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Cluster synchronization in fractional-order chaotic network
via nonlinear pinning control

LIU Jing-lin, FENG Ming-ku®
(School of Electronic & Information, Guangdong Polytechnic Normal University, Guangzhou Guangdong 510665, China)

Abstract: For a fractional-order complex chaotic network, we propose a nonlinear pinning control strategy to make the
network achieve cluster synchronization. According to the different property of the nodes, nonlinear controllers are applied
to inter-act node only. Then, based on the stability theory of fractional-order systems, a sufficient condition for the stability
of cluster synchronization is derived. A numerical simulation is carried out to validate the effectiveness and correctness of
the proposed scheme. Furthermore, the influence on the cluster synchronization by control gain and coupling strength is
also discussed.

Key words: cluster synchronization; the stability theory of fractional-order systems; complex network; pinning control

1 5|3 (Introduction)

EL B0 R, B TFAEYHE . LJYRiEh . @
& T REERATR Y AE N, B AR IR B 51
TRZHEE R IGES HELASK, IR E LR
H T SRR TR, linseeFPM . MRS 8B
[FIA16T) A PR TR [R5 80| i [R50 R R U012

Ve W4 ) — Rl ik D25 T 3R, RS e AR WAL
2 TS TARRRAE AT W 48 B 5T 45 2 T R 1)
FEN12 B B B U B AR 5
R SR A IR SIS 714 O XA T
— PR A T B A IERNIRE NS 2 MERE
SEMIRESCIL T R EB ). 28 3CHk[16], it 2 b5,
X IR BN L PERE B X 2% [R) 20 1 W 48 5 — B AR [R] 2P AR K
BT THE. SCER [17ARSE M 28 i i R s B, $R
T S N R R SEIL R R R RS . — A
A3 AR T S LE SCER 18] 52K T 2 24 W 44 B [
&, CHR [ 191X HE A RE A I N4 R T R 2.

Wk H: 2014—10—-08; A H: 2015—-04—23.
TiEfE1E# . E-mail: fengmk @163.com.

SE M EERE BT A CRE, HEE
BT RAENUE . 3. TFE . 5 BRE. pkl2EER %
SRR IAFLE B IS Ja, HEe &N A A 5
HIE. R %H EE TR . RS GE
WAL S . AR RN . BRI B R4, FF A
RIFZ 2 EIN RS He RUREGRREM IS, 1X38
REHFE: 78 Chua’s REE . MM Duffing R4 473
B Arneodo RGP0 EBMLIR S 2 B Chen &
4t 53BN Rossler R AN 53 E Lorenz R 545

RGN ESCETid CA V2 B RIET7 R4S
W, (BEXT 4 A BN RGN I 4% 1 2R R
SRR D, AR R S0, B R 0 4% 42 43 B
BRI L RFIR B L, W90 53 B 52 2% W 4% 55 E2LAME
FASERRE . W3R 2 11F R T HEE 5 RERI 2
PRI 2 [R5 1a) . SRR [ 22106 — AN ISR 2% 9 4% SR
T SRR, 5 R 2 i 5 4% 38 5 OPCL 5 &,
SEILT AN BN R A A4 AN EE 12 SR

I HRAERBIHRITE (2011B080701092, 2012B091100441), FIZ BRI H (61271117)%8).
Supported by Science and Technology Program of Guangdong Province (2011B080701092, 2012B091100441) and National Natural Science Foun-

dation of China (61271117) .



%7

KA FETARZMEAR B2 7> B IR 2 R A0 943

ELA 7 B 52 2% W 2% 5] 25 1R SR 22 2 ) 4 3B 45 A
BB R RN, AR U Y 5 rh /b sk
Aot 0 i N 9 S gk T 3K A 24 AN X 4% 1
ARUCL, BRI, AR SRR 45 mU7E 2% 5 B AR AR F
53 W RE ORI IR] A, JF SO IR) il vevh AR gtk
2 i 8 1R 2% S B S AR M 4% (2R [R5 . R, 2
For 5 RGeAS e thEEE, 45 H SEIAS B 19 4% 2R )
H 789> 4. 45 R Arneodo R 4 HOBUE 1 LK AIE
TRFS T R ERYE, RN T #hi
i RSO B R RS BCRK R .
2 B R P AR (Model and preliminaries)

GBI 1 58 SCA U, A SR Bt Capu-
tosE X 24, HA b r

o 1 t o fO(1)

D0 = Fa=ay ) =i @
K DRI EI S B Caputos® X, I'(-) A
L1 < a <1, HE

R B N ANRIZESS s U A 4%,
BG4l 1 R4

Dx;(t) = Az;(t) + f(2:(1)) +

N
ey gijl'z;(t) + us, 2
=1

K i=1,2,--- N, a€(0,1], z;(t) = (za(t)
R RN RS R KHERT LA RS, f (v (1)) 2 HEAE
LI . B G KEPRE A D 2,i(t) = Axi(t) +
f(zi(t)). ¢ > ORMEIRE. FEFET € R EAME
HPE, u; € RMORASCE P ARG EBAT RIS, G =
(9ij)vx N RS EE TR, AR T MK 3h 41 454, 40
PETLER gy SCAN T B85 m RS i RN (G #
i), gij= 15 & Wgy; = 0. FFEGHIX AL TR L T
RFERAAT:
N
gi=— >
J=Lj#i
B H A M4 (A mANRE. 45 B T30 1,
ARICLEo; = j. BB, FRRBINBEP AL RA
oS, WU ¢ = {1,2, N} ¢, R% B
i=1
SREIRR I PTR 4 RIS T (R I, 4 4
R T IS A TCRRZ A RE I AR, 245 iR T ¢y —
b INAICRRZ Ay A BE R
Bs,, (1) RRfo; A—IISLEE R PR &, W2
Dastfz‘ (t) = Asdz‘ (t) + f(SUz‘ (t))v 0; = 11 27 T M.
HIEA SO SOREA R
el(t):xl(t)_sm(t)? Z:1727 7N7 4)
8, (1) FTRAR—APT RL FSUIEBRIEIR 5| 5.

gij7i:1727”'7N' (3)

I, AR SCRR R % W 2 Q)XTHE AT (E LB T mAH [
L, AL NI
Jim [z (t) —2; ()] =0, os = 05, (5)
lim [[2,(t) = 2,0 £0, 01 £ 05, (©)
Jim [le;(t)]| =0, i =1,2,--- | N. (7
KO- NEWE Fo: WK G KD Bls,, (), TIAF
HEA I AN
TS HJLANG B, DU S T R EHER .
SIE 1> W BES B IERS
Do‘xi(t) = H.’I}Z(t), (8)
K 2(0) = 2o, 2 € RPZREHE, RLEQ)RE:
1) B E 1, =4 B =50 B H AT B R Ak
BN, Jarg(Ni(H))| > an/2(i = 1,2, -+, n)#PROL.
2) e R, 2 B B H R AT B AE R,
larg( N\ (H))| = an/2(i = 1,2, ,n) &KL
SIE 2P G € RNV VL M 4AE:
N

D Gij = O(i 7é j)agii = - Z
J=1,i#j
-, N.

2) GRATFLR, WA O GH— ORI, H
RFFIEAE RIS BITERE A . 2 G — N R TFHRFE
HOM A TARHMER & (1,1, -, 1)T. ® FHE = (&, &,
o En) PRGN TR AEAEO /) A2 R AIE ) £, WU T
B =1,2,---, N, 3HE > 0 RoL.

gl B30 R s G5 B2pr 2 X, Xt
ﬁ Izi’F‘K:dlag{k;la kQa ) kn}ﬂkz > O(Z:]-a 25 T
N), WEEFEG — KB A RAE(E R 1.

SIF8 40 FEFEREEL WEARER f(y) —
f(@)|| < Ly — x|z, Hdaofy hinAgmE .

3 FEE4518(Main results)
FIH(4), BAMD QIR ERG AT RRN
De;(t) = Awi(t) + f(a:(t)) — Aso, () -
N
f(s0,(t) + ¢ Zlgijfﬂfj (t) + i,
j=
i=1,2,---,N. )
21 HFERGEREGHIE AT B

¢ fj 9i;s,,(t) =0, i € ¢; — . (10)
BRI, 2 B, AT BT T
—f(@i(t)) + f(80,(1)) — chiei(t)—
N

u; =1 ¢y gijl'ss, (1), i € &U“

Jj=1

07 (NS ¢0i - &ai-

gij’ Za] = 17 27

Y



944

E I S VA

ERVE

Kk, > O HIG a8, "R R D

it 2 NMIRH, u ARSI
1 WTHEENDIEHN o e (0,1], Z

P9 4 (2)FE 2 MRl A (1 DI AR T RESKELR FI2P 4
HAX=

arg (A (2 +e(G @ )| > =,
2 e Q:diz}g{/ll, Ag, -+, Ay} eRINXN Ai =A
—ckI,(i € ¢o,), BA; = A—1,1,(i € ¢o, — ¢o, ).
iE mROMKAD, 7
D%;(t) =
Ae;(t) — cke;(t) +

N
ey giilz;(t)—c
=1

J

N
j=1

J

(12)

N
> 9i1's0,(t) =

Jj=1

N ~
(A - Ckz-[n)ez(t) +c Z gij-rej(t)v 1€ d)oi- (13)
j=1

Hz0(9)-(11) 5|24, 15
Doey(t) =
Ax;(t) + f(a;(t)) — As,, (t) —

N

f(s0,(t) +c ;%F%‘(t) =

-41 0 01 1 1 00 00
14100100000
01-61 0100000
001-31 100000
100 1-31000 00
1111 1-50200 00
10 000 0-412000
00000 O01-41200
0000 O0O0OO0OT1-411
000 0O0O0OO0OO0OT1-=-31
0 000 0O0OOO0OT1T1-4
G — 0 000 0O0OT1TT1O0O01
001 00O0O01O0T10
01 00O0O0OT1TO0T1O00QO0
00100O0O0O0TO0O0OTUO0
00 00O0O0OO0OO0OTO0OO0OTUO0
0 000 0O0OO0OO0OO0OTO0T1
0 000 0O0OO0OO0OO0OTO0OTO O
0000 O0O0OO0OO0OTO0OO0TQO0
000 O0O0O0OO0OO0OTO0OO0TUQ 0
00 0O0O0O0OO0OO0OTO0OO0OTUO 0
001 0O0O0O0O0TO0OO0OUO0
0000 0O0OO0OO0OO0OTO0OTF O
00 0000 0 O0O0O0O0

_ O O MFEPF OOOOOoOOo

B eleleoNeNeoloBeol =l

ot

0 0000 O0OO0OO0OTO0OTO0OTUO0TO O
01000 0O0OO0OOUO0OO
101 0 0 0O0O0O0T1O0UO0
0 0000 0OO0O0OO0OTO0OTUO0OTO
0000 0 O0OO0OO0OO0OUO0OTO0OTO O
0 000 0 O0OO0OO0OO0OUO0OTU OO
01000 0 O0O0OO0OOUOO
10 0 0 0 0 O0O0O0O0O0O
0100 00O0OOO0OOUO0OO
100 0 0 O0O0OO0OO0O0ODO
00001 0O0O0O0OO0TO0TO
100100 O0O0O0O0OO0OO
-51 0 0 0 0 0 0 0 0 0 0
1-40 0 0 00 O0O0O0O0O0
0 051 00100110
0 01 -3004000UO0 01
0 000-310000 01
0 000 1-2120202000
0 01 001-300U010
0 0000 O0O0-2120 01
0 0000 O0O0O1-311P0
0 01 00 0O0O01-30P0
001 00O0O1O01O0-=-30
0001 100100 0-3]}

Az;(t) = Aso, (8) + f(:(1) — f(s0, (1)) +

N N
ey gijl'z;(t) —c) gij sy, (t) <
j=1 j=1

J

Ae;(t) — Lie;(t) + ¢ igijpej(t) =

J

(A= LL)es(t) + ¢ 5 guLes(t), i € b, — G-

i=1
(14)
e = (el el .- )T e RN,
D%(t) = Qe(t) + (G INe(t) =
(24 ¢(G® D)]e(t). (15)

LR Q=diag{A,, Ay, -, Ay} RN A, =
A—ckiI,(i € dy,), HA; = A= L1, (i € ¢, — bo,)
& R 5 & B 8 3 25k (i = 1,2, -+, N),
i 51 EE3, A BMRIER + o(G @ I) KT B AR A
Rlarg( A\ (2 + (G 1)) > arn/2. RIEFIH1, &
ZMIZE (2) B RESCILER R IFEE.
4 FETE LY (Numerical simulation)
EHENTESER T, A SCEFRSH 3N 2445 1
I 7P 45, 3BT KN AN, = 6, Ny = 8,
N3 = 10. &5 52 0 H B AmeodolBiE R4t A<M 4%
ITMEA R




%7

KA FETARZMEAR B2 7> B IR 2 R A0 945

U Arneodo R GRS T Rk 20]

D%z = xo, D%%o = x3, (16)
Dxy = —fix1 — Poxy — B33 + Pz

%?\gﬁiﬁﬁﬁl == _557 62 - 357 ﬁ3 - 1; 54 =-1
Mo = 0.980F, ZRGE(16) HBLATE 1 7= HVR IR 5|
. RE6)AH 3P AL, 7302

801( ) (O 0, 0 502 \/ 51/5470 0
Sos (t) = (_ ﬁl/ﬁ4v 07 0)
f)uﬁﬁf(%)‘(?ﬁiﬁ?%@fﬁ@%ﬂ‘]ﬁﬁ’?ﬁ%z
E(t) = ; (zi(t) — xai(t))7
6 14
Eip(t) =" zill) _ x](t)7 i€ @1, J € P,
= 6 = 8
6 ... 2
By =y 20 55l Gy e
-1 6 ;55 10
U)o at) .
E23()—Z7 3 —j_15 ]10 i € P2, j E P3.

b B()REREEA W4 1R [F 28 (1) SR ZE1E,
Ero(t), E13(t), Bas(t) 53 AARR P EE 8] 1 [F) 25 5%
ZEAH. KHE 3R R 2P 1 e 1215, 2 B Rt — oo,
HE()# 1 T0, T E2(t), Ei3(t), Eas(t) AR T
0, T T3 —H 0, WA E 2P 248 55 T 2R
A5

Z, 2
< 5S4 0y

B 1 3% Arneodo RSV 51T, o = 0.98

Fig. 1 Chaotic attractors of fractional-order Arneodo

system with o = 0.98

W86 5 MFain, wio, 233 A 3 A4 % sin(0.5i —
7/3), 5 x sin(0.5i 4+ 7/3), 6 x sin(0.5¢),7 = 1,2, - ,
24. P2k =10(ic{1,2,3,7,11,12,13, 14, 15,
16,17,22}), k; = 0(i € {4,5,6,8,9,10, 18,19, 20,
21,23,24}). JTEE W, ASCIEFEFED A BRALRE. 24
a = 0.98, B287R T RIARZE E(t) BE I (8] 70,
M Era2(t), Ers(t), Eos(t)IF0H, tHELRRMAE
TP SZEL T RIFL. B3R MG S 3N
I 7210 fh 2. AEI3RT UG H3ANBEN HI 45

R4y AR T Armeodo RG34 1.
10 —

_____________________________

E@), E(D), E (1), Ex(1)

t/s
2 AR ZERE I AR AR A 1 22

Fig. 2 The time evolution of synchronization errors

0 1 2 3 4 5
t/s
5 T T T T T T T T T
g0
>0 1 2 3 4 5
t/s
10 T T T T T T T T T
-10 1 1 1 I 1 1 1 I I
0 1 2 3 4 5
t/s
Bl 3 W25 4 i = A i BN (] (AR A it
g%(l: 1725 724)

Fig. 3 The time evolution of three variables of each node
in the network (: = 1,2, --- ,24)

i3 k¥ B, B A U EE I A
1B, 52 2% 4% A 3R [R) 25 1T LASEIH: v i 38 L [R) 20
. X LA SC ] 5E 43 B M #lac = 0.98, # & 58 e
=5, R H ARk E. 2k, = 1, TSR [H
B El4(a)-4(d)Bon T 4 KEAEN, RIERE
Et)#am 0. NE4RESEH, kAEBX, FRP



946 B OE R 5 N H F 32
SRk EARIER R L (K5 (), HEEE MG RERZK, %
G4 HESENHEa =098, EHME  HARMEAMELIL T EFL, T H SRR R
ki = 10, BB E R CE. B, X THEmis k.
SRR M 4%, R R HOK, Bk 5 [R]85 i I giw s =L HEH M ET R RS AR
IR, SPESHR, Zie = LI, SSHISARMG Q) KB, EOHTR. W, KA .

5 T T T T T T T T T
0 -
,5 b -
g g 107 T
715 -
720 -
" 1 2 3 4 5
t/s
®) k; =5
5 T T T T T T T T T 5 T T T T T T T T T
or o
,5 - - 75 - -
& <0 - B <l0 .
-15 - -15 .
-20 - 20t .
= 1 2 3 4 5 e 1 2 3 4 5
t/s t/s
(c) k; =15 d) k; =25

K 4 [FPRZE B () FEANRITEHIE kT R TR AR AL 2

Fig. 4 The time evolution of synchronization errors E(t) with different feedback gain k;

E@®)




F7H NG FET IR AR w1 2 B TR 45 SR [R5 947

5 T T T T T T T T T T T T T T T T T T
4tk i
0 2t .

_5 - - 0 B
Uy —_ *2 - -
Eﬂ-/ -10 A n E -4 | 4
=15 ] -6 .
78 -
-20 . i i
By 1 2z 3 4 s T s 4 s
t/s t/s
() c=5 d) c¢=10

B 5 [FPRZE B () FEA RIS R C T REI R AR 2k

Fig. 5 The time evolution of synchronization errors E(t) with different coupling strength ¢

E@), E\,(1), E\5(1), Ex(t)

E@), E (1), E\5(1), Ex(?)

(b) a=10.90

K 6 FPIRZEE(t), E12(t), E13(t), B23(t)TEAR
N o T Bl TR] AR Lk i 2

Fig. 6 The time evolution of synchronization errors
E(t), Elg(t), Elg(t), Egg(t) with different

fractional order «

5 45 (Conclusions)
ARICARYE W 4 &5 A F R M, Rt bE R
B) s NS M da il gs, R 45 2 RGO R

X AR B AR O 45 U A AU A, AT
SEILT 3 B B AR R4 BB [R5 . e AR
il J& T s AP SRS, B T4 4 R RO it
T 5 A 2 A EOx W 2% 45 s BE M Ui n 2 i 5K
W% T~ JR e SR A P 4% P 2R [R5 B R T g 7 SR
73 BB Arneodo R R G B % W 4% (BB LS
KR T Fréa R R0 77 A AN IE R I, BETiR
ARG T 0 a0 A 9 BN 73 H B Ao 2 R
DRCRIIRE . ARSI B R M S AESN
TITHERFD KB R RS R RA T 50t
FUHITT 1.

&2 3k (References):

[1] BOCCALETTI S, LATORA V, MORENO Y, et al. Complex net-
works: structure and dynamics [J]. Physics Reports, 2006, 424(4/5):
175 - 308.

[2] &, HEToHh. A R R G R I SIRSHLRY Y @ S 5 R e 1k 4
BT 0. BHES SR, 2013, 30(2): 229 - 232.
(CAO Yu, JING Yuanwei. Modeling and stability analysis for SIRS
model with nonlinear infection rate [J]. Control Theory & Applica-
tions, 2013, 30(2): 229 - 232.)

[3] GUO W, AUSTIN F, CHEN H. Global synchronization of nonlin-
early coupled complex networks with non-delayed and delayed cou-
pling [J]. Communications in Nonlinear Science and Numerical Sim-
ulation, 2010, 15(6): 1631 — 1639.

[4] LI R, CHU T. Complete synchronization of Boolean networks [J].
IEEE Transactions on Neural Networks and Learning Systems, 2012,
23(5): 840 — 846.

[5S] YU H, WANG J, DENG B, et al. Chaotic phase synchronization in
small-world networks of bursting neurons [J]. Chaos, 2011, 21(1):
013127.

[6] WU X, LU H. Generalized projective synchronization between two
different general complex dynamical networks with delayed cou-
pling [J]. Physics Letters A, 2010, 374(38): 3932 — 3941.

[71 FENG C, XU X, WANG S, et al. Projective-anticipating, projective,
and projective-lag synchronization of time-delayed chaotic systems
on random networks [J]. Chaos, 2008, 18(2): 023117.



948 E I S VA VR
[8] FEAEME:, SRERE, BSCH. SRS IE R A2 b LB BRI R VR [19] CAO I, LI L. Cluster synchronization in an array of hybrid coupled

[91

[10]

(1]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[ (7). EHIEE SR, 2014, 31(3): 404 - 408.

(TANG Chuansheng, DAI Yuehong, ZHEN Wenxi. Finite-time
chaotic synchronization of permanent magnet synchronous motor
with nonsmooth air-gap [J]. Control Theory & Applications, 2014,
31(3): 404 —408.)

GUO W. Lag synchronization of complex networks via pinning con-
trol [J]. Nonlinear Analysis: Real World Applications, 2011, 12(5):
2579 — 2585.

CHENL, CHAI 'Y, WU R, et al. Cluster synchronization in fractional-
order complex dynamical networks [J]. Physics Letters A, 2012,
376(35): 2381 —2388.

GUO L, NIAN X, ZHAO Y, et al. Cluster synchronisation of Lur’e
dynamical networks [J]. IET Control Theory & Applications, 2012,
6(16): 2499 — 2508.

MA Z, ZHANG S, JIANG G, et al. Effect of the coupling matrix with
a weight parameter on synchronization pattern in a globally coupled
network [J]. Nonlinear Dynamics, 2013, 74(1/2): 55 — 64.

ZHANG Y, HU G, CERDEIRA H, et al. Partial synchronization and
spontaneous spatial ordering in coupled chaotic systems [J]. Physical
Review E, 2001, 63(2): 026211.

BELYKH V, BELYKH I, MOSEKILDE E. Cluster synchronization
modes in an ensemble of coupled chaotic oscillators [J]. Physical Re-
view E, 2001, 63(3): 036216.

MA Z, LIU Z, ZHAN G. A new method to realize cluster syn-
chronization in connected chaotic networks [J]. Chaos, 2006, 16(2):
023103.

WU W, ZHOU W, CHEN T. Cluster synchronization of linearly cou-
pled complex networks under pinning control [J]. IEEE Transactions
on Circuits and Systems—I, 2009, 56(4): 829 — 839.

LU X, QIN B. Adaptive cluster synchronization in complex dynami-
cal networks [J]. Physics Letters A, 2009, 373(40): 3650 — 3658.

LU X, QIN B, LU X. New approach to cluster synchronization in
complex dynamical networks [J]. Communications in Theoretical
Physics, 2009, 51(3): 485 —489.

neural networks with delay [J]. Neural Networks, 2009, 22(4): 335 —
342.

[20] LU J. Chaotic dynamics and synchronization of fractional-order Ar-
neodo’s systems [J]. Chaos Solitons & Fractals, 2005, 26(4): 1125 —
1133.

[21] WANG J, ZHANG Y. Network synchronization in a population of
star-coupled fractional nonlinear oscillators [J]. Physics Letters A,
2010, 374(13/14): 1464 — 1468.

[22] WU X, LAI D, LU H. Generalized synchronization of the fractional-
order chaos in weighted complex dynamical networks with noniden-
tical nodes [J]. Nonlinear Dynamics, 2012, 69(1/2): 667 — 683.

[23] MOHAMMAD M, JOAQUIN M, MOHAMMAD T, et al. Robust
outer synchronization between two complex networks with fractional
order dynamics [J]. Chaos, 2011, 21(3): 033121.

[24] PODLUBNY 1. Fractional Differential Equations [M]. San Diego:
Academic Press, 1999.

[25] MATIGNON D. Stability results for fractional differential equations
with applications to control processing [C] //Computational Engi-
neering in Systems and Application Multiconference. Lille, France:
IEEE, 1996: 963 — 968.

[26] DIETHELM K, FORD N. Analysis of fractional differential equa-
tions [J]. Journal of Mathematical Analysis and Applications, 2002,
265(2): 229 —248.

Hek A

XU (1964-), Lo, BIBEZ, HATHIFTT I A RTEEE S B B T
AR, E-mail: liujinglin1964@ 126.com;

BHE  (1970-), 5, ¥4, 2%, BAriFscy mhJe8 it R g
W TR IR R IBAE4E, E-mail: fengmk @163.com.



