
33 10

2016 10 Control Theory & Applications
Vol. 33 No. 10

Oct. 2016

DOI: 10.7641/CTA.2016.50398

1,2, 1†, 1, 1, 1

(1. , 066004;

2. , 066004)

: ( ) (GA, NSGA–II) ,

. ,

, ,

, 1 , 2

, .

NSGA–II , Pareto .

: ; ; 2 (NSGA–II); ; ;

: TP301 : A

Gaussian surrogate models for expensive interval multi-objective
optimization problem

CHEN Zhi-wang1,2, BAI Xin1†, YANG Qi1, HUANG Xing-wang1, LI Guo-qiang1

(1. Key Lab of Industrial Computer Control Engineering of Hebei Province, Yanshan University, Qinhuangdao Hebei 066004, China;

2. National Engineering Research Center for Equipment and Technology of Cold Strip Rolling,

Yanshan University, Qinhuangdao Hebei 066004, China)

Abstract: In this paper data mining (Gaussian process regression modeling) and intelligent evolutionary algorithm (GA,

NSGA–II) are combined to solve the expensive interval multi-objective optimization problem with unknown optimization

functions. Firstly, Gaussian process (GP) is used to model the objective functions and constraint functions represented by

the midpoint and uncertainty. Because relevance and accuracy are two essential factors of interval function models, A kind

of double steps screening strategy based on multiple attribute decision making (MADM) is proposed and it is embedded

into the genetic algorithm to identify the parameters of the GP model. In the first step, inferior solutions in candidate

solutions are excluded according to relevance. In the second step, the rest of inferior solutions beyond population quantity

are excluded according to accuracy. And the proportion of inferior solutions excluded in the two steps is decided by the

weight coefficient of two factors. Then, the built GP models for optimization objects are used as surrogate models in the

NSGA--II optimization algorithm, so that Pareto front can be found.

Key words: multi-objective optimization; interval programming; non-dominated sorting genetical agorithm II (NSGA--
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2 (Problem statement)

Q : min
x

F (x,u)=(fm(x,u)), m=1, 2, · · · , z,

s.t.

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

gj(x,u) � aj = [aj , āj ], j = 1, 2, · · · , n,
hk(x,u) = bk = [bk, b̄k], k = 1, 2, · · · , n∗,
x = (x1, · · · , xq) ∈ R

q, xt ∈ [x′
t, x̄

′
t],

t = 1, 2, · · · , q,
u = (u1, · · · , up) ∈ R

p, ul ∈ [u′
l, ū

′
l],

l = 1, 2, · · · , p,
(1)

: F (x,u) , fm(x,u) m

. x = (x1, · · · , xq) q , xt x t

, x̄′
t x′

t xt . u = (u1, · · · ,
up) F (x,u) p , ul

u l , ū′
l u′

l ul . gj(x,

u) j , hk(x,u) k

.

(1) F (x,u), gj(x,u) hk(x,

u) , ,

. [18]

NSGA–II

. , .

, NSGA–II

Pareto

, .

.

, NSGA–II .

3 NSGA–II (Related definition

of interval NSGA–II)

X ′={x1,x2, · · ·,xpop} NSGA–II

, pop . xi xj(i, j = 1, 2, · · · ,
pop) X ′ . xi xj

, xi xj m

fm(xi,u) = [fm(xi,u) , fm(xi,u)],

fm(xj,u) = [fm(xj ,u) , fm(xj ,u)].
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1 [18] a = [a, ā], ac =
ā+ a

2
, ar =

ā− a

2
, aw= ā−a, ac, ar, aw

a . ā> a , aw

> 0. a ā ā > a

, .

2 [18] P (fm(xi,u)�fm(xj ,u))

fm(xi,u) fm(xj,u)

. [19] 6

(2).

P (fm(xi,u) � fm(xj ,u)) =⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

0, fm(xj ,u) � fm(xi,u),

(fm(xj ,u)−fm(xi,u) )
2

8 · frm(xi,u) · frm(xj ,u)
,

fm(xj ,u) <fm(xi,u) <

fm(xj ,u)<fm(xi,u),

fcm(xj ,u)− fm(xi,u)

2 · frm(xi,u)
,

fm(xi,u) < fm(xj ,u) <

fm(xj ,u) � fm(xi,u),

1− (fm(xi,u)−fm(xj ,u) )
2

8 · frm(xi,u) · frm(xj ,u)
,

fm(xi,u) �fm(xj ,u) <

fm(xi,u)<fm(xj ,u),

fm(xj ,u)− fcm(xi,u)

2 · frm(xj ,u)
,

fm(xj ,u) � fm(xi,u) <

fm(xi,u) � fm(xj,u),

1, fm(xi,u) � fm(xj ,u).

(2)

3 [18] :

d(fm(xi,u), fm(xj,u))=

√
D2+

1

3
F− 2

3
(T r)2,

(3)

: D=fcm(xi,u)− fcm(xj ,u), F =f2
rm(xi,u)

+ f2
rm(xj ,u), T = (fm(xi,u) ∩ fm(xj ,u))

fm(xi,u) fm(xj,u) , T r T .

4 [18] xi xj (1) ,

fm(xi,u) fm(xj ,u)

P (fm(xi,u)�fm(xj ,u))( (2), P )

0.5, fm(xi,u) fm(xj,u)

P 0.5, xi P xj , xi �P xj ,

xj P xi , xj≺Pxi,

xi �P xj⇔

∀i∈(1, 2, · · ·, z), �: P (fm(xi,u)�fm(xj,u))�0.5,

∃i∈(1, 2, · · ·, z), �: P (fm(xi,u)�fm(xj,u))>0.5.

(4)

5 [18] :

i i− 1 i+ 1

z , SDi:

SDi =

√
z∑

m=1
d2[fm(xi−1,u), fm(xi+1,u)]. (5)

4 (Interval optimization

functions modeling)

4.1 (Modeling dataset)

, [20]

,

, ,

,

. .

[21] 2

, ,

.

,

, ,

, ,

. 1

.

, 0 ,

,

.

.

, .

.

. .

1 (1) m

:

fm(x,u) = [fcm(x,u), fwm(x,u)],

m = 1, 2, · · · , z,
: fcm(x,u) fm(x,u)

, fwm(x,u) fm(x,u)

. ,

fcm(x,u) fwm(x,u) ,

.

,

(6):{
Dcm = {(xi, fcm(xi,u))},
Dwm = {(xi, fwm(xi,u))},

i = 1, 2, · · · , ζ,
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X = [x1 · · · xζ ] ,{
Fcm = [fcm(x1,u) · · · fcm(xζ ,u)]

T
,

Fwm = [fwm(x1,u) · · · fwm(xζ ,u)]
T
,

(6)

: Dcm , Dwm , xi

i q , xi

X , Fcm , Fwm

.

4.2 (Gaussian modeling)

.

,

. m{
ywm = [ywm(x1,u) · · · ywm(xζ ,u)]

T
,

ywm(xi,u)=fwm(xi,u)+ψwm, i=1, 2, · · · , ζ,
(7)

fwm(xi,u) xi , m fm(xi,

u) , ψwm fwm(xi,u)

, ψwm∼ GP(0, σ2
wm), σ

2
wm

, ywm(xi,u) xi .

fwm(xi,u)

p(fwm(xi,u)) ,

Dwm. fwm(x1,u),

fwm(x2,u), · · · , fwm(xζ ,u)

,

.

ewm(xi) = E(fwm(xi,u)). (8)

0, ewm(xi) � 0.

kwm(xi,xj) = E((fwm(xi,u)− ewm(xi))·
(fwm(xj ,u)− ewm(xj))),

i = 1, 2, · · · , ζ, j = 1, 2, · · · , ζ,

fwm(xi,u)∼ GP(ewm(xi), kwm(xi,xj)). (9)

fwm(xi,u) :

Kwm(X,X) =⎡
⎢⎢⎢⎢⎣
kwm(x1,x1) kwm(x1,x2) · · · kwm(x1,xζ)

kwm(x2,x1) kwm(x2,x2) · · · kwm(x2,xζ)
...

...
...

...

kwm(xζ ,x1) kwm(xζ ,x2) · · · kwm(xζ ,xζ)

⎤
⎥⎥⎥⎥⎦ .

(10)

ψwm fwm(xi,u) ,

, (7) , ywm ,{
ywm∼ GP(ewm(xi), cwm(xi,xj)),

cwm(xi,xj) = kwm(xi,xj) + σ2
wmδij ,

(11)

: δij Kronecker , i = j , δij = 1,

δij = 0. ywm :

Cwm(X,X) = Kwm(X,X) + σ2
wmI =⎡

⎢⎢⎢⎢⎣
kwm(x1,x1) + σ2

wm · · · kwm(x1,xζ)

kwm(x2,x1) · · · kwm(x2,xζ)
...

...
...

kwm(xζ ,x1) · · · kwm(xζ ,xζ) + σ2
wm

⎤
⎥⎥⎥⎥⎦ .

(12)

( (6)) ( (13))

( (15)). (13) Dlearn
cm ,

Dlearn
wm , X1

, F learn
cm , F learn

wm

, F learn
cm F learn

wm

.⎧⎪⎪⎨
⎪⎪⎩

Dlearn
cm = {(xi, fcm(xi,u))},

Dlearn
wm = {(xi, fwm(xi,u))},

i = 1, 2, · · · , φ; 0 < φ < ζ,

X1 = [x1 · · · xφ] ,{
F learn

cm = [fcm(x1,u) · · · fcm(xφ,u)]
T
,

F learn
wm = [fwm(x1,u) · · · fwm(xφ,u)]

T
.

(13)

(7){
ylearn
cm = [ycm(x1,u) · · · ycm(xφ,u)]

T
,

ylearn
wm = [ywm(x1,u) · · · ywm(xφ,u)]

T
.

(14)

(15):⎧⎪⎪⎨
⎪⎪⎩

Dtest
cm = {(xi, fcm(xi,u))},

Dtest
wm = {(xi, fwm(xi,u))},

i = φ+ 1, φ+ 2, · · · , ζ,
X2 = [xφ+1, · · · ,xζ ] ,{
F test

cm = [fcm(xφ+1,u) · · · fcm(xζ ,u)]
T
,

F test
wm = [fwm(xφ+1,u) · · · fwm(xζ ,u)]

T
,

(15)

: Dtest
cm , Dtest

wm

, X2 , F test
cm

, F test
wm

.

(9) (11) ylearn
wm , F test

wm

. ylearn
wm F test

wm μlearn
wm = μlearn

wm

× I, μtest
wm = μtest

wm × I , I ,
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μlearn
wm = sum(ylearn

wm )/φ. (16)

(8) μlearn
wm ,μtest

wm ,[
ylearn
wm

F test
wm

]
∼

N(

[
μlearn

wm

μtest
wm

]
,

[
Cwm(X1,X1) Kwm(X1,X2)

Kwm(X2,X1)Kwm(X2,X2)

]
).

(17)

[17] F test
wm ylearn

wm

p(F test
wm

∣∣ylearn
wm ) ∼

N(μtest
wm +Kwm(X2,X1) ·C−1

wm(X1,X1) ·
(ylearn

wm − μlearn
wm ),Kwm(X2,X2)−

Kwm(X2,X1)·C−1
wm(X1,X1)·Kwm(X1,X2)).

xi, fwm(xi,

u)( f i
wm) ,[

ylearn
wm

f i
wm

]
∼

N(

[
μlearn

wm

μwm

]
,

[
Cwm(X1,X1)Kwm(X1,xi)

Kwm(xi,X1) Kwm(xi,xi)

]
),

(18)

: Cwm(X1,X1) cwm(xi,xj) . f i
wm

ylearn
wm

p(f i
wm

∣∣ylearn
wm ) ∼

N(μwm+Kwm(xi,X1)·C−1
wm(X1,X1) ·

(ylearn
wm −μlearn

wm ),Kwm(xi,xi)−Kwm(xi,X1)·
C−1

wm(X1,X1)·Kwm(X1,xi)),

e∗wm(xi)= μwm+Kwm(xi,X1)·Cwm(X1,X1)
−1 ·

(ylearn
wm − μlearn

wm ). (19)

σ∗2
wm(xi) = Kwm(xi,xi)−Kwm(xi,X1)·

C−1
wm(X1,X1) ·Kwm(X1,xi).

e∗wm(xi) xi

, σ∗2
wm(xi) .

e∗cm(xi)= μcm+Kcm(xi,X1) ·C−1
cm(X1,X1) ·

(ylearn
cm − μlearn

cm ). (20)

σ∗2
cm(xi) =Kcm(xi,xi)−Kcm(xi,X1)·

C−1
cm(X1,X1) ·Kcm(X1,xi).

(9) (11) (20) , cwm(xi,xj), ccm(xi,xj), μcm,

μwm .

. 4.3, 4.4 .

4.3 (The choice of Covariance

functions)

(11) GP

cwm(xi,xj) = kwm(xi,xj) + σ2
wmδij ,

kwm(xi,xj) .

.

, ,

. :

kwm(xi,xj) =

v2wm · exp(−1

2
· (xi − xj) ·M · (xi − xj)

T).

(21)

M =

⎡
⎢⎢⎣
λ−2
wm

. . .

λ−2
wm

⎤
⎥⎥⎦ ,

(21)

kwm(xi,xj) =

v2wm · exp(− 1

2 · λ2
wm

· (xi − xj) · (xi − xj)
T).

(22)

cwm(xi,xj) = kwm(xi,xj) + σ2
wmδij =

v2wm · exp(− 1

2 · λ2
wm

· (xi − xj) ·
(xi − xj)

T) + σ2
wmδij , (23)

vwm, λwm, σwm.

(19) 1 μwm. μwm vwm,

λwm, σwm ,

ωwm={μwm, vwm, λwm, σwm}.

ωcm={μcm, vcm, λcm, σcm}.

GP .

4.4 (Solving strategy of model

parameters)

GP
[17],

. ,

: 1) ;

2) .

( ),

. ,

,
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.

, ,

[6].

,

.

.

,

. ,

(13) (15) Dwm

Dlearn
wm Dtest

wm , Dlearn
wm (19)

Dtest
wm ,

Dtest
wm ,

( ) .

,

:

Qwm : χwm = argmin
ωwm

{τwm},

τwm =
ζ−φ∑
i=1

|fwm(xi,u)− e∗wm(xi)| =
ζ−φ∑
i=1

|fwm(xi,u)− (μi
wm +Kwm(xi,X1) ·

C−1
wm(X1,X1) · (ylearn

wm − μlearn
wm ))|,

(24)

: fwm(xi,u) (15), e∗wm(xi) (19)

, |·| .

.

,

,

, ,

,

. popR,

pop∗, :

1 : ,

, ωweight

∗ (popR−pop∗)(0� ωweight � 1) ,

.

2 :

, 1 , ,

(1− ωweight) ∗ (popR − pop∗) ,

, pop∗ .

ωweight , ωweight

, , ωweight ,

, , .

,

3 :

1) Dcm;

2) (25);

Qcm : χcm = argmin
ωcm

{τcm},

τcm =
ζ−φ∑
i=1

|fcm(xi,u)− e∗cm(xi)| =
ζ−φ∑
i=1

∣∣fcm(xi,u)− (μi
cm +Kcm(xi,X1) ·

C−1
cm(X1,X1) · (ylearn

cm − μlearn
cm ))

∣∣, (25)

: fcm(xi,u) (15), e∗cm(xi) (20)

.

3) ,

2 .

5 (Steps of algorithm)

5.1 (Steps of modeling)

:

1 Dwm( 4.1 ),

Dlearn
wm Dtest

wm . (24).

,

, N∗(k), pop∗,

k = 0, G∗.

2 N∗(k)
N∗

m(k). N∗(k) N∗
m(k) R∗(k).

3 1 ,

R∗(k) popR,

Dtest
wm ,

( ) ,

R∗(k) , ωweight ∗ (popR − pop∗) ,

R∗(k).

4 2 ,

R∗(k)
pop∗ , N∗(k+1).

G∗ , , 5; , k=

k + 1, 2.

5 .

,

Dwm Dcm, (24) (25),

3.

. .

5.2 NSGA–II (Steps of improved

NSGA–II algorithm)

NSGA–II [18],

:

1 N (k), N ,

,

k = 0, G,

θmax
i .
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2 N (k) [18] No1,

.

3 N(k)

Nm(k). Nm(k)

No2, .

4 Nw(k),

No1 +No2 � N , , 3

No2i, i 4 ,

No1+
n∑
i=1

No2i�N , 5 .

5 4 ,

,

, N , N(k)(k=

1), 6.

6 N (k) ,

Nw(k).

N(k) Nw(k). W (k), W (k)

.

7 W (k), N

, N(k + 1).

8 G , ,

9, , k = k + 1, 6.

9 Pareto

.

:

1) 4

,

, ,

, .

2) 9 , (

)

,

.

6 (Simulation analysis)

Q1[18], Q2[22] ,

.

Q1 : min f1(x,u) = u1(x1 + x2 − 7.5)2 +

u2
2(x2 − x1 + 3)2/4,

f2(x,u)=u2
1(x1−1)2/4+u3

2(x2−4)2/2,

s.t.

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

g1(x,u) =

u1
2(x1 − 2)/2 + u2x2 − 2.5 � [0, 0.3],

g2(x,u) =

u3
1x2 + u2

2x1 − 3.85−
8u2

2(x2 − x1 + 0.65)2 � [0, 0.3],

x1 ∈ [0, 5], x2 ∈ [0, 3], u1, u2 ∈ [0.9, 1.1],

(26)

Q2 : min f1(x,u) = u1[sin(5u1x)− cos(5u1x)],

f2(x,u) = e2+u2 cos(5u2x),

x ∈ [−5, 5], u1, u2 ∈ [0.99, 1.01].

(27)

: μwm μcm

,

( ,

), μwm ,

:

μwm ∈
[min(F learn

wm )− 0.2(max(F learn
wm )−min(F learn

wm )),

max(F learn
wm ) + 0.2(max(F learn

wm )−min(F learn
wm ))],

μcm ∈
[min(F learn

cm )− 0.2(max(F learn
cm )−min(F learn

cm )),

max(F learn
cm ) + 0.2(max(F learn

cm )−min(F learn
cm ))].

, :

vcm∈ [−50, 50], λcm∈ [−50, 50], σcm∈ [−10, 10],

vwm∈ [−50, 50], λwm∈ [−50, 50], σwm∈ [−10, 10],

ζ = 160, φ = 80, G∗ = 20, pop∗ = 40,

ωweight = 0.5,

0.2.

NSGA–II

G = 150, pop = 40, θmax
1 = 0.5, θmax

2 = 0.5,

[18].

, 6

: E [18] C [18] D [18]

[10] [10] [10],

NSGA–II . ,

20 .

6.1 (Analysis of surrogate mo-

del identification)

1 Q1 f1 , *

, o . u1, u2 ∈ [0.99, 1.01]. 1

,

. , 1–2 Q1, Q2

,

1, [6] 2.

Q1 f1 1 3 ,

Q1 g2 1 , ,

1 2, 1

2 .

.
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(a) Q1: f1

(b) Q1: f1

1

Fig. 1 The identification accuracy of surrogate models

1 Q1

Table 1 Measures of model for Q1

f1 f2

1 2 1 2

0.0396 0.0299 0.0022 0.0038

0.0007 0.0006 0.0003 0.0004

0.0061 0.0052 0.0024 0.0025

0 3.5000 0 0

g1 g2

1 2 1 2

1.9026 12.9722 10.0732 9.0748

0.0046 0.0218 0.0205 0.0306

0.0055 0.0068 0.0299 0.0610

1.0000 34.4500 1.1500 30.3000

2 Q2

Table 2 Measures of model for Q2

f1 f2

1 2 1 2

4.5752 25.7602 0.0543 0.1436

0.0152 0.0391 0.0049 0.0246

0.0114 0.0103 0.0790 0.2562

0.1000 1.1000 0.9500 54.2000

6.2 (The influence of

the weight coefficient for surrogate model)

ωweight

, ,

, ,

. ,

, .

3 4 3

.

, ωweight , ωweight

. Q1,

Q2 :

, .

.

ωweight = 0.5 , ,

ωweight 0.5.

3 Q1

Table 3 Influence of weight coefficient for Q1

f1 f2

0.2 0.5 0.8 0.2 0.5 0.8

0.0227 0.0396 0.0507 0.0029 0.0022 0.0043

0.0004 0.0007 0.0008 0.0004 0.0003 0.0006

0.0046 0.0061 0.0062 0.0023 0.0024 0.0034

0 0 0 0 0 0

g1 g2

0.2 0.5 0.8 0.2 0.5 0.8

4.7445 1.9026 59.8678 5.8941 10.0732 28.7662

0.0069 0.0046 0.0715 0.0162 0.0205 0.0451

0.0031 0.0055 0.0110 0.0287 0.0299 0.0448

2.2500 1.0000 0.6000 3.7000 1.1000 0.8000

4 Q2

Table 4 Influence of weight coefficient for Q2

f1 f2

0.2 0.5 0.8 0.2 0.5 0.8

19.7916 4.5752 74.3361 0.0724 0.0543 0.2263

0.0291 0.0152 0.1451 0.0044 0.0049 0.0347

0.0084 0.0114 0.0313 0.1126 0.0790 0.2804

0.4000 0.1000 0 1.6000 0.9000 0.5500

6.3 (Effectiveness analy-

sis of surrogate model)

,

, [18]

NSGA–II [22]

.

, NSGA–II

C . 2 Pareto

, (a)(c) Q1, Q2

Pareto , (b)(d) NSGA–
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II . 5

, 2 Pareto

, 3 .

(a) Q1 Pareto

(b) Q1 Pareto

(c) Q2 Pareto

(d) Q2 Pareto

2 Pareto

Fig. 2 The Pareto front of algorithms

5

Table 5 The comparison of algorithms on performance measures

NSGA–II

E D C E D C E D C

Q1 0.2102 11.6321 0.3075 0.2012 11.9637 0.2892 0.2236 11.9292 0.2982

Q2 0.2367 12.1129 0.2599 0.2062 12.3690 0.1939 0.3145 12.4047 0.2330

5 , Q1, Q2

E , ,

.

,

Pareto .

7 (Conclusions)

,

NSGA–II

.

,

,

.

, .

NSGA–II ,

, ,

.
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