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On robust stability of linear active disturbance rejection control system
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Abstract: In this paper, the robust stability problem is studied for the linear active disturbance rejection control (LADR-
C) system in the presence of parameter uncertainties. Firstly, the H-infinity criterion is presented for the LADRC system
with a non-autonomous plant. Secondly, for the case that the uncertain parameters are in the same line of the state matrix
of the linear error model, a novel equivalent description of the H-infinity criterion is derived from the singular value theory.
With the equivalent description, the H-infinity norm constraint is transformed to the constraint on the Nyquist diagram.
Thirdly, the uncertainty matrix decomposition is carried out with optimization to reduce the conservatism of the new cri-
terion in practical application. Based on the above work, a new approach is proposed to compute the maximal bound of
time-varying parameter uncertainties and supply some theoretical basis for the design of the linear active disturbance re-
jection controller. Numerical examples show that the proposed approach is not only less conservative, but also simpler to
calculate.
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1 5] (Introduction)
H $T #t #% #1 (active disturbance rejection control,
ADRC)[”% B R0 5 R Gk A B i
7T G B HH ) — POAN AR 2R G A R P R A i BOR,
bﬁ)i?ﬁ PRI 28 (extended state observer, ESO)
SERHbTHIEAME RGBS S AR A,
TELEANTR BTN « BERUA P AT FE 2RV I 42 0t
GOBJFAPRIERIFR S B . SCHR [2]%F ADRC SRR
FAEIAT 7R, — M, ADRCH ERER 4
#% (tracking differentiator, TD). ESO-. JE £k 4 Jx 15t 2H.
B SCER 3] $E 1 3 TR MEY KRS MM 2% (linear
extended state observer, LESO) FI2&H: H itz (i-
near active disturbance rejection control, LADRC), #
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Pl A T RS 2 AU, SR AR E 1 5 S i
IR K BB G2 1%, AH IS 9T R ERT LI 4) D A
RITIEWT LS I O VERT 7T, LADRCHFFL 5 AR Lk
H Tz (nonlinear active disturbance rejection con-
trol, NADRC)# 7T, F4 A\ F%i H (single-input single-
output, SISO) & 4L it 7t 5 £ % A\ £ Hi H (multi-input
multi-output, MIMO) & Gt iff 5. K FH B3 43 #7772,
SCHR[STEF I T LADRC T R 2 JOAN A o P ) BE
71, & B 4 58 S ESOMY %E 14 /N, LADRC & 4%
R MR B SCHER (61878 7 LADRCH il 1527 3fe
PEL A5 @Tﬁﬁ%ﬂi@ﬂ’] 671, a4l se /1 SESO
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5 8 WCIE Py SCRR (7125 A R 208 78 7 NADRC &
GuitiAa e P sha NI M RE O K PTAB ah N
(IfE 1) BREFTERE, 75 HINADRCTESIASNIE MERE | IR
It B 77 1 B S A T-LADRC, 1H R 5 45 B AN )2 s
. LERHER A BT 5 T, SCHER [819F 78 T LADRCR. % &
HUAFGTBY « RSB B AN EE S, R T e 2
I HPU R R E T XY, B S
BRI — KX R IR SCRR 91— 2K = A
MIMOFEZ 4 X R % i1 T LADRC, #ff 7T T 4715 K A1
ffi%iféiﬂ%&s&b%rﬁ%jtiﬂiﬁﬁ)\'r%%?l‘ﬂ%%é}ﬁﬁﬁ%&%%,
i B EEES Oy B8, AT LASE I A H 304 5 HHEE )
*Zlﬁﬂﬁﬁlﬁﬁ/@%/bﬁ*ﬁﬁ SCHER [10-12] 40 5174
iEBH 7 TD, ESO L& NADRC IS,

H ATNADRC B 7B A B3, 78 SRR TREH B A
BN Z 2 LADRC. X TLADRCH E I 7T
UL TR RSt 1] 5L Ol N AR S AR AN
Hff e M A ™ 5 () G A AT AR ), Rl
B FULADRCHE TR AR LB K1 B8 7). A SCER XS H 28
PEE HiAEH 2% 5 3E H 1A 0 AR PR R G, 1%
FT AR X A R Gika e RS, 1S 2R R RS &
FEFRE [ — AN, SRR B AR R R 7R —
ATAFLEAN 8 R (IR 0, 45 2112% 40 1 — i a7 B 25
TR, Z 5N T BAR AT 25 R AR <F M, 32 6 A
E PR 1 2 i =Rk AT AR AL, TE IR 2 b 2
H—F7v%, T I RS R AR R S E AR
ANt e M L, ALESOZE 4 71 2Cide B DA 4% 1 2 44
TR

A (%) 3 7R 2 MR A5 (B 2 U AR 25
&) T (+) e, (%) FERFFRRMEL S50 () OB,
(%) FER PRI B85 () O, A (x) FoR B
(%) HBIARSHU (+) IR ZZ, A () Fom0F A () A
THE, o2 A () K55, O 1 BoR g, H A
A (O)RE (¢, z,a), B

A = ()~ ()
£(1) = <m>
ft) = f(t.2.),
o ®) fm(t,az D=ghl

- - of

9

t,x=T,u=u

F ooy (t) = [max(fo (£)) + min(f.) (£)))/2-
SEIRES T ITA L8 LS SEIEE S ARFR
(R E SOy STRr i
2 Zta Pl (LADRC)
W TEE R RS

& = Agx + By [f(t,z,u) + h(t,d)], "
y:COxa
Horr:
(010 -+ 0] (0]
001 -0 0
Ag= |+ . | ER™ By= eR",
000 -1
000 -+ 0] 1]
Co=[100 --- 0] e R,
o =[x - 2, € ROWREZE, u e RN

EHEN, d € RVNE FAMTRBIHIN, y e RA%IH,
f:]0,00) x R*" xR — R, h:[0,00) x R" = R. 7
SR ) — DA RS (D Bk

RiZ 1 eRES, WO, B N0 T,
x, wbh X h KT t, d BRI T B A7 AE HOELE,

Rk 2 [fRTz oFERHR, ST ARERK,

of, df., 0h
%Tﬁth%ﬁﬁi[ ] [8 I, [ ] —¥A A, B A
oA R

‘%3 f.(O)FAE BHAES;

Bi&4 d=0,h(t,d) =0.

LADRC R4t ) FEA L1 WL, H A TD A Sk 22k
AR, LESOR KAl th iR Z B ADIRAS LA R N3 5
HMERIRBN A Sy 4b, an Sl & RT LS 2R
By, W RS N E T PLE S A,
HH T TDANSZ MR 1, PR ASC FE i AR R A 5 18
TDH.

w2
7 1p Hem™" Az [ g |Au iu ekt | @
1 LESO [~ 250k (5 oly

x
+|
Kl 1 LADRC &% /rHER]
Fig. 1 Block diagram of the LADRC system

SRS RIS HC N A

{ P = Aoic + Bof(t), )

gy = CyZT.
X] fAES S HAT R ETT
f(tzu) = f(E) + fu(t) Az +
Ju(t)Au + O(Az, Au). 3)
A HAQM, FHHEAGINEET
Az =[Ao+ Bof.(t)] Ax + Bofu(t)Au +
ByO(Az, Au) + Byd, 4)

Hrhdy = f(t) — f(t) + h(t,d) € R.
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B R ZEAR Y (4) Wi LESO:
Az = A1 A%+ By fu(t) Au +

L(ACEl — Ail), (5)
Hor:
(010 --- 0]
001 -0
Al — : c R(n+1)><(n+l)7
000 --- 1
000 --- 0]
B,=1[0 --- 01 0]" eRr,
L= -- ln+1]T6]R”+1

HLESOW it 280, Ak =[Ady -+ Adyyy] €eRH
RS & AGTHE RIS, F
Aaﬁ — Ai’l, e ,Al’n — Ai’n, A:BnJrl — Ai’nJrl,

Hrf Az, AT IRIRES, BI85 AN A AR
e

Az, = fi()Az + O(Ax, Au) + dy.

Pl H 2 R geka oy MR ER L 2% {Hy,
B i

Au = (K Az + Ky A7) 1£4(1), (6)
Hodoe i s h 245
Ky =[ky -+ kip) € RV,
Ky = lkar - kon komseny] € R D)

/E\:EPk2(n+1) - —1.
ELESO(S) 5 Ml (6) R N iR Z iR (4), 19 240
THBA T FE:
Horr:
A(t) = A (t) BoKy + ByKyMo(t)
W TABK, +LC, A —LC,+ B K, |’
C;=[100 - 0] € R*"+D

[Al(t)maX\fml(t)[ c Aa(t) max | fo, (£)]],
i) = [fu,(8) = f,J/max|fo, (2)],

iy
Ay (1) = A+ A1), 8)
Hr:
i | Ao+ Bo(K:1 + f) ByK,
BlKl + LCO Al — LCl + BlKQ ’
)
A(t) — BO [5fx(t) =+ Kl/\O(t)] BOKQ)\O(t)
Ont1)xn O(na1)x (n+1)
(10)

AR A HIE A (¢) 4 JyE 4 A5 AR
B g PR 2 A(t), Ao () R AT 1E1E S HA T &
Ve, BIA() R BT LEANE.
3 SRR 5T (Robust stability analysis)
31 X IE) R GH. A ¥ 53 (Improvement of Hy,

criterion for interval system)
B, R A RTH RS
z = Ay(t)z 4+ BO(2) (11)
AP L BB AT AN A (L) P& ICERA T, W
[An; (B)] < 75
Hr:n; >0,1<j < N.
FIEAA DRI AE B RAAEJFE RAL LA
it
5= Ay(t)z. (12)
A

-~ en(t)}
LN
C=1In, g, <1, pj+q;=1,
Hrhe, AN x NHBLFELy FIEHEn NI, 4
G(s) = FC(sly — A)"'BE.
Beg; (s) N (sTy — A) ISR P TR, M
G(s) =
91(s)
diag{n?, -} | | [
gn(s)

SIE 1 R%(12)2& _KF2E (quadratically stab-
le) ), 24 HAY 243 2 U141

- ]
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1) ARMIRGEZN;

2) |G ()l < 1.

SIFR2 R R AU R G RR B E 1
w, WIAEAE R B R, > 0, 43X T8RNl 2 || 20 || < Ro
)20, RYU(T)R/ME SHIRIE 2 L, A8 r).

EHE 1 X TAAIEANE IS AR B i RS
(7), i 2 :

1) ARFFRYEIRI;

2 G (9)ll <1,

WAFFEH BLR, > 0, X TR N 2 || 20| < Rof
20, RGUD /MBS ARG L, A2 E /).
iE A
1G (8)ll oo = sUP {Omax [G ()]} < 1,

B ERT A RS (12) —ikkasE, LR S 2 R4
(12K R Hde e L RZ0)2EH R
AGADZMAEI, R RAE R A, S

TER B R, > 0, AR THENH L] 20]] < Rofz0, &
(1) MBS A BRIG 55 L, 38 5E 1. HEEE.

EH 2 X TARAEAN A M A AR B8 RSt
(7), HREANABRL(12) IS BUAE B AT AAAEANE
P, L

1) ARFIRYERIN;

N N
2) sgp{[kz1 2% gi (jw)|’] % (k; nre)E <1,

MIAFAER SR, > 0, A% T4 2 |20 ]| < Rof
20, BRE(T) R/ MEBAT RIS L, R 1.

Wk
G" (jw) G (jw) =
n
bl g (mjw) - g (—jw) ] X
nhy
g1 (jw)
diag{n*®,--- , 2} [ppr PN ] =
gn (jw)
N L, n
[ 2 g Ge)IT | 5 | [ -+ 2~ )
=1 77101\1
35 51143
[Pt PN PPy
LS 51143
iRl |V

HAARF R ZARFAE RN, RIEGH (jw) G (jw) I ECR
FHIEAE

021G ()] = [ 7% |g ()] % (3 17%%).

#

]
1G ()]l = sup {Omax [G (jw)]} < 1.

HEELTATAL: R4S (7) &/ MBS ARG £, FaE .
EEE.
FE 1 EHEATH KR AN — AN SISO %

N N
ge(s) = [ 12% gy (s)gi ()] (X2 n2P*)
k=1 k=1

7% 28 SR B 249 TR Hoo 4408 30 5 75 S8 SR AR 400 1P AN 45
R BRI RS TR AU N i KB Rl AR e B2
e ey TS NP NI E A

A2 T BIISISORS, Lt A kRS T LA
HACAPRERL, WEE2AIRIEH, 5842745 T — R A4
B4 1 S5

JE 3 LESOBRZFE: W fx()EECK, FTUATEA,
BN Bo fx (t) FIME; RAEE MBS EI Az, (1 < k < n), AT
PLEET Az, W BB AK FILESO; 7 4 o] L3 F Az, %
T BRI 2 M 5KIR 25 W 28 (reduced-order linear extended
state observer, RLESO)!'. [ AF B LUNAZ, AZpyq, Az
HAzMAEZEZ M NSRBI A U LESOS x5
BEAG, REA () INIERE—ATHAESHOR B 1, AT A
HE 2R T AT RER EFaE k. a2 aH T —14
i FHIRLESOTE 5L T f 5451

E 4 X okt AP g AR AR R R
ARG, HAWR A (t) REREATIESHA M ENE, 7
F 5 B IR T KRGS RefRT It 4, B n] LA
I BI%E GAMIMOIE L, 5543745 H T —ANMIMOXT R 1)
S5

3.2 A tEYa ik — 2P B 78 (Further research
of uncertainty bounds)

BB SR, — BN IE ASTE R E . X TAE
BHIENQM™ ={¢™),j=1,--- N}, @il e
2088 B I A E 6402, ATLMS 3 —MRIE RS E
() Ay () ANEA E PEIE L H 7 BE2(BE BE D E 12
O e MO TG A AT Q) 54k, BY

Drinax = fj Q). (13)

w=1
22 DS, ARIE A D) HE— 28 0] DLAS B SZFRXS
FBH for (O YN () FIARTRE ML T, HX(13)7]
N, —OANREIRIT 75 25 Q) T 45 B S 8 MV
KD SRR AR AR AL %, 7T DA 21 B Kl
FHREARME T
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Join J = po + ; (rilps),
s.t. .
|Ai(t) max [ fo, ()| +FiXo(t)[ <myy i=1,- -
‘ijAO(t)’ < Nj+n, .7 = 17 e ,n+ 17
N N
sup{[ > 129 | i (jw) I°] (X mm)} <1,
|>\1(t)| < iy i > 07 1= 07 , 1,
Hrfir, > ORI R EL
FES WURHEIRRASMERE Ay (1) AT I TR
HESHAH M, MFEER B E 5. CNEjITUK E
(2(t), BIIEF1 5 5547 WBR, & B15 & #2H G (s) 5
ge(s) ARSI, RSB FRIAH R %E.
e EER L, 29 SRR S E e R A
BEE B R AT E S HUE 2, Lk Br 2
e PR o SURIBE TN, SR E L S E AN e MRS
A 45, PR AR & 1 4E B0 2 000, Al i) @l 2 4% B
W2 B, AR RS R AR SFRERE 3G .
4 S£(Examples)
R80T FT T X 0] R A S Fa e
FERE R T O
V={¢;=05j=1,--- ,N}.

XX TE AR SE, tR] R AN 75 R 5
PERRE ML, — M PRI AN E VERE R i 7

Q(Q) :{qj :]-7 ] =1,-- aN}
A SCER 3. 27 ARAR I A0 R TR, 9 T 38
NJRERAE, 7] LAz R R L.
T DA S R R S AR A, R
75 AT LR

4.1 #)'5HEE(Guidance tracking)
LIV IREDNGEES S it R

E

M, AN E T

B3P 3fie

T = Ta,
jj2 = f(t,ﬂfl,xg,U) +d7
Forpe o BRI INIR FE, 009 BH 5 I B — B 3 4,

u TR, d AR SO SN B S 50
Jo (O TFEAHE M, PRS0 2
—0.001168 < fi, (t) <
—0.008163 < fy, (t) <
—0.01493 < fo(t) = fu ( ) < 0.
#iLESO
Ay = Ady + 1 (Axy — AZy),
AZy = Az + lo(Azy — AZy) + fu(t)Au,
Az = I3(Azy — AZy).
Pl

u=1a— (WAL + 2w, Ay + AZs) If, (1),
Hor:
w, = 0.03491, ¢ =1,
I, = 0.5236, I, = 0.09139,
Iy = 0.005317.
KR AR R TTIE, Bl =ry =1, FLFHEL
(&t N
Q® = {q = 0.5287, ¢» = 0.1442} .

KGR E BB G o, 5 fe,, FILATLLE
b g 2R A B R [ 4 R R S MO o o
E@B%jzua ARy

1) 405 AE my, 48 2R 2 58 B2 K, 11 B R 8L
14, EEJH:THH@J?%TM 5\, — AN LT

2) LI e b Ky, FEUE, EE P EDEAN
HeH 33 S ST TR0, T LAFS 3 — LU T

3) ﬁu%ﬂ 2)%’]*&&@24\ ‘ﬂ%izlﬂﬁfﬁﬁ;ﬂﬁ

ﬁj\ Um}fﬁﬁ%ﬁﬁiﬁ, fﬁﬂﬁ’@é&? %%r ?%
D2,

1 0 T T T T T T T
8- P i
6 AT
- P R N B
4r .¢/ JA \\ .
2 //." //' \ N
r Vs S ™. FERAN b
g Of et i S
< = )
2F Nd / e 8
-4 \:'% \‘\ / i
L \ i
Wi /
-6 F \!\.\ -ane J\. [ e -
-8l N i
—_ 1 0 1 1 1 1

1 1
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N
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2 BRSO E L T
Fig. 2 Model parameter uncertainty bounds
4.2 LA (Pitch attitude control)
For A AT A AR AR T R B R IR BT
HETE Y201y
&1 = a1 (t)xy + 4,
.Z"g = a21(t)x1 + b(t)u + d,
Ferb oy NI, 2o AR RE, w9 AL, d9
ﬁ FRANELERN. BRI R 2 H
—0.008 < ay;(t) < —0.005,
—0.002 < @y (t) < 0.002,
as = —0.2097, b = —1.3970.
EIRZMRIAGEREERY, B R S5 2 O S
PSR NR Z B PRSI L, ARGy, = Az, 3o =
Az FT PR &, RBIEL AR 7), R Zng 4t
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A, BAEAL

Y1 = Y2,

Yo = [a11(t) + a1 (t)]yr + ari (t)y2 + b(t)u.
e, B QAP HER. BT RLESO
€= —I¢ — Py, — bAuw,

Uz =&+ lyo.
PN
u=1u-— (wiyl + 2@%% + Z)S)/b7
/\l:lj:
w, =2, ¢=0.707, I = 10.

T BEARPR ST A%, 75 B AN T 1A B 2 A 7 2C
BATOUAL. XTI 5, A E S EA AN, W SERR
BRI H i SRR

|a11( ) + 0.0065| < 0.0015 + 0.008,
|a21( ) +0.2097] < 0.2097,
|b(t) + 1.3970] < 1.39704,
Hpu > 0.
(R LAV
J = 1pu.

TP AR I3 R RT3 2, 15 RIS HOA e L A

SRR IFQW, Q®, QO X RiILER.
&1 BRSRAZ AT
Table 1 Model parameter uncertainty bounds

Jix q1 q2 q3 1%

QM 05 0.5 0.5  0.1855
Q¥ 10 1.0 1.0 0.3848
Q®) 15586 0.6538 1.8145 0.4453

4.3 M F R A (Lateral attitude control)
R E AR AT AR [ E TE A A 201y
Ty = a13T3 + A1424,
Ty = A23T3 + Q24T 4,
&3 = az2(t)x2 + b31us + baaus + di,
Ty = aua(t) T2 + barus + bagus + da,
Fod oy WU SR, o NG FH, s NIREE IR EE, x4
LA TH L, g TR RE N, wo AW AT N, d, do
A FEANERI BN BN £ S e i R R, BRRR
T 24506 2
a3 = a3 = 0.7660,
a4 = ary = —0.6428,
Qo3 = a3 = 0.6428,
Qoy = a9y = 0.7660,
ass = —10.2200, a4 = 0.1587,

by, = by = —6.1079,
bss = bsp = 0.0470,
by = by = 0.1159,
bas = bus = —0.2860.

T SEAR A S 27T B HE R R
2, SR JE % HL

32w 22 T HPIRETT

yleLL‘l, yQZACUQ,
ys=Axq, ys=Ady

TR AR &, R B MEE 7, [BN 288 S50
3, FAEAL R

yl = Vs,

3'12 = Ya,

Y3 = ay (t) y2 + U,
Ys = ag (t) y2 + Us,

=

a1 (t) = aizass (t) + asaqs (t) ,

)
as ( ) = o33z (t) + asgaqs (),
Aul
AUQ
pP— a13 A14 b3 b3y ‘

G23 A24 bar bao

T HALE IR BT LESO

Q1ZQS+Z1(91—Q1),
g2:@4+l2( —92),

gs =95+ I3 (y1 — 1) + Uy,
g4 = Yo + ls (y2 — 92) + Uy,
g5 =1 (yl —?/1),

U = lo (yz—?92)~

s
ur | _ (U p-1 Wi + 2Cwn1Js + Us
Wiala + 2CoWnaa + Js
T

Wp1 = Wpa = 1.5, (1 =G =1,
Iy =1,=22.5, 13 =1, =168.75,
Iy = ls = 421.875.
JRARAUAN & SR 24, X S AN E TG i
W R
[ As2(t)| < pse,
[ A2 (t)] < fraz,
o
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HetbdabsA
J = sy + 5/pse.
RS RN
Q® = {q = —0.6234, ¢, = 1.2246} .
K AT R ITE, 3R o i )7 R 1R 21
SR e M T L3,

40 T T T T T T T
30 F e "\ -
20 1
10} -

-20F .. f/'. .
-30 . Ve -

740 1 1 1 1 1 1 1
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Az
— Q(l)ﬁ.ﬁg ..... QY - Q% i

K 3 BSHOAHE L S

Fig. 3 Model parameter uncertainty bounds

5 45 (Conclusions)

ARSCHEFT T 261 E P Tzl R e efa e v )
BT USRI H o FIE; XIS HERE R AE
H—IT A EERER, T a5 EER,
H o AR — N 518 BR AR ZE TR I 20 B
SR ZE R E 2 R T B B, (TR, T H,
AN B IL SRR LI, SO S N AN PR R o)
KFAT AL, ] TR B S A4 i 1 B 45 SRR,
S5 EWFh LA, KRR B AL 0 il 5,
X BEARANS i P A T PR P B E . R
ARSI T IERAE I S EOAH e 1 AT A6 T, 13
Bl v 25 SR AT DA g R F Tk B TR S WL 28 &5
FTE R LA R et 240, DA 2 S Br T RE Fh x4 Y
AR B HEVE R ER . AT kG T2
M AILADRC #24t, iEH FPID R4.
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