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Global sliding mode control
of underactuated inertia wheel pendulum systems
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Abstract: For the stabilization problem of underactuated inertia wheel pendulums, a new sliding mode robust control
strategy is proposed, which can achieve global asymptotic stabilization in the presence of uncertainties and disturbances.
Different from existing methods, the proposed approach needs no switching between different control laws, and it can swing
up the unactuated pendulum to its upright position while making the inertia wheel return to its initial position. Specifically,
some nonsingular coordinate changes are performed to transform the nonlinear model into a quasi-chain-of-integrators
form. Based on the transformed model, a new sliding surface is constructed, and rigorous analysis is implemented to prove
the convergence of the state variables to the equilibrium point when they are kept on the sliding surface. Based on that, a
sliding mode control (SMC) law is designed to keep the state variables always staying on the constructed sliding surface, in
order to realize stabilization control. We validate the effectiveness and robustness of the proposed controller and compare

it with existing methods through simulation results.
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MR iz h 13- 151,
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A b i J A [ ot S e 42 ) PR A S Al 78 A 15 5e
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17T IRANBEST, FE4R T AR 2 ) s 1116221 L
PARTE, SCHR (110178 Se B 4R R Gk AT 40 S 15t
M ALEE, SRS TR SRR b, Wit T — R D) g il
MG S T FEAT B FE AT 1, SrinivasE NOHEH T
PR ] SRS, PR AT R B ) A B
I, AR J5 D) ¥ 31~ fi7 4% il #5 (balancing controller), {7
UEFEAT AR FE T PR AR E P47 . RIX Mz i) 7 v
Y TR S AT Uk, Toi2Ad BN R e )
P HAR. ik, 75 3CHR 1719, Olfati-Saber# 15 1446
PR RO, BEJG T 13T sOobiin AR gt
bR, W AEA AT VI RTHE R, BRI E R AT 1R
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F RS MERE. SLHBIT 5, OF RS RS
] SR (CRLAE R A T2 B AR KX AR R = 1)
SN DA B8, HhAh, T4 HRE YK 2 iy il SR ms (an
SCHER[11,16-17,22]H 32 9 77 120X B CRAER- SR AT
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2 [\BHEAR (Problem statement)

ZEuler-Lagrange J7 1A EE %, WIS K IRSH G M F0 5
RGN B FR) 3 1R g UL 181

(I, + 1,)0, + I,6, —mgsinh, =0, (1)
L0, + L0, = u—d, )

KA I = my L2+ moL? + 1, m := my L. + myL,
my, My 7P WIRTAEATAGVERC A BT &, LARTRFRAT
K, LRI B il G AT L 2 R B, T,
Lyl Fom s A AMBVE8 I R B M &, g o E 0
LR, 0, (t) RN BT S5 B EIT MR A, 05(1) %%
AN IRVERE B B A TE, w(t) AR FH T 6 i e J,
d(t) AELSTFH (lumped disturbance) I, HH AR A Z)
. BD BEEESE AN 2 R K. 5 B RSB,
LRI AT, /)

sup{|d(t)[} < d, 3)

Hrhd € RYFREB T A ERRE.
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Fig. 1 Illustration for an inertia wheel pendulum system
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KT m R, A F b H R S, K
PN BWIIERES (EFRE R B W MM E )R] &
B EALE, A2 B JE Fe e 1 RS, [R5
BEAIKE BIVIGEIRAS. Z H bRl e BRI R

01(t) = 0, 01(t) = 0, B2(t) — 0, 62(t) — 0. (4)

i 31 45 77 (D~ [ 0,(8), 0(2), 0:(2), 02(2) )T
=10, 0, 0, 0 | AFFAAFEE T4 55

TETFUA 2 ) B8 e T M A& e M4 W 2 BT, Sex it
BRGNS AT B, w2, 2RQ) T
R

L0y = —1,6, +u — d. 5)
HR(S) AR (), 88, 7T
u = —1 +mgsinb, (6)
Aoy (6) FR T AR B
Y= 1151 —d. (7

FEIE, SINIT AR S AR bR AR e

(L 4+ )0, + 150,
1 — mg )
. (I + 12)91 + 1292 ®)
X2 = )
mg
X3 = 01, X4 = 91-
B (8) AN HE R H

X1s X25 X3, Xa — 0= 61, 05, 61, 6, — 0. (9)

DR, 2SI (@) B B35 H bR, 7T &30 ey i
b WTE A A 8 w(t), 1y (1), x2(t), xa(t),
Xa(t) = 0. FE4, 4R X(G)-@8), AR 1E R4
BN 12 R (D)) S W R

Xl = X2,
X2 = X3 + [sin x5 — X3l
X3 = X4, (10)

X4 = 1.11(1/1 +d).

RE(10) 5 R 3 /1 # R (D)X, M TR
BT S5 0T

3 FEZH (Main results)

FEATT, FEE RS 4R R G —FoR B v
MR g, HEE IS HS M UE B R e AR AR S T
EOLT, SEEN A RGN 4R BUE ).

3.1 I (Controller design)

LI Frs B4 S H AR, 5265 N N
S5 0(1)

¢ =— Xz — 2xa — k1sat(x1 + 3x2 + 3x3 + xa)—
kasat(x2 + 2x3 + x4), (11)

Horfsat () RRBEMREL, & LW

1, *2>1,
sat(x) = ¢ %, |x| <1, (12)
{1, * < —1,

ki, ky € RYJVIESEHIE S, HIghean a1

ki 8(ky + ko)? V2P
— 4+ <1, ki + ks < ,
0<k‘2+ kaB <1, k1 + ko 3
3
3k1+k2<%,k1>0,k2>§,0<5<1.
(13)

26, X (13) AN A SRR AL T AT 12
WA b, Mo TR s (¢):

s() = xa —xa(0) = [T o(r)dr. (14
BB, >4 RGOAR AL R T () = 0.2 1R,

() s(t) I XLATH, TERTEER ZI(HPt = ORY),

5(0) = xa(0) = xa(0) — [ 6(r)dr =0. (15)
K(15)R W, RSB EIEWIIGH ZIME L T s(t) = 0L
PR OR, AU Wt Bl 0 48 i g DL IR UE X (1),
X2(t), x3(t), xa(t) RMELE RG 2 B ST Pd(¢) 5
Wi R, AR Ts(t) = 0.k Ak, Wit=(7)Fy(¢)
W

Y = I,¢ — dsgn(s) — kys, (16)
o ky € RYNIE RIS 63 35, i X anR3) At
T, sgn(x) AR, 7
1, x>0,
sgn(+¥) =4 0, * =0, 17)
—1,%x < 0.
1E Al 2 b, 2N (16) RN Z(6), AT 15 5 24 1 42 il
A u(t) s Fros:
u=—I¢+ dsgn(s) + kgs +mgsind,.  (18)

BTk, I YA E BEAUE B ) 2R (18) P fRIE R 4E
IR IEAAE T s(t) = 0.1, H 4 RGUIRSLE X

(@ PRz HAx.
3.2 FREMESHT (Stability analysis)

FEZ PN E B Y, B desn i 51 B, DL (8
JE SRR SE I T

SIFE 1 WA ER
) x? T
|51nm—m|<?,v;v€[—§,§}. (19)
e SRR,
EH 1 EAEELTId) BT, A3CHT

BOTF ARG ] 22 (18) BEIRIPIRS R RIG AL
Ts(t) =015, Bls(t) =0, Vt>0.
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W AR RV (1):

V= 557 = Vo= 5é (20)
XA Hs(t) RS, AU FER:
5= Xa— 0. (21)

F 38 (10) iR R — AN 7R R (16) B 1) AR R
(20), RFIXZ (), FEERE, T LI F 4t

) L 1 _
Vy=— Py s [—dsgn(s) +d] <

I I

ky o 1 -

RS — <

Ils 7 |s| [d —|d]] <

ks o

1_13 (22)

S}l
Vo€ Lo =5€ L. (23)

BESh, SRQ2)FEV, (1) FEH, B
0 < Vi(t) < Vi, (0).

MR(15) K20y H1V,(0) = 0, Lk, %FFAE=t > 0,
fEAEV, () = 0. 31, BV, (1) 12k (2 WX (20)
AffSs(t) =0, Vt > 0. Fik, EHSE.

HI 8 H 50 00, TERT R HIZR A8 EA T,
RGEREZEXL(L), xa2(t), x3(1), xa(t) 2 2
s(t) =0, 5(t) =0, Yt > 0. lb i, 10)F H& J5 —
ANTTREER A Jaxa(t) = o(4) (S WRQY)). Bk, 78
JSL TR fI 2R (18) BT, REL(10) AT S5

X1:X2a

(2 = X3 + [SI X3 — X3/,

>.<2 X3 + [sin x3 — x3] 24)
X3 = X4,

X4:¢7

W, wF30@24), Fan T e R,

B2 SIREZ R (), x2(), xa(t), Xa(t)
F RO, (L), 01(1), Oa2(t), O2(¢)TEs(t) = 0 LB, &

il 5 Fx.
kB, TN AR A AR A
er = X1+ 3x2 + 3x3 + X4,
e2 = X2 +2X3 + Xa, (25)
€3 = X3t X4, €4 = Xu,
TEIZZH T, Q4 T EFrA T

é1 =ey+es+es+3v(es —ey) + @, (26a)
éy =e3+ ey +y(e3 —es) + ¢, (26b)
€3 = €4+ &, (26¢)
és = ¢, (264d)

Kty (es — eq) Tl MfBH{E 5

v(es —ey) = sin(ez —eyq) — (e3 — e4). 27
75T, AEER2S), TR DSE K
¢ =—e3— ey — kisat(e;) — kosat(es). (28)
mh(25) 5%
X1, X2: X3, X4 — 0 <= e1,e2,€3,e4 = 0. (29)
0, B (9) & 3(29), ATH
01, 0z, 01, s — 0 <= ey, e, €3, €5 — 0. (30)
BT, bR R 5 Hr X (26a)—(26d) s R G8-F 4
FUBRRE MR T8 O Z € FEES R IRE . TETF IR 70 b
207, % (28) A (262)-(26d) I H4 2L, AT15

é1 = ey + 3y(es — e4) — kysat(er) — kosat(eq),

31a)
€y = y(e3 —eyq) — kysat(e;) — kgsat(ez),  (31b)
é3 = — ez — kysat(ey) — kosat(ea), (31¢c)
€y = —e3 — ey — kysat(e;) — kosat(eq). (31d)

B, RGeS REIOARI T R %, A,
PG U R KT es(t) Hey (t) IEERIRE 34 (2):

1 1 1
Vay = 5(63 - 64)2 + §€§ + 56421- (32)

X PIL 5 R 3, ARA (B 10)~(314d), 15 B
BUEAR-J U P BB ASE R B sat ()] < 1 (V *) 40
FEAT R, AT USRI 4510

Vi =

—e3 — 25 — (e3 + e4) [krsat(e;) + kosat(ez)] <

1 1
— e§ — 26?1 + 56:25 + 5 [klsat(el) + kQS&t(eg)]Q +

3 1
iei + 6 [kisat(e,) + kysat(es)] =
1, 1, 2 2
— 56 Tt 3 [kisat(er) + kosat(es)]” <
1 1 2
H(32), AHER AT R A
2
Vo1 < (65 4 €) < 2Vau. (34)

B0 (33) K2 (34), IS

. 1 2
Vi < — §V34 + g(lﬁ + ko)® =

1 1 2
— (1 =pB)Vsy — 55‘/34 + g(kfl + ko)?,

3
(35)

AP0 < B <1 IBA, 2 Vay(t) > 2(ky + ko)*/B IS,
Vaa(t) < 0. BHWAMAZHN, EAEAIRIZIT,, 4t >
T, Vag(t) < 2(ky + k2 )/8. AR (34), T Hles(t),
€. () 267G FREST ] P A SIHE N TR 915 -

4

ﬁ(kl + k). (36)

2 2
e;+ ey <
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FESLEERD b, WIHE— 2D HERN T, [sat(e2)] < Ma. HITA < a <1 = MNa <1,
2v/B 2[ MRAEAA2)FH, SIS A B Hsat (o) C2EHE AL AEIX
les] < T(kl k), lea] < (kl + k). 15, Hlsat(ey) = eq, T
(37 A
N lea] < =, t > To. 47)
T, WEITV > 0, (5 5es(t), es(t) B, B a
Beor @ DA (@7), TN
e3 € Eooa eq4 € Eoo (38)
ey € Log, t = 0. (48)

Fi— 7, FEEINBEAR - U FEHEASE K, SR
AR AR IE KL

(€5 — €4)” < 2(e3 + €). (39)
W, Bar(36)53(39), PN T4k
les — ea] < 1/2(e2 + €2) < 2\ﬁ(k1 ).
HA13) 2 MG, ﬁlﬂ:?nwﬁﬁi.
|eg—e4|\g, >T. (40)

BRR, 7 HT1E Sreq (¢) Keea () A F4E. 501
A1, (31a) 5 (31b) 11473 972 W 4y 2% (Lipschitz) i
2, Ik, B e (t) 5 eo(t) NAEHREE N K
B2 BIAPLE A TR G, G 75

ler(®)] < G, lea(t)| < G, 0<t < +oo.  (41)
I e AT SRR bR E RV, (¢):

V= fo sat(z)dz. (42)
XV, (t) R TIER S, ARAK@B1b), H
Vi = — sat(es) [kisat(e;) + kosat(es)—
v(es — 64)]- 43)

4, RIE X275 R@0), 4t > Ty, 454 :039),

H 5 AT HERN
1

2
[v(es — eq)] < ;(6’3 —e4)? < ;(63 +€1).
RARK@B6)FL5it, 715
8(k k)2
’7(63 _ 64)’ < M (44)

uss
R @R b, SEA MR, AT
B3R (43) 4 B A R
Va < — kofsat(ez)] - [[sat(e2)] — A] =

— kalsat(es)| - [(1 — a)]sat(e2)]+

alsat(es)| — A], (45)
AP\ < a < 1, \HFEER N
kv | 8(k1 + ko)?
kQ kQ,BTF '
HEA3)FEINAZERH0 < X < 1. W 45)50,
Rlsat(es)| > Mo, MVa(t) < 0. Ft, @it #75 T
KBS P HTAIHL, IRFFAER BRI 2T, > Ty, 2t >

A= (46)

20, BRI R KT ey (t) Seo(t) IE TE M bR & R AL
‘/12 (t)
Vig 1= le kysat(x)dx + fzzkgsat(:):)dm. (49)
X (49 PIa S TIa] =R T4, AR (312) 5K (31b)
FRELH A1
Vig = — [kisat(e;) + kosat(es)]? + kisat(e)ea+
7(63 - 64)[3k18&t(61) + kgsat(eg)]. (50)

it @0 5EnHdsie, Mt > Ty, > T, |es — e4)
< w/2Hsat(ey) = ey, FIABIEIL 1L, 74 (50)
BN

Via < — [kisat(er) + koeo)? + Kisat(e;)eat
3k1 + ko

(€3 — eq)”. (51)

55, ST EAE S AT . B Ve () 5 Vay (8) 45
BE—E, RUWITF KT e (b)), ea(t), es(t), es(t) IEER
PR RELV (¢):

V= Via + 5V (52)

KRV (¢) R Twp1a i T4k, FIH G E RGO’
HEATEEEE, AT > THRF (T sat(ey) = es),

V< — i 3 %ei — % [kisat(ey) + k262]2 +
kisat(e1)es + 3k1 + ks (e3 —e4)?. (53)
ERUENEC) VRN P S W Bt S 2 SV G X)) &
LN 7w
g[sat(el), ex]-A-[sat(er), ex]", (54

A € RP*Z R TR FRAE R
ki k1 (ko — 3/4)
ki (ko — 3/4) k3
ANHESSAIE, =445 1) 3 2 Ky 5 Ko W 2 N(13) R 2k AR I
2(£) 5e2 ()W 10 R A i, FLAR 6 A TE 5 AHFK, et
ARV (¢) o, T
tlgglo e1(t), ea(t), es(t), es(t) =0, (56)

j’JFH, ijﬂ:t > T2 > Tl, el(t)ﬁﬁ, E[]

A= (55)
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e1 € Lo, t>Ty >T. (57)
B2, 330 A
Lim 6,(1), 62(1), 6.(1), 6:(t) = 0. (58)
Bor@) 5 (G7), &
e1 € Lo, t = 0. (59)
A2, H530(38)(48) L (SO FTN HE5 K IKARNA L (25)
(8)5(11), I3 T 45
X1, X25 X35 X4 € Loo =
01, 03, 01, 02 € Log, ¢ € L. (60)
B2, #2(23) 5 (60 RN (16) & (18), Z%1
Y E Lo, u € L. (61)
A7 70(38)(48)(58)—(61), AT 1 EHEE R R AT

HEEE.
4 PiERUES45#HT (Simulation and analysis)

FEATS, Rt — R 7 B 45 R RE i 7711
A R B

TEfE A, AT RGNS HOL BT

I, =0.078kg - m*, I, = 0.014 kg - m°,
{ m =0.127kg - m, g = 9.8 m/s*.
(62)

SN B B M A BB T % ) A R i, AN L% X ST
R (17190 BT 0 T [ BV 4 R 1 7 V33t 47 5 L,
PR TR, LhAL AN 5 ot Lh sl 2s R IA . &7
S RRE, A SCTVE NI 2R R Bk, = 10,d =
2, k1 = 0.2, ky = 0.46." Bb4b, TEGTEA, T HERE
PRI, Fa45 2% (18) FFINI 5 bR BT dsgn (s) B4y
dtanh(10s).

FERE G 07 JH, BR TR R 447 B4, 3758
ABFFHIARI 20T B ) N E SR, B

01(0) = m, 05(0) = 0, 6,(0) = 0,(0) = 0.

BEAN, ST A TR HL SR AIE BT 4 7 vk R 42 1) 14 e, 76 I
BT ARSI 42005 B, Bkdn T

FIH  TAHEERER, Q)P Ea D
Hd(t) = 0.

F2H AAWE MR KT, RS
THIAd(t) = 0.5sin .

FIM 1EHA0sHT A4 s [H), NN H 4 15 4T %
FENG, (1) ARINIEAE 273, FI~N0.5 sHIEIIED.

FaH WA FEAT A EEIUGAE R 6, (0) 11 1Y

PE B, A 450, (0) 1 B A 1 UK 8 B A2n3, w2,
—2m/3.

FRE0 07 045 2 — 67, Fooh, 34 T
e () 3% 10, () K0 ()45 1 1 40t 1l 0 £ — 3
B, Ble(t) = /O7(0) + 03(2). 71 I e 2 Gkt fr s
TLREL. LA, N A RGO, 3]
DNBHI AL, & ke () B Ne(t) < 5 rad b
JF— LR (320 BT 75 B AR

0,/ rad
<'Dl\)

0 10 20 30 40 50 60 70

6,/ rad
Wi
- 3

0 10 20 30 40 50 60 70

e/rad
W
o 3

0 10 20 30 40 50 60 70

0 10 20 30 40 50 60 70

K2 BB E: ASONEEHIE R (R 01(1), O2(t) = 0)
Fig. 2 Group 1: results of the proposed method (dotted line:

01 (t), Qg(t) =0)

0,/ rad

(.

4
2
0
2

0 10 20 30 40 50 60 70

1000
500

0,/ rad
S

20 30 40 50 60 70

0 10
t/s
3
= /
Y 0 ) . . ) | . ]
0 10 20 30 40 50 60 70
t/s
g 2
2 o
S 2

0 1‘0 2I0 3I0 4IO Sb 6b 70
t/s
3 LA R X Hr kU T sl
Fig. 3 Group 1: results of the comparative method in [17]

YEAF BRI, BT Lyapunov /W 7k B 5 IR R SOAS SCEE S Rl AT T IRARIZ 5, S3a(13) Ak M LA AR ST,
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fis% 5IE1HUEB (Appendix Proof of Lemma 1)
e, U N ABIR AL f (z):

2
f(ac):|sinm—x|—%7xe [— (AD)

T
2’ 5} '
Zer B, ANKERR RN f () R R AL PR, BEJS DU IR IX 2 e
[0, 7/2]. LS, AP A DS W F
2
f(w):x—sinm—x—, (A2)
7T
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¥ f () XFzR R, IS
fl(@)=1-g(x), (A3)
A
2z
g(z) =cosz + g
H—2, Stg(x) R T AL ERS, BT E5®:
PN 2
g () = —sinz + =
%g'(x) = 0, N[fFx = arcsin(2/w). #E—HHh, E P AR
M1, Mz € [0, arcsin(2/7))I, ¢ (z) > 0, B g(z) FRIHIEE; 4
x € (arcsin(2/7), w/2] B}, ¢’ (z) < 0, Bl g(=) BRI PRI,
g(x)?'f:leElx € [0,71'/2] L%%/J\1Egmin%
9min = min{g(0)7 g(7‘(‘/2)} =1
(At HH=(A3) AT AN

f/(l') <1 — 9min < 07

B f (x)fEx € [0, /2] X [A] b i, #h =C(A2) A HEFS A,
Y € [0, m/2)F, 1 TSSO

332

f(x)éf(())zoé\sinxfﬂé?.

FRAE A R B AR BN, SRR € [—n/2, 7/2], A&k
Alsinz —z| < 22l E AT, B, %5 BRI SRR AT.
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