Rn×nL«XÚ3�:�ä�'Ý
, f(xi(t))´Ù�
�5Ü©. 1i�(:�G��Dαxi(t) = Axi(t) +
f(xi(t)). c > 0´ÍÜrÝ.Ý
Γ ∈ Rn×n´SÍÜ

Ý
, ui ∈ Rn´�©�e5ò��O���ì. G =
(gij)N×N´	ÍÜÝ
,�L
�ä�ÿÀ(�,Ý

��gij½ÂXe: �(:jÚ(:ikë��(j 6=
i), gij= 1;ÄKgij = 0. Ý
G�é����÷ve

ãÑÑ^�:

gii = −
N∑

j=1,j 6=i

gij, i = 1, 2, · · · , N. (3)

b½E,�ä(2)km�+. e(:iáu1j�+,
�©P�σi = j. 8ÜφjL«1j�+¥¤k(:|

¤�8Ü,K
m⋃

i=1

φi = {1, 2, · · · , N}. φ̃j´1j+¥�

	.kéX�¤k(:�8Ü.��Bå�,�(
:iáuφ̃j��©¡��+m:,�(:iáuφj −
φ̃j��©¡��S+:.

�sσi
(t)´+σiS��á(:�G��þ,÷v

Dαsσi
(t) = Asσi

(t) + f(sσi
(t)), σi = 1, 2, · · ·,m.

dd�©½ÂØ�Cþ�

ei(t) = xi(t)− sσi
(t), i = 1, 2, · · · , N, (4)

sσi
(t)�±´��²ï:!±Ï;�½·báÚf. Ï

d,�©¡E,�ä(2)é?¿Ð©�¢y
m+Ó

Ú,be÷veã^�:

lim
t→∞

‖xi(t)− xj(t)‖ = 0, σi = σj, (5)

lim
t→∞

‖xi(t)− xj(t)‖ 6= 0, σi 6= σj, (6)

lim
t→∞

‖ei(t)‖ = 0, i = 1, 2, · · · , N. (7)

ª(5)–(7)¿�X1σiS�(:ÓÚ�sσi
(t),
ØÓ

+S�(:ØÓÚ.

e¡�ÑA�Ún,±B�¡�½ny².

ÚÚÚnnn 1[25] é?�g£©ê��5XÚ

Dαxi(t) = Hxi(t), (8)

ª¥: x(0) = x0, x ∈ Rn´G��þ,XÚ(8)´:

1) ì?­½�,��=�éÝ
H�?¿A�

�λ, |arg(λi(H))| > απ/2(i = 1, 2, · · · , n)Ñ¤á.

2) ­½�,��=�éÝ
H�?¿A��λ,
|arg(λi(H))| > απ/2(i = 1, 2, · · · , n)Ñ¤á.

ÚÚÚnnn 2[9] b½Ý
G ∈ RN×N÷veã^�:

1) gij > 0(i 6= j), gii = −
N∑

j=1,i6=j

gij , i, j = 1, 2,

· · · , N .

2) G´Ø���,Kk: � Gk��0A��,Ù
{A���¢Üþî��K.� Gk��éAuA�

�0��1mA��þ(1, 1, · · ·, 1)T. �eξ = (ξ1, ξ2,

· · ·, ξN)T´GéAuA��0��A��þ,Kéu
¤k�i = 1, 2, · · · , N ,þkξi > 0¤á.

ÚÚÚnnn 3[9] b½Ý
GXÚn 2¤½Â,é
�
K =diag{k1, k2, · · ·, kn}�ki > 0(i=1, 2, · · · ,

N),KÝ
G−K�¤kA��´K�.

ÚÚÚnnn 4[26] �3��~þL,KkØ�ª‖f(y)−
f(x)‖ 6 L‖y − x‖¤á,Ù¥xÚy��C�þ.

3 ÌÌÌ���(((ØØØ(Main results)
|^ª(4),E,�ä(2)�Ø�XÚ�L«�

Dαei(t) = Axi(t) + f(xi(t))−Asσi
(t)−

f(sσi
(t)) + c

N∑
j=1

gijΓxj(t) + ui,

i = 1, 2, · · · , N. (9)

(((ØØØ 1 dÑÑÝ
G�½Â�eªw,¤á:

c
N∑

j=1

gijΓsσj
(t) = 0, i ∈ φi − φ̃i. (10)

Ïd,��ìui��OXe:

ui =





−f(xi(t)) + f(sσi
(t))− ckiei(t)−

c
N∑

j=1

gijΓsσj
(t), i ∈ φ̃σi

,

0, i ∈ φσi
− φ̃σi

.

(11)
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ª¥ki > 0´��OÃ,�N�ÓÚ�Ý.

(((ØØØ 2 A��Ñ, ui´��V���ì.

½½½nnn 1 éu�½�©ê��êα ∈ (0, 1],E,
�ä(2)3V���ì(11)��^eU¢yàÓÚ�
�=�

|arg(λi(Ω + c(G⊗ Γ )))| > απ

2
, (12)

ª¥: Ω=diag{Λ1, Λ2, · · ·, ΛN}∈RnN×nN , Λi = A

− ckiIn(i ∈ φ̃σi
),�Λi = A− liIn(i ∈ φσi

− φ̃σi
).

yyy dª(9)Úª(11),�

Dαei(t) =

Aei(t)− ckiei(t) +

c
N∑

j=1

gijΓxj(t)− c
N∑

j=1

gijΓsσj
(t) =

Aei(t)− ckiei(t) + c
N∑

j=1

gijΓej(t) =

(A− ckiIn)ei(t) + c
N∑

j=1

gijΓej(t), i ∈ φ̃σi
. (13)

dª(9)–(11)ÚÚn4,�

Dαei(t) =

Axi(t) + f(xi(t))−Asσi
(t)−

f(sσi
(t)) + c

N∑
j=1

gijΓxj(t) =

Axi(t)−Asσi
(t) + f(xi(t))− f(sσi

(t)) +

c
N∑

j=1

gijΓxj(t)− c
N∑

j=1

gijΓsσj
(t) 6

Aei(t)− liei(t) + c
N∑

j=1

gijΓej(t) =

(A− liIn)ei(t) + c
N∑

j=1

gijΓej(t), i ∈ φσi
− φ̃σi

.

(14)

-e = (eT
1 , eT

2 , · · · , eT
N)T ∈ RnN ,K

Dαe(t) = Ωe(t) + c(G⊗ Γ )e(t) =

[Ω + c(G⊗ Γ )]e(t). (15)

þª¥: Ω=diag{Λ1, Λ2, · · ·, ΛN}∈RnN×nN , Λi =
A− ckiIn(i ∈ φ̃σi

),�Λi = A− liIn(i ∈ φσi
− φ̃σi

).

b�ÀJÜ·���OÃki(i = 1, 2, · · · , N),
dÚn3,�±�yΩ + c(G⊗ Γ )�¤kA��÷
v|arg(λi(Ω + c(G⊗ Γ )))| > απ/2. �âÚn1,E
,�ä(2)ÒU¢yàÓÚ. y..

4 êêê������ýýý¢¢¢���(Numerical simulation)
3ê��ý¢�¥,�©ÀJ¹k3�+24�(:

�E,�ä, 3�+���©O�N1 = 6, N2 = 8,

N3 = 10.(:´©ê�Arneodo·bXÚ.E,�ä
�	ÍÜÝ
�

G =




−4 1 0 0 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 −4 1 0 0 1 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 1 −6 1 0 1 0 0 0 0 0 0 1 0 1 0 0 0 0 0 0 1 0 0
0 0 1 −3 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 1 −3 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 1 1 1 1 −5 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 −4 1 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 −4 1 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 −4 1 1 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 −3 1 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 1 −4 1 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 1 1 0 0 1 −5 1 0 0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 1 0 1 0 1 −5 1 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 1 0 1 0 0 0 1 −4 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 −5 1 0 0 1 0 0 1 1 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 1 −3 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 −3 1 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 −2 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 1 −3 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 −2 1 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 −3 1 1 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 1 −3 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0 1 0 −3 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 0 0 1 0 0 0 −3




.
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©ê�ArneodoXÚ��©�§�[20]
{

Dαx1 = x2, Dαx2 = x3,

Dαx3 = −β1x1 − β2x2 − β3x3 + β4x
3
1.

(16)

�XÚëêβ1 = −5.5, β2 = 3.5, β3 = 1, β4 = −1
Úα = 0.98�,XÚ(16)ÑyXã1¤«�·báÚ
f. XÚ(16)k3�²ï:,©O´

sσ1(t) = (0, 0, 0), sσ2(t) = (
√

β1/β4, 0, 0),

sσ3(t) = (−
√

β1/β4, 0, 0).

y3�©½Âeãªf5Ýþ�ä�ÓÚ�J:

E(t) =
N∑

i=1
(xi(t)− xσi(t)),

E12(t) =
6∑

i=1

xi(t)
6

−
14∑

j=7

xj(t)
8

, i ∈ φ1, j ∈ φ2,

E13(t) =
6∑

i=1

xi(t)
6

−
24∑

j=15

xj(t)
10

, i ∈ φ1, j ∈ φ3,

E23(t) =
14∑
i=7

xi(t)
8

−
24∑

j=15

xj(t)
10

, i ∈ φ2, j ∈ φ3.

þª¥: E(t)�L���ä�àÓÚ�oØ��,
E12(t), E13(t), E23(t)©O�Lü�+m�ÓÚØ
��.�âàÓÚ�½Â[11–12]�,��mt →∞,
eE(t)ª�u0,
E12(t), E13(t), E23(t)Øª�u
0,
ª�u,�~ê,K�©�E,�ä¢y
à
ÓÚ.

ã 1 ©ê�ArneodoXÚ�·báÚf, α = 0.98

Fig. 1 Chaotic attractors of fractional-order Arneodo

system with α = 0.98

Ð©^�xi1, xi2, xi3©OÀ�4× sin(0.5i−
π/3), 5× sin(0.5i+π/3), 6× sin(0.5i), i = 1, 2, · · · ,

24.��OÃki =10(i∈{1, 2, 3, 7, 11, 12, 13, 14, 15,
16, 17, 22}), ki = 0(i ∈ {4, 5, 6, 8, 9, 10, 18, 19, 20,
21, 23, 24}). �Bå�,�©ÀÝ
Γ�ü 
. �
α = 0.98,ã2w«
ÓÚØ�E(t)��mª�u0,

E12(t), E13(t), E23(t)¿vk,�Ò´`�©�E
,�ä¢y
àÓÚ.ã3´�äz�(:�3�C
þ��m�Cz­�.lã3�±wÑ3�+S�(
:©Oª�uArneodoXÚ�3�²ï:.

ã 2 ÓÚØ���m�Cz­�

Fig. 2 The time evolution of synchronization errors

ã 3 �ä�(:�nCþ��m�Cz­
�(i = 1, 2, · · · , 24)

Fig. 3 The time evolution of three variables of each node

in the network (i = 1, 2, · · · , 24)

(((ØØØ 3 �â½n1,beÜnÀ���OÃki

�,E,�ä�àÓÚ�±¢y¿�N�ÙÓÚ�
Ý.ùp�©�½©ê��êα = 0.98,ÍÜrÝc

= 5,�UC��OÃki�.�ki = 1,�±*	�Ó
Úy�.ã4(a)–4(d)Ð«
�O�ki��,XÚØ�
E(t)ª�u0. lã4éN´wÑ, ki���,ÓÚ�
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J�Ð.

(((ØØØ 4 �½©ê��êα = 0.98,��OÃ
ki = 10,�UCÍÜrÝc�.Ï~,éu(½ÿÀ
(��E,�ä,ÍÜrÝ��,��àÓÚ��
m�á. Xã5¤«,�c = 1�,©ê�E,�ä(2)

����àÓÚ(ã5(a)),��XÍÜrÝC�,T
E,�äØ�¢y
àÓÚ,
�¢yàÓÚ��
m�5�á.

(((ØØØ 5 ¯¢þ,©ê���êéàÓÚ�ké
�K�,Xã6¤«. �u�Ì,ùp�©�Ñ?Ø.

(a) ki = 1 (b) ki = 5

(c) ki = 15 (d) ki = 25

ã 4 ÓÚØ�E(t)3ØÓ��OÃkie��m�Cz­�

Fig. 4 The time evolution of synchronization errors E(t) with different feedback gain ki

(a) c = 1 (b) c = 3
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(c) c = 5 (d) c = 10

ã 5 ÓÚØ�E(t)3ØÓÍÜrÝce��m�Cz­�

Fig. 5 The time evolution of synchronization errors E(t) with different coupling strength c

(a) α = 0.85

(b) α = 0.90

ã 6 ÓÚØ�E(t), E12(t), E13(t), E23(t)3ØÓ

©ê�êαe��m�Cz­�

Fig. 6 The time evolution of synchronization errors
E(t), E12(t), E13(t), E23(t) with different

fractional order α

5 (((ØØØ(Conclusions)
�©�â�ä¥(:�ØÓá5,�é�þ+

m:�\��5��ì,|^(:�m�ÍÜ'X

2éÙ¦����V��(:�\J[��,l

¢y
©ê�E,·b�ä�àÓÚ.d«V��
�áuA½V���üÑ,�uU(:Ýê���
\A½V���½é�ä(:�Å�\V���ü

Ñe·bE,�ä�àÓÚ�JXÛò,©?Ø.
©ê�Arneodo·bXÚE,�ä�ê��ý¢�
�y
¤�àÓÚ�Y�k�5Ú�(5,?
�
\&?
��OÃ!ÍÜrÝÚ©ê��êéàÓ

Ú�J�K�.ØÓ(:�©ê�E,�ä3	.
Z6e�àÓÚ9ÙÝKàÓÚò´�©e�Úï

Ä���.
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