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Chained smooth switching control for morphing aircraft
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Abstract: Considering the altitude-keeping and attitude-stabilization during the continuous transformation of the mor-
phing aircraft, we propose a design method for the smooth switching state feedback controller. A class of chained smooth
switched system model for the longitudinal motion is built. This model is more precise in approximating the transition
dynamics than the hard switching scheme with arbitrary switching law; it can also reduce the conservatism of the control
design. The sufficient condition is derived for ensuring the finite-time boundedness and the robustness performance of the
chained smooth switched system. The design problem of the stability- enhancement controller is translated to an optimiza-
tion problem involving linear matrix inequalities. Although the obtained controller relaxes the requirement of asymptotic
stability, it guarantees that the system states to be boundedly stable during the variation process, and also synthesizes the
elevator characteristics. The numerical example and nonlinear simulation are given to illustrate the efficacy of the proposed
approach.
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1 ÚÚÚóóó(Introduction)
CN�1ìU
3�1L§¥ÌÄUC	/,±

��*��1��Ú·AØÓ�15U�8�,l

÷võ«?Ö�ª��¦. ���aäkã�uÐd
å�#Vg�1ì,Cc5CN�1ì��'ïÄá
Ú
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�´Ùéuëê¯�Cz�CN�1ì®²éJ·

^[8]. �5Cëê(linear parameter varying, LPV)XÚ
�.9Ù°���´�«�O�ª,duXÚëê�
À��	/ëêëYCz,ÏdLPV�{3CN�1
ì��¥���
�½�A^. ©z[9]�Ä�aÃ�
òUÊ�1ì,ïá
XÚ�LPV�.¿�O
°
�H∞��ì�yC/L§�­½5. �´, LPVXÚ
ï��E,5���
ÙA^.
Cc5,Ü©ÆöA^��XÚ�.£ã�1ì

�$ÄA5,��
�½�¤J[10–12]. ã2;òõ�
.�����{A^u��=����gÄf¨¤

�O[10]. Hou�ò�1ì3���S�$Äï���
a��XÚ,¿ÏL��XÚnØ©Û
XÚ��Û
­½5. þã�{�CN�1ì�ï����Jø

#�g´,�´þã�����{EkÛ�5[11]. Ä
k,��XÚ�k�lÑ&Ò�¢SØÎ,I�Ú\
#�£ã/ª. M��XÚb�fXÚ��äk]�
5,éuäkLÞL§���k�O(,�´E¤X
ÚË�. �)ûT¯K,©z[12]ÏLéC�mC(
��1ì�õ�.f��ìÚ\�
\�5¢y^

��,�yXÚG��²wCzÚ�p���°Ý.
Ùg,��XÚ�­½5©ÛÏ~3?¿��ÆeÐ
m,
��Ä¢SXÚäkÉ���S��A:,�
XÚ��O�5
����Å5. ©z[11]ò�1ì
3��SØÓó�:�m��1ï��äkÛÜ­

U��Æ���XÚ,ÏLÚ\�aäkÛÜ­UA
5�É���Å�,ü$
�O��Å5.
nÜþã�ÄÚÅNC/�ìCA5,�©Ú\

�C��ïá�a²w��XÚ,¿JÑóª��Æ
�Vg,ïáCN�1ì�óª²w��XÚ�.,
Ün�N
�1ì�$ÄA5ÚC/5ÆA�. 3�
�nÜ�¡,duC/L§=±Y�á��m,Ïd
©ÛC/�mS�­½5Òw���­�.,	,d
uC/Úå�6Ä��,Ï~éJ�y¤kG�©ª
Âñ�²ï:,ù��I�y�G�þ(�)û )�
6Ä3�½��S=�.Ïd,�yXÚ3k��m
Sk.­½´éCN�1ì?1O­���8I.k
��m­½Vg�JÑ�ïÄXÚ3�½�m«m

þ�6�5UJø
�^å»,©z[13]�éäk�
CëêØ(½5Ú	Ü~�Z6��5XÚJÑ


°�k��m	½�¿©^�.©z[14]�é���
¢XÚïÄ
XÚk��mk.�äkk��m\

�L2OÃ�¿©^�.�©3þãïÄÄ:þ?�Ú
�óª²w��XÚ�Ok��m°����Y,l

3C/L§¥�±^�­½,�CN�1ì��X
Ú�OJø
�^#�å».

2 CCCNNN���111ììì$$$ÄÄÄïïï���(Modelling of morph-
ing aircraft)
ÀJäkC�ÐÅÊÚwÄ���VgÅ�ïÄ

é�,Ã<qÅ/»·0äkõ«�.,¿��¤éØ
ÓÅ.��[,�À��aAÏ�CN�1ì[15]. X
ã1,T�1ì��.äkØÓ��Ð�!Ð�ÚÊ¡
È,��²wC/LÞ.��Ð��15◦���.�Ä
O�.,��Ð�315◦ ∼ 60◦SëYCz.

ã 1 CN�1ì�ÐC/«¿ã

Fig. 1 Sweepback transformation of morphing aircraft

�©ÛC/L§�$ÄA5,�Ñ±eb�:

bbb��� 1 �1ì�	/Cz©ª'up�é¡

¡é¡,K�1ì�%=3ÅNXX¶þ£Ä;�3
Y²Ãýw�1G�,C/éîý�$ÄØ�)K�.

bbb��� 2 duC/Úå��½~íÄåê��

�,�±�ÑØO,@�CN�1ìC/L§¥¤É
�íÄå��c�.éA�½~íÄå.

½ÂCN�1ìÄO�.�% ��ÅN�IX

�:,ÅNX�I¶½Â�DÚ½Â�Ó.K�% 
�¥þ�rc = [xc 0 0]T, xc´�%3ÅNXX¶�

�I,��ÅÊ�é¡C/
Cz. dõfNÄåÆ
�±��CN�1ì�p�á±ÏÄåÆ�§ª(1).




mV (α̇− q) + mxc(q2 sinα− q̇ cosα)−
mẍc sinα− 2mẋcq cosα =
−QSCL + mg cos(θ − α),
(Iy + mx2

c)q̇ + 2mxcẋcq−
mxcV α̇ + mxcV q =
QScACm −mgxc cos θ,

(1)

Ù¥: m´�1ìo�þ; V´�1�Ý; q´:��

�Ý; α´ô�; g´­å\�Ý; θ´:�^��;
Iy´ÅN7Y¶�=Ä.þ; Q´ÄØ; S´ë�¡È;
cA´²þíÄu�; CLÚCm©O´,åXêÚ:�

åÝXê; δe´,üû ,ÙÄ�A5�CqXe:

δ̇e = Kδe(−δe + uδe), (2)

Ù¥: Kδe�.5�!~ê, uδe�,üû �-. du
C/¥ÅN�% £��dÅÊ�% £Úå,�k

xc = ∆xw

mw

m
, (3)

Ù¥: mw´ÅÊ�þ, ∆xw´ÅÊ�%3ÅNXX¶

þ� £,Ón��ẋcÚẍc�L�ª. ò∆xw{P

�xw,^xwòª(1)¥�xck'��O�,¿ò¹xw
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�.5�!­åÝ�Ú=Ä.þOþ�Ü¿,À�d
C/Úå�2ÂZ6,Ó�Ú\$ÄÆ�§,(Üª
(2)��CN�1ìp�$Ä�.ª(4):




ḣ = V sin(θ − α),
mV (α̇− q) =
−QSCL + mg cos(θ − α) + wZ,

θ̇ = q,

Iyq̇ = QScACm + wM,

δ̇e = Kδe(−δe + uδe),

(4)

Ù¥: h´�1pÝ, wZÚwM´2ÂZ6¿���



wZ = mwxwq̇ cosα−mwxwq2 sinα+
2mwẋwq cosα + mwẍw sinα,

wM = mwxwV α̇−mwxwV q − 2
m2

w

m
xwẋwq−

m2
w

m
x2

wq̇ −mwxwg cos θ.

(5)

�DÚ�1ì�.�',ª(4)¥�íÄÚ(�ë
ê�C/þëYCz,��¹ÅÊC/Úå�.5å.
éucö,�±ò(�ëêCzò�\íÄëê,2
éíÄëê?16NåÆO�;éu�ö,�±ÏL
C/þï�òÙ?n�k.Z6.

é�.?1�5z,kò2ÂZ6�Ñ�,z�
5◦�Ð�é�½�.�§(4)?1�²,¿�Ñ�6Ä
�§�ê�/ª. 2òwZÚwM?n�k.�CZ6,
����.�G��m�.Xe:

ẋ(t) = Aix(t) + Biu(t) + Giw(t), i ∈ ΩM, (6)

Ù¥: x(t) = [∆h ∆α ∆θ ∆q ∆δe ]T�G��
þ; u(t) = ∆uδe���Ñ\; w(t) = [xw ẋw ẍw

xwẋw x2
w]T�Z6Ñ\;k�8ÜΩM = {iM1, iM2,

· · · , iM10}�f�.�I8,�f�.iM1éA�Ð�

15◦,f�.iM2éA�Ð�20◦,�gaí; Ai, Bi, Gi

���.�XÚÝ
. du�1ì3��.�m²w
LÞ,��Ð�d15◦Cz�60◦��m�TM,@�X
Ú3�f�.�m²w��,òC/�1Cq�Xe
�²w��XÚ�..



ẋ(t) =
∑

i∈ΩM

θi(t)[Aix(t) + Biu(t) + Giw(t)],

z(t) =
∑

i∈ΩM

θi(t)[Cix(t) + Diu(t) + Hiw(t)],

(7)

Ù¥: θi(t) ∈ [0, 1], i ∈ ΩM�fXÚ��; z(t) ∈ Rl

��NÑÑ; Ci, Di,Hi�1i�fXÚÑÑ�§�X

ÚÝ
;Z6Ñ\w(t)A÷v
w TM

0
wT(τ)w(τ)dτ <

d2,Ù¥d > 0. �½��&ÒσM(t) : [0, TM) → ΩM

�C/�1�f�.��Æ,±tk, k ∈ N+L«σM(t)
�1k�����,�t ∈ [tk, tk+1)�,ª(7)¥�fX

Ú��A÷v:



θσM(tk)(t) =
tk+1 − t

tk+1 − tk

,

θσM(tk+1)(t) =
t− tk

tk+1 − tk

,

θl(t) = 0, l ∈ ΩM\{σM(tk), σM(tk+1)}.

(8)

�Ä�C/¥�Ð��ëYCzA5,fXÚØ
�U?¿��,l
�Ñóª��&Ò�½ÂXe.

½½½ÂÂÂ 1 �½fXÚ�I8ÜΩ = {p, q, r, · · · ,

v},Ú�IS�ξ : p → q → r → · · · → v,e��&
Òσc(t) : [0, tc) → Ω���S��ξ�fS�½_S

fS�,K¡σc(t)�'uS�ξ�óª��&Ò,,½
Âr+�S�ξ¥�Ir�e���I.

d½Â1Úf�.��ÆσM(t)�A:�, σM(t)
´'uS�ξM : iM1 → iM2 → · · · → iM10�óª�

�&Ò.d©z[13]¥'uk��mk.�Vgí2
��²w��XÚk��mk.½ÂXe.

½½½ÂÂÂ 2 éu²w��XÚ(7),�½�Kêc1,
c2, T ,±9�½Ý
R,�c2 > c1,e∀t∈ [0, T ],3�
�&Òσ(t)�^e,k

xT(0)Rx(0) 6 c1 ⇒ xT(t)Rx(t) < c2, (9)

K¡XÚ(7)'u(c1, c2, T, R, d, σ)k��mk..

3 ������ììì���OOO(Controller design)
CN�1ìO­��¯K�±8B�Ïéf�.

����ìu = KσM(t)x,¦�4�XÚ3óª��
&ÒσM(t)�^ek��mk.�äk�½�Z6³
�5U.e¡�Ñ��ì�O�Ì�(J.

½½½nnn 1 �é��XÚ(7),�u(t) ≡ 0�,XJ
é∀i ∈ ΩM, ∀j ∈ {i, i+},Ú�½�~êη>0, µ>1,
�3λ2 > 0, γ ∈ (0, 1),9�½é¡
Qi¦�[

Ψj Gj + Q̃iC
T
j Hj

GT
j + HT

j CjQ̃i −γ2I + HT
j Hj

]
< 0, (10)

Q̃i < µQ̃j, Qi < λ2I, (11)

�XÚ3óª��&ÒσM(t)e�²þ73�m÷v

τa > τ ∗a =
TM ln µ

ln c2 − ln λ2 − 2 ln d− ηTM

, (12)

Ù¥: Ψj = AjQ̃i +Q̃iA
T
j −ηQ̃i +Q̃iC

T
j CjQ̃i, Q̃i =

R−1/2QiR
−1/2,KXÚ'u(0, c2, TM, R, d, σM)k�

�mk.,�äkH∞5U�Iγ̄ =
√

c2/λ2d2γ.

yyy ØJwÑª(10)%¹X[
AjQ̃i + Q̃iA

T
j − ηQ̃i Gj

GT
j −I

]
< 0. (13)

�σM(tk) = p,3[tk, tk+1)S,�XÚÀ�©ã�Ly-
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apunov-like¼êV (x(t)) = xT(t)Q̃−1
p x(t),K

V̇ (x(t))− ηV (x(t))− wT(t)w(t) =

[xT wT ](θp(t)Υp,p + θp+(t)Υp+,p)

[
x

w

]
, (14)

Ù¥

Υi,j =

[
AT

i Q̃−1
j +Q̃−1

j Ai−ηQ̃−1
j Q̃−1

j Gi

GT
i Q̃−1

j −I

]
. (15)

dª(13)��V̇ (x(t))− ηV (x(t)) < wT(t)w(t),K
éu∀t ∈ [tk, tk+1),k

e−ηtV (x(t))− e−ηtkV (x(tk)) <w t

tk

e−ητwT(τ)w(τ)dτ <

e−ηtk

w t

tk

wT(τ)w(τ)dτ . (16)

duV (x(tk)) 6 µV (x(t−k )), V (x(t−k ))´tk��X

Ú��c�Lyapunov-like¼ê,Kk

V (x(t))<eη(t−tk)(µV (x(t−k ))+
w t

tk

wT(τ)w(τ)dτ).

(17)

-Nσ(0, t)L«[0, t)S���gê,-NL«[0, TM)
S���gê,�EA^ª(17)��

V (x(t)) <

eηtµNσ(0,t)(V (x(0)) +
w t

0
wT(τ)w(τ)dτ). (18)

duc1 = 0,KV (x(0)) = 0,�

xTR1/2Q−1
σ(t)R

1/2x > 1
λ2

xTRx. (19)

nÜª(12)(18)–(19)��

xTRx < λ2eηtµNd2 < λ2eηtµTM/τad2 < c2. (20)

e¡y²Z6³�5U,��3t ∈ [tk, tk+1)Sk

V̇ (x(t))−ηV (x(t))−γ2wT(t)w(t)+zT(t)z(t) =

[xT wT ] (θp(t)Γp,p + θp+(t)Γp+,p)

[
x

w

]
, (21)

Ù¥:

Γi,j =

[
O Q̃−1

j Gi+CT
i Hi

GT
i Q̃−1

j + HT
i Ci −γ2I + HT

i Hi

]
,

O = AT
i Q̃−1

j +Q̃−1
j Ai−ηQ̃−1

j +CT
i Ci.

dª(10)��V̇ (x)− ηV (x) < γ2wTw − zTz,K

e−ηtV (x(t)) < µe−ηtkV (x(t−k )) +w t

tk

e−ητ (γ2wT(τ)w(τ)− zT(τ)z(τ))dτ <

· · · < µNσ(0,t)V (x(0)) +
Nσ(0,t)∑

i=0

µi
w t̄k−i+1

tk−i

e−ητ (γ2wT(τ)w(τ)−

zT(τ)z(τ))dτ. (22)

�i = 0�, t̄k+1�L[tk, tk+1)S���t,�i 6= 0�,
t̄k−i+1 = tk−i+1. dV (x(t)) > 0��

Nσ(0,t)∑
i=0

µi
w t̄k−i+1

tk−i

e−ητ [γ2wT(τ)w(τ)−

zT(τ)z(τ)]dτ > 0. (23)

éþãØ�ª?1·� ���

µTM/τaγ2
w t

0
wT(τ)w(τ)dτ >

µNσ(0,t)γ2
w t

0
wT(τ)w(τ)dτ >

e−ηt
w t

0
zT(τ)z(τ)dτ >

e−ηTM

w t

0
zT(τ)z(τ)dτ , (24)

= w t

0
zT(τ)z(τ)dτ <

eηTMµTM/τaγ2
w t

0
wT(τ)w(τ)dτ <

c2

λ2d2
γ2
w t

0
wT(τ)w(τ)dτ =

γ̄2
w t

0
wT(τ)w(τ)dτ . (25)

y..

555 1 �'u?¿��Æe�^�,½n1ÏLóª�

�Æò/Xª(10)�Ø�ª�êdn(n−1)/2~��2(n−1),

Ù¥n�fXÚ�ê,Ïd�©¤JÑ��.ü$
�O�

�Å5.

½½½nnn 2 �éXÚ(7),XJé∀i ∈ ΩM, ∀j ∈ {i,
i+},±9�½�~êη > 0, µ > 1,�3λ2 > 0, γ ∈
(0, 1),±9·��½é¡Ý
QiÚ·�Ý
Li¦�


Φj Gj Q̃iC

T
j +LT

i DT
j

GT
j −γ2I HT

j

CjQ̃i+DjLi Hj −I


 < 0, (26)

Q̃i < µQ̃j, 0 < Qi < λ2I, (27)

Ù¥: Φj = AjQ̃i + Q̃iA
T
j − ηQ̃i + BjLi + LT

i BT
j ,

Q̃i = R−1/2QiR
−1/2,�XÚ3óª��&ÒσM(t)

e�²þ73�m÷vª(12),Kf�.����
ìu(t) = LσM(t)Q̃

−1
σM(t)x(t)¦�4�XÚ'u(0, c2,

TM, R, d, σM)k��mk.,�äkH∞5U�Iγ̄ =√
c2/λ2d2γ.

y (Ü����ì��Ñ4���XÚ/

ª,�â½n1´�½n2(Ø. y..

555 2 d½n2)���1)¿ØU�yXÚH∞5U

�Iγ̄�`�²þ73�mτ∗a��,IòÙ=z�`z¯K.

duγ̄Úτ∗aþÃ{���5Ý
Ø�ª�ûüCþ,��Ä
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�Ù�γÚλ2�'X,��òÙ8B�±J = γ + λ2��I,

±�5Ý
Ø�ª|(26)–(27)��å�`z¯K.

4 ���ýýý���yyy(Simulation validation)
��1ìÐ©��äkÄ��.,�?u½p

²���1G�,�1ëê�pÝh = 9000 m,ê
âêMa=0.5,²L�²O���1G��α = 2◦,
θ = 2◦, q = 0 ((◦)/s), δe =1.8◦. �TM =20 s,é��
.$Ä�§?1�²���/Xª(8)��X��
5z�§9ÙXÚÝ
Ai, Bi. (½ÅÊ�%$Ä
G�xw, ẋw, ẍw,�Ñ t ∈ [0, TM]��Ð�¼êX
e[16]:

χ(t) =
χ1 − χ2

2
cos

πt

TM
+

χ1 + χ2

2
, (28)

Ù¥: χ1 = 15◦, χ2 = 60◦. -χ1éA�ÅÊ�% 

£xw = 0,Kxw��Ð��Cz'XXe:

xw = −1
4
b̄ sin(χ(t)) +

1
4
b̄ sin(15◦) =

−1
4
b̄ sin(−π

8
cos

πt

20
+

5π

24
) +

1
4
b̄ sin(15◦), (29)

Ù¥: b̄�ÅÊc�o�Ý,¿Cq�~�b̄ = 6 m.
ª(29)é�mt¦�,��ẋwÚẍw�L�ª,l
�
O��Z6Ñ\Ý
Gi. -Ci = I5×5, Di = Hi =
0, i ∈ ΩM§��CN�1ì²w��XÚ�.�

ê�/ª. �Ñ�Oëê�): c2 = 10, TM = 20, d

=0.1, R=I5×5,ÀJ½n2¥�ëê��η=0.26,
µ = 1.17.

¦)äk�5Ý
Ø�ª|�å�`z¯K,
)�: λ2 = 4.7143, γ̄ = 0.3605, τ∗a = 1.9037,�f
XÚ��OÃØ2�Ñ.d¢S��ÆσM(t)��,
XÚ320 sS�¢S²þ73�m�τa = 2s > τ∗a ,
÷v½n2^�.éC/�1L§�p�$Ä?1
��5�ý,�ý(�Xã2¤«. ã2¥: x0

iÚU0
δe,i

©O´�²ï:��²G�Ú�²û . 3�ý£
´¥,óª��&Òû½
�c��éA�²ï:,
(Ü�c��²G�!�²û Ú����ì��

�ª���&Ò.

ã 2 ��5�ý(�ã

Fig. 2 Structure of the nonlinear simulation

ÄuþãC/�Y!O�(JÚ�ý(�éX

Ú�ý,�	C/L§¥9Ù��ã�mS�XÚ
G�,�ý­�(JXã3–7¤«,Ó�ë�©z
[11]¥ÄuÛÜ­U��Æ�õ�.M���{�
Ñé'�ý(J.ã3–7��ýL²�©�{éA
�^��A5U�Ð,�G�þ3C/L§¥þk
.­½,�CzÌÝÚ�Ýþ3��É���S.

ã3–7¥: �1pÝÄ��±ØC;ô�d�­
��2◦O\�2.6◦,O\L§�±²wëY,=3C
/Ð©ÚC/(å�k�Ì��;:���Ý3C
/Ð©ÚC/(å�k�Ì��,�N!�m�á;
,üû �3C/L§¥Cz²�,C/(å�Ñ
k���¯�Âñ�#�­��.©z[11]��{
�,G��Aª³�Ó,�fXÚm��E¤��
���,
�©¤J�{K�Ð�)û
þã¯K.

ã 3 pÝ

Fig. 3 Altitude

ã 4 ô�

Fig. 4 Attack angle

ã 5 :��

Fig. 5 Pitch angle
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ã 6 :���Ý

Fig. 6 Pitch rate

ã 7 ,üû �

Fig. 7 Elevator angle

��5¿�´,�©¤J�{ò,üû O2
�XÚG�¥,¿ÏLk��mk.^���g.
/ª�å,k���
¢S�û �A,ù«��
�å3��ì�O�ã�¤,;�
C/L§¥û
 �-L��¯K,l
o�
G��AÚ�1Å
�ü�¡��¦.

5 (((ØØØ(Conclusions)
�©òCN�1ìC/¥�p�$Äï���

aóª²w��XÚ,Äuk��mk.^��O

��ì,Ì�(Ø�): 1)æ^óª���O?
¿��,QÎÜXÚA5qü$
�O�Å5,A^
²w���.�O(�CqëYC/L§,�;�

��Úå�Ë�; 2)òO­��ì�O=z�ó
ª²w��XÚ�k��mk.��,l
|^�
5Ý
Ø�ªóä¦); 3)k��mk.^�éG
���g.�å3�O�ãk���
¢Sû �

A,o�
N!L§Ú�1Å�5Uü�¡��¦.
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